UNIT -1

VECTOR CALCULUS
Definition:
Th for ¥ is denoted by V=1 — +7 — + & -
e operator V is denoted by —1& Ja_y R
2 62 62
Also V?= + — + —— is called Laplacian operator.

ax2 ' ay? ' 0z2
Definition: Gradient of a scalar function

Let ¢p(x, y, z) be a scalar point function and is continuously differentiable then the vector

v —(*a+*a+Ea)
(P_lax ]ay 6Z¢

Vp =T—+7—+k

op _0¢p - 09
0x ) dy 0z
is called gradient of the function @ and is denoted as grad @ = V@.

Example:

If ¢ =4x%y —y3z2%, find grad ¢ at(1,—1,2).

Answer:
Given ¢ = 4x%y — y3z2
g—(ﬁ = 8xy, g—(}lj = 4x? — 3y?z?, g—f = —2y3z
Ve =1 (8xy) +7 (4x% — 3y%z2) + k (—2y32)
V12 = =81 +7(4—12) + k(=2 % —1%2)
V12 = —81— 8]+ 4k

Example:

If ¢ =xyz, find V.

Answer:



Given ¢ = xyz

0 0 0
a—yz, a—y—XZ, E—Xy

Vo =yzi+xzj +xyk
Example:

If ¢ =2xz*—x3y.Find |V@| at (2,-2,-1).

Answer:
Given ¢ = 2xz* — x3y
((33_21: = 2z* — 3x%y, Z—Zi = —x3, Z—f = 8xz3
Vo =1(2z*% — 3x2y) +7 (—x3) + k (8xz3)
Voir_2-1) =261—87— 16Kk
IVe| = /262 + 82 + 162 = /996

Example:

Find the gradient of the function log(x? + y? + z2) or logr2.
Answer:

Given ¢ = log(x? + y? + z?)

do 1 2x
a=3c2+yz+22*2x=x2+yz+z2
0 2y
dy  x2+4y2 4 z2
0 2z
0z x2+y2+4z2
2 . . N

Vo =m[l ) +7 ) +k (2]

27
V¢=—2



Example:
Find Vr™ where 7 = xT+yj +zKk.
Answer:

r2 =x%+y?%+ 22

Differentiating partially with respect to x, y and z respectively

) ar_z i67’_95 ) 6r_2 :ar_yz 6r_2 :ar_z
Tax T T T ray_ Y ay r’ "0z T a2
vpn __,6r”+96r”+E6r"
=l ox ]ay 0z
or or or -
n_ .n-1__2 n-1_"> n-1__J%
Vr nr ax1+nr ay]+nr e
X Z -
=nr" 1T+ nrn1t XT+ nr*1-k
r r r
=nr”_2[xY+yT+ZE]=nr”_ZF
Example:
Find Vr where r = x7+yJ] +zk.
Answer:
f=fl =TT
do 1 X
0x 2. /xZ+y? + 72 VX2 +y? + 22
____ Y
0y [xZ+yZ+z2
0 z
0z [x2+y2+22
1 o
Vo =—————=[1()+] () +k(2)]

Jx2 +y?+ 2?2

r
V(,b:ﬁ:

S



Definition: Unit normal to the surface

Unit normal to the surface ¢ is given by i = %.

Example:
Find the unit vector normal to the surface x? + y2 +2z2 =1 at (1,1,1).
Answer:

p=x>+y*+2z2-1

Ve = 2xT+2y] +2zk

Vo =21+27+2k

Vol =Va+4+4=+12=2V3

Vo 2i+2j+2k _ i+j+k
Vol 2V3 V3

Unit normal to the surface ¢ is given by fi =

Example:
Find the unit vector normal to the surface xy + 2xz%> =8 at(1,0,2).
Answer:

¢ =xy+2xz°>—8

Vo = (v + 222) T+ (X)] + (4xz) k

V¢(1,0,2) = 8T+T+ SE

V| = V64 +1+ 64 =129

Vo 8i+j+8k
V| V129

Unit normal to the surface ¢ is given by fi =

Definition: Angle between the surfaces

The angle between the surfaces ¢p; and ¢, is given by

Vo1 Vo,
[V1[V,|

cos@ =

Example:



Find the angle between the surfaces x> + y2 —z=3 and x> +y?2 +2z2 =9 at (2,—1,2).

Answer:
P =x2+y2—z-3
Vo, = 2xT+2y]—K
VP1,-12) =47-27-k
Vo, =V16+4+1=+21
¢, =x2+y%2422-9
Vo, = 2xT+2y] + 22k
V20512 :47—2j’+4§
IVp,| =V16 +4 + 16 =36
g TLVE: (4127 K).(4T-2]+4K)
[V [V, | NANET
c059=16+4_4= 16
6v21 6v36
Example:

Find the angle between the surfaces x? + y%2 + z2 = 25 and x2 +y2 -5 at (3,0,4).
Answer:

¢ =x*>+y*+2%2-25

Ve, = 2x T+ 2y]+ 2zK

V¢1(3,0,4) =61+07+8Kk

|Vp,| =36+ 64 =+/100 = 10
¢, =x*+y*-5

V, = 2xT+2y]+ 0K
Vhz04 =61+07

[V, | =V36=6



g Y10, (67+07+8K).(67)
COoSs = =
[V, [[Vd,| 106

36
cosf = —

60

Definition: Divergence of a scalar point function

If ﬁ(x, y, Z) is a continuously differentiable vector point function in a region of space then the
divergence F is defined by

di ﬁ—vﬁ—*aﬁ+*aﬁ+l_€aﬁ
A A

If F=Fi+Fj+Fk then

. = - - 7 ->a ->a —)6 4 i o
divF =V.(Fi +F2]+F3k)=(l 5 T $+k£).(Fll +F,J+Fsk)

., 0F, O0F, OF
div F = —= 23

+—+
dx dy 0z
Definition: Curl of a vector function

If ﬁ(x, y, z) is a continuously differentiable vector point function defined in each point
(x,y,z) thenthe curlof F is defined by

lﬁ—Vxﬁ—*xaﬁ+*xaﬁ+l_€xaﬁ
pal i P T gy 9z

If F=Fil+FJ]+Fk then

i j Kk

=[O 0 0| (O Ok 0RO g 0F, ok
dx 0dy 0z Jdy 0z dx 0z dx Ody
Fi F; F3

Example:

IfF =x27 +y2 j+22 k, thenfind V.F and Vx F .

Answer:



div B = 0F; N dF, 0F;
= dx Jdy 0z

= (2x) + (2y) + (22)
divF = 2(x+y+ 2)

i ki
., o a a| |o

curl F=07+0j+0k
Example:
IfF = xyzT + 3x2y j+ (xz2 — y?2) k, thenfind V.F and VX F at (1,2, —1).
Answer:
F=xyzT +3x%y j+ (xz% — y2z)

vivf = 0P, OF: OFs
T Ty Tz

= (yz) + 3x*) + (2xz — y?)

[div ﬁ]m_l) =—2+3+(-2—-4)=-5

i j k i j k
1B d ad o0 d d 0
arlf=\o = w5 @
F, F, F; xyz 3x%y xz?-—y?z
d d d d -/ 0 d
= ?(@ (xz% —y?z) — % 3x2y) —f(a (xz? —y?z) — &xyz) +k (a 3x%y — @xyz>

= 1(—2yz) — j(z% — xy) + k(6xy — x2)
[curl F](1,2,—1) =41+j+ 13k
Definition: Laplace Equation

9’ 0%p 9%
ox?  dy?  0z2

If ¢ is a scalar point function then A2¢p = = 0 is called the Laplace equation.
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Example:

1
Find the value of V? (—)

X+y+z
Answer:
Vzﬁ_azﬁ+azﬁ+azﬁ_ 9%F
T 0x?  dy? 022 Luox?
-Yalwr)
C Luox\ (x+y+2)?
_Z 2
CLi(x+y+2z)3
2 2 2
= + +
x+y+2)3 (x+y+2°3 (x+y+2)3
25 _ 6
(x+y+2)3

Definition: Solenoidal vector

Avector F is said to be solenoidal if div F = 0. Thatisif V.F = 0.

Definition: Irrotational vector

Avector F is said to be Irrotational if curl F = 0. Thatisif VxF = 0.

Definition: Scalar Potential

If F is irrotational vector, then there exists a scalar function ¢ such that F= V. Such a scalar

function is called scalar potential of F.

Example:

Prove that F = yi+z] + xk is Solenoidal.

Answer:
Avector F is said to be solenoidal ifdiv F = 0. Thatisif V.F = 0.

Given F = yT + 7 + xk



g R OF OF 0
T 9x oy 9z ox’

+ iZ + ix =0
dy 0z
Hence F is Solenoidal.
Example:
Prove that F' = 3y*z2 7+ 4x32% ] — 3x2y2 k is Solenoidal.
Answer:
Avector F is said to be solenoidal if div F = 0. Thatisif V.F = 0.
Given F = 3y*z2 T+ 4x322 7 — 3x%y2 k

. OF, OF, 0F,
V-F_E-I_W E

= %(3}/422) + %(496322) + %(—3x2y2) =0
=0+0+0=0
Hence F is Solenoidal.
Example:
If F=(x+3y)T+(y—22)]+ (x+12) k is Solenoidal find the value of 7.
Answer:
Avector F is said to be solenoidal if divF = 0. Thatisif V.F = 0.

Given F = (x +3y) T+ (y — 22) J + (x + A2) k

Vﬁ_6F1+6F2+6F3
T ox 9y 0z

0 0 0
a(x+3y)+@(y—22)+&(x+lz)=0
1414+41=0= A1=-2

Example:

Prove that F = yzT+zx ]+ xy k is Irrotational.

Answer:



Avector F is said to be Irrotational if curl F = 0. Thatisif VX F = 0.
Given F=yzi+zxj+xyk

i j Kk i j Kk
. la o o
UxF o a 4 0

ax 9y 0dz| |ox ay oz
F, F, F; yZ ZX XY

_9(0 0 ) _,<6 0 )+E(a 0 )

“ oy Y T ) T Y T Y ax X Ty
=ix—x)—jy—-y) +k(z-2)

VXE=0

5
Hence F is Irrotational.

Example:

Find the constants a, b, ¢ so that F = (x+2y+az)iT+(bx—3y—2)j+ @x+cy+ ZZ)E is
Irrotational.

Answer:

Avector F is said to be Irrotational if curl F = 0. Thatisif VX F = 0.

Given F = (x + 2y + az) T+ (bx —3y —2) [ + (4x + cy + 22)k

i j k i j k
Bl g d 90| _ 0 0 0 _0
“lox oy oz| ox dy 0z -
F, F, F; x+2y+az bx—-3y—z 4x+cy+2z

~y

K 0
_@(4x+cy+22)—£ (bx—3y—z)]—0

N

0 0
-] [a(4x+cy+22) —g(x+2y+az)]

[0 0
+k[a(bx—3y—z)—@(x+2y+az)]

(c+1)—j4—a)+k(b—2)=07+07+0k

~c+1=0 =c=-1, 4—a=0 =a=4and b=2

Example:

10



Prove that F = QRx+yz)T+ 4y +zx)]— (62 — xy) k is Solenoidal as well as Irrotational. Also find

the scalar potential of F.

Answer:
Avector F is said to be solenoidal if div F = 0. Thatisif V.F = 0.
Given F = 2x + y2) T+ (4y + zx) ] — (62 — xy) k

g R OF OF;
T ox 9y 0z

d d d
—(2 —(4 -— - =
ax(x+yz)+ay(y+zx) aZ(6z xy) =0
2+4—-6=0

Hence F is Solenoidal.

Avector F is said to be Irrotational if curl F = 0. Thatisif VxF = 0.

Given F = (2x + y2) T+ (4y + zx) ] — (62 — xy) k

i j k i i k
Ux = g o9 0J|_ 9] 0 0
“lox oy oaz| | ox dy 0z

F; F, F; 2x+yz 4y+zx —6z+xy

= a a
= l(@ (—6z+xy) — Fp (4y + Zx))
J a( 6z + g (2x +
I\ 35 (762 +xy) —5— (2x + yz)

Y| 9]
+k (a (4y + zx) — @ (2x + yz))

= i(x —x) = jy —y) + k(z - 2)
VXF=0
Hence F is Irrotational.
To find scalar potential:

To find ¢ such that F= V.

11



(2x+yz)f+(4y+zx)f—(6z—xy)§=a—¢?+a—¢f+a—¢ k
d0x dy 0z

Z—f:2x+yz

3—(}1:24y+zx

Z—f:—6z+xy

Integrating with respect to x, y, z respectively, we get
¢Cx,y,2) = x* +xyz + f(v,2)
o(x,y,2) =2y + xyz + f(x,2)
o(x,v,z) = =3z +xyz+ f(x,y)
Combining, we get ¢(x,y,2) = x2 + xyz + 2y? + xyz — 32> + xyz + k
where k is a constant.
Therefore ¢ is a scalar potential.

Example:

Prove that F = (6xy +2z3) T+ (3x2 —z) ]+ (3xz2 — y) k is Irrotational. Also find the scalar

potential of F.
Answer:
Avector F is said to be Irrotational if curl F = 0. Thatisif VX F = 0.

Given F = (6xy +z3) T+ (3x2 — 2) j + (3xz2 — ) K

i j k i j k

VP o 0 0 0 0 9]
X = |— [R— —_— = —_— —_— —_—
ox dy 0z ox oy 0z

F, F, F3 6xy +z3 3x2—z 3xz%-y

=7 a(3 Z—y) 6(32 )

=1 3y Xz y Ep X z
J a(3 Z—y) i (6xy + z*)
] ax XZ y aZ Xy Z

12



+k a(32 ) 6(6 +23)
axx 4 3y xy +z

={(-1+1) — j(322 — 3z%) + k(6x — 6x)
VXF=0
Hence F is Irrotational.
To find scalar potential:

To find ¢ such that F = V.

(6xy+z3)?+(3x2—z)f+(3x22—y)E=g—i)f+g—¢f+z—f k
g—f:6xy+z3
%:3)62—2
a—=3x22—y

Integrating with respect to x, y, z respectively, we get
d(x,y,z) =3x%y + x23 + f(v,2)
¢(x,y,2) = 3x%y —yz + f(x,2)
¢Cx,y,2) = x2° —yz + f(x,y)
Combining, we get ¢(x,y,z) = 3x%y + xz3 + 3x?y —yz + xz3 —yz+ k
where k is a constant. Therefore ¢ is a scalar potential.
Vector integration

Line integral

Let F be a vector field in space and let AB be a curve described in the sense A to B.

B B
lim » F,.dr, = fl_f dr is called line integral.
n—oo
A

If the line integral along the curve C then it is denoted by

13



or jg F.df ifCis closed curve.
C

[
il
o,
=

Example:

If F = (3x% + 6y)T — 14yz ] + 20 xz2k . Evaluate §. F.dF from (0,0,0) to (1,1,1) along the

curve.
Solution:

The end points are (0,0,0) and (1,1,1)
These points correspondtot =0 and t =1

dx =dt, dy =2t dt, dz =3t%dt

jﬁ F.df =

[(3x2 + 6y)dx — 14yz dy + 20 xz? dz ]

o\»—\

[(3t? + 6t)dt — 14tt 2t dt + 20 tt? 3t%dt ]

O\r—t

1 3t3 t7 t101
3t2 —28t° +60¢t°]dt = ——28 60—
f[ + ] 3 y 10
0
1 28+60 :
N 7 10

Example:

Find the work done by the moving particle in the force field F=3x%T+ 2xz—y)j—z k
fromt =0 to t = 1alongthecurve x = 2t%, y=t and z = 4t5.

Solution:

1
Work done = f F.df = f[szdx + (2xz—y)dy —zdz ]
¢ 0
1

= J[S X At* 4t dt + [2 x 2t% x 4t3 — t]dt — 4t3 * 12 t?dt]
0

14



1 1
6 t2
.fH8t5+16ﬁ——t—48t]dt=[16€~—5
0 0
16 1 13
6 2 6

Greens theorem in plane

If M(x,y) and N(x,y) are continuous functions with continuous, partial derivatives in a region R of
the xy plane bounded by a simple closed curve C then

aN aM
jde+Ndy f ——— dx dy

where C is the curve described in the positive direction.

Example:

Evaluate using Green’s theorem in the plane for [(xy + y?)dx + x2dy where C is the closed curve of
the region bounded by y = x and y = x2.

Answer:

aN oM
By Green'’s theorem f Mdx + Ndy = f -—— E) dx dy

Given M = xy +y?; N =x?

oMm_ N
6y_x Vi c’)x_x

 f. ey +yH)dx + x%dy = [, (2x —x — 2y)dx dy

y

I=ff(x—2y)dxdy 1 y = x?

o (1,1) y=x

= f (x —2y)dx dy
0y — x=1
1 | -
x > X
J [7‘2”] dy (0,0
0

15
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Example:

Verify Green’s theorem in the plane for fC (x2dx + xy dy) where C is the curve in the plane given by
x=0,y=0 x=a, y=a(a>0).

Answer: y
Y y=a

By Green'’s theorem
fMd + Nd ff(aN aM)d d X

x = — ——dx
C R X =
Given M = x2;, N =xy A—> x=a
dM JdN 0(0,0) > X
-0 —= ’ =0 A(a,0
3y e y (a,0)

- szdx+xydy=f +
C 04

& —
+
—
+
—

Along0A,y=0=dy =0

a

31 a3
fxzdx+xydy=fx2dx= [—] =—
3 1,

C 0
AlongAB,x =a=>dx =0

. « y2]* a3
fxdx+xydy= aydy=a7 =—
C 0 0
Along BC,y=a=>dy =0

0 , y30 a3

fxzdx+xydy=fx dx=? =—-—
C a a
Along CO,x=0=dx =0

16



0
fxzdx+xydy=f0=0
C a

a> a® a3 a3

. 2d dy=—+———+4+0=—
fx X+ xydy 3+2 3+ >
C

azv aM o
Also f —— xdy:ffydxdy
00

a y21* &3
=fy[x]3dy=aH -2
2| T2

0 0

aN aM
Hence fde+Ndy f —— dxdy

Example:

Verify Green’s theorem in the plane for fc (3x% — 8y?)dx + (4y — 6xy)dy where C is the boundary
of the region bounded by x =0, y =0, x +y = 1.

Answer:
6N oM
By Green'’s theorem fde+Ndy f __E) dx dy
N M
/e (E—E)dxdy
y
11-y 1 ﬂ‘
=_[j 10ydxdy=10_[y[x](1)_y dy B(0,1)
00 0
x=0 ¥+y=1
1 1
=10fy(1—y)dy=10f[y—y2]dy o
0 0 0(0,0) -
) =0 410
2 3 1 1 5
=10 Yy _ Y =10<———>=—
2 3, 2 3 3

17



Given M = 3x%2 —8y?; N =4y — 6xy

f(sz — 8y?)dx + (4y — 6xy)dy = f + f
C AB

Along0OA, y=0=dy =0
1
f(?)xz) dx = f(3x2) dx
c 0
<]
= |— =1
3 1,
Along AB,y=1—x=dy =—dx

f (3x2% — 8y?)dx + (4y — 6xy)dy
c

0

1

0
j(—llxz + 26x —12) dx
1

12 T8
—J X = —
. 3

3 11x3 " 26x?
- 3 2

Along BO,x=0=>dx =0

f(3x2 —8y?)dx + (4y — 6xy)dy
c

0 02
Yy

[yav=[2

1 1

0OA

f(3x2 —8(1—x)?) dx + (4(1 —x) — 6x(1 — x))(—dx)

18



8 5

Md Ndy=14--2==

f X + y +3 3
c

H Mdx + Ndy = <8N aM)d d
ence f X y = ff % 3y x dy
c R

Example:

Verify Green’s theorem in the plane for fc x2(1 + y)dx + (y® + x3) dy where C is the square
bounded by x = t+a, y = ta.

Answer:

dx dy

.-.jx2(1+y)dx+(y3+x3)dy:f +f +f +f

Cc AB BC CD DO

By Green’s theorem j Mdx + Ndy = ff (— -
c R

Along AB,y =—a=>dy =0

a

fxz(l —a)dx=(1-a) [%3]

—-a

a’ ad a*

y
AlongBC,x =a=>dx =0 Yy=a
a 4 a
f(y3 +a®)dy = [yz + a3y] D(—a,a C(a,a)
Za -a
a* a* i
=Z+a4—Z+a4=2a4 A x=a
AlongCD,y=a=dy =0
—a -a -
x -a, — - _ B(a,0
fx2(1+a)dx=(1+a)[?] (Fe=-a| y=-q B@0)
a a

19



AlongDA,x=—a=>dx =0

¥
f (—a®+y3)dy = [Z — a3y] = 2a*
a a

2a3

. 2 _ o2 _,at 4 _22° 2a* 4_8 4
..fcxdx+xydy—23 25 +2a ——+2a*=za

Given M =x?(1+vy); N=y3+x3

— 2. a2
dy ' ox 3%
ON oM Fr
- _ = — 2 _ .2
ff(ax ay)dxdy ff(Sx x*)dx dy
a Ta-a a
—zf a3l —2f2a3d
0 3 ¢ 443 @ 8a*
—4E e =2 ) =24
4= lE == Ca) ==
aN aM
Hence fde+Ndy f —— dxdy
C

Example:
Find the area bounded between the curves y?2 = 4x and x? = 4y using Green’s theorem.

Answer:

6N oM
By Green'’s theorem f Mdx + Ndy = f —— E) dx dy

The point of intersection of x? = 4y and y? = 4x are (0,0) and (4,4).
The area enclosed by a single curve C is%fc (xdy — ydx).

1 1
Hence the area = > _[ (xdy — ydx) + 7 j (xdy — ydx)
C1 CZ

Along C; (x% = 4y)

4dy = 2xdx

20



F(x? x?
f(xdy —ydx) = f <7dx — de)
0

C

4
_ xzd _1x34_16
_IT I3 T3
0 0

Along C, (y? = 4x)

Stoke’s theorem

If S is a open surface bounded by a simple closed curve C and if a vector function F is continuous and
has continuous partial derivatives in S and so on C, then

fﬁ.d?=ffcurlﬁ .Ads
C 5

where 7l is the unit vector normal to the surface. That is, the surface integral of the normal component

of curl F is equal to the line integral of the tangential component of F taken around C.

Example:

Verify Stoke’s theorem for a vector field defined by F= (x? — y?)T+ 2xy J in the rectangular region in
the XOY plane bounded by thelinesx =0, x =a, y =10, y = b.

Answer:

By Stoke'stheorem fﬁ.d? = ﬂV xF .

S S

Given F = (x% —y2)i+2xy]+ 0k

N
n

21



di =dxi+dyj+dzk

F.d? = (x% — y2)dx + 2xy dy

i i Kk i j k
- a a 0 d 0 0
X =]— — —| = [— JR— -
ox dy 0z ox dy 0z
F, F, F; x2—y? 2xy 0
(2 0-2 e ) -/ 20-2L -] +E[2 @) - =6 -y
~ oy 9z | 7T\ 5% 9z = 7Y ox Y T Y
= 7(0) — j(0) + k(2y +2y)
VxF=4yk
Here the surface S denotes the rectangle OABC and the unit outward normal to the vector is k.
Thatis 7 = k
Now ffoﬁ.?lds:ffllyE.ﬁds: f4yE.Eds
S 5 S
b a
=ff4ydxdy=ff4y dx dy
S 00
b yzb
=4fy[x]8 dy=4a[7] = 2ab?
0 0
Now Jﬁ.d?=j(x2—y2)dx+2xydy=f +j +j +f
s C 0A AB BC co
y
A — =
Along 04,y =0=>dy =0 Y y-q
: 31 @
Zd = |— = —
fx x [3]0 3
0
C(0,a
Y =0 B(a,a)
AlongAB,x =a=>dx =0 A—P> X=a
b b > X
2 0(0,0) _
JZaydy:Za[y?] = ab? y=0 A(a,0)
0 0

22



Along BC,y=a=>dy =0

0 2 o
f(x2 —b?dx = [— — bzx]
a 3 a

3

a
=——+ab?
3 a

AlongCO,x =0=>dx =0

f (x2 —y®)dx+2xydy =0
co

. a® a®
fF.d?=?+ab2—?+ab2 = 2ab?
5

Hencefﬁ.df’= ffoﬁ .nds
s 5

Example:

Verify Stoke’s theorem when F = (2xy — x2)7 — (x2 — y2) J and C is the boundary of the region
enclosed by the parabolas y? = x and x? =y.

Answer:

5 s
Given F = (2xy —x2)1— (—x%2 —y?)] + 0k
di=dxT+dyj+dzk

F.d7 = 2xy — x2)dx — (—x% —y?) dy

ik i j k
VP g d 0 0 0 0
X =l— — —| = —_ J— -
ox 0y 0z ox ay 0z
2

F, F, F; 2xy —x? —x%2—y%2 0
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-7 i(o)_i(_xz_ -7 i(0)—3(235 —x?)
=t O3 YO TN o™ e
(0 0
+k (& (—x*—y*) - 3y (2xy — xz))
=17(0) — J(0) + k(—2x — 2x)
Vxﬁ=—4x§

Here the surface S denotes the surface of the XOY plane. The unit outward normal to the vector is k.

Thatis7i = k

Now ffoﬁ' .r_idsz.U—l}xE .ﬁdssz—llxﬁ.ﬁds
S

S S

1
=—.U4xdxdy=—4f
0

N

2

x dx dy

%\V

1 5 yz 1
& 4
= —4f [7] dy = —2f(y —y)dy
0 vy 0

5 211
1 1 -3 6 3
5 2 o 5 2 10 10 5

Now F.d# can be taken OA and AO.

U)%

i.e., Jﬁ.d?= f(ny—xz)dx—(xz—yz)dy= j + f
s 5 0A A0
Along 0A,y = x? = dy = 2xdx

1
j(Zxe —x2)dx — (x? — x*)2xdx
0
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1
y
= | (2x3 — x% — 2x3 + 2x%)dx \
f
0 y=x*
1 2 _
5 _ .2 x6 x' T
=f(2x —x%)dx = 2;—?
2 0
_(1 1)_0 A(1,1)
-3 3/ o
0(0,0) y=0

Along A0, x = y?> = dx = 2y dy

f y2y —y")2ydy — (v* —y*) dy
S

0
= f(4y4 —2y° —y* + y*dy
1

2 5 6 ,,31°
=f(3y4—2y5+y2)dy= 3L oY L
5 6 31,
1

Example:

Verify Stoke’s theorem for F= yi+y]—xz k over the upper half of the sphere x? + y2 + z2 =
2
a,z = 0.

Answer:

By Stoke'stheorem f F.d
5

=
Il
b —
<
X
T
S|
Q
[%5)
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Given F =y2%i+yj—xzk
di=dxT+dyj+dzk
F.d? = y2dx +y dy — xz dz

F.d?

y?dx +ydy [+z=0]
i j k i j k
5 d 0 0 0 0 0

VxF=|— — === = =
ox dy 0z ox dy 0z

Fi Fp F3 y: y —xz

NZ. G N ] ~( 0 4
= l(@ (—xz) —&(}’))—J(a(—xz) ~ 3 (}’2)) +k(a(}’) —a(}’z)>

= 1(0) — J(=2) — k(2y)
VxF=zj—2yk

Let ¢ = x2 +y% + 2% — a?

Vo =2xT+2y]+2zk

IVp| = 24/x? + y? + 2% = 2a

Vo 2xl+2y]+22k x?+yf+zE

Tl 2a

Here the surface S denotes the rectangle OABC and the unit outward normal to the vector is k.

= o (xT+y]+zk
Thus curl F.ii = (zf— 2y k), <+)

yz
F —(zy 2yz) = ——

dx d

Now ffoF nds—ﬂ- e y
-U dxdy

z/a
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a2—x2

f | enayax

—a _\[gZ_x2
a Ve a
v’ 1 2,2 _ g2 4 42
= —7 :_E [a®* —x* —a® +x°] dx
—Va2-x2? Za

Now fﬁ.d?zfyzdx+ydy= j +
5 c 0A

?z\
+

—
+

—

2

Since x? + y? = a?, isacircle.

Put x =acosf and y=asinf
dx = —asinf and dy =acos#@

0 varies from 0 to 2@

2T
f F di":f a?sin? @ (—asinf) + asinf (a cosH)] do
0

a
—a3sin®0 do +7f sin26 do

a3 _ cos 207%™
=—f (sm39—3sm9)d€+—[ ]

4 0
_a [ cos 30 ) 0] a’r1 1 1]
% €08 217272

—aT 1+3+1 3+a2[1+1
T 4] 3 3 21272

=0
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-

Verify Stoke’s theorem for the function F

whose sides are along thelinex =0, y =0,

Answer:

By Stoke’stheorem fﬁ dr = ﬂ-
c S
Given F =x2{+xy]+ 0k
i j k i j k
Vx P d a 0 d o0 0
X -l — — = — —
ox dy 0z ox 0dy 0z
Fi1 F, Fs x2 xy 0
NE) ) NE
= l(@ 0) -~ (XJ’)) =] <a(0
= 1(0) = J(0) + k()
Vxﬁzyz

x2 1+ xy Jintegrated round the square in the z = 0 plane
x=a, y=a.

0 (0 0
) ~ 3 (X2)> +k <a(x}0 - @(x2)>

Here the surface S denotes the rectangle OABC and the unit outward normal to the vector is k.

Thatis7i = k

Now ffoF nds=ffy%.ﬁds= fyl_c).l_c)ds
s s s
a a
=_Uydxdy=ij dx dy
S 00
2
Given F =x2{+xyJ+ 0k

Cc Cc

0A AB BC co
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Along0A,y =0=dy =0 y

; x3* a3 ﬂ‘ y=a
fxzdx+xydy=fx2dx=[—] =—
3 3
c 0 0
AlongAB,x =a=>dx =0
a yZ a a3 CECO,:ao B(a, a)
fxzdx+xydy:faydy=a[—] =—
c 0 2 0 2 /—> XxX=a
Along BC,y=a=>dy =0 > x
‘ 3’ ad 0(0,0) y=01] A(a0)
fxzdx+xydy:fx2dx=[—] =——
3 3
C a a
Along CO,x=0=dx =0
0
fxzdx+xydy:f0=0
c a
f dax+aydy =t T L oL
C T =T T3 TR
c
ﬁd_,_a3 a> a® 0_a3
f . T——+7—?+ —7
5

Example:

Verify Stoke’s theorem for the function F= y2zTl+ z%x ]+ x%y k where S is the open surface of the
cube formed by the planes x = +a, y = +a and z = *a in which the plane z = —a is cut.

Answer:
By Stoke’stheorem f F.d? = f (V x ﬁ) .nds
c S

Given F =y2z7+z%x]+x%yk

29



VxF=|— — —|=|=
ox 0y 0z ox dy 0z
F, F, F; y?z z%x x%y
E F
N o >
H 7'y
d 0
2 Zrzy — 2 (42
]<6x ) =5 O Z))
y
d 0
+% (a— (2%x) - a—(yzz)) 5 ¢
x y 4
VxF =1(x2—2zx) — j(y% — 2xy) A B
+ k(2% = 2y2)
Since the surface z = —a is cut.
Now ﬂ(Vxﬁ).ﬁds=ﬂ+ﬂ+ﬂ+ﬂ+ﬂ
S S1 Sz S3 Sa Ss
Surface Equation n (V x F)_ﬁ’ ds
ABGH (S;) xX=a [ a’—2za dy dz
DCFE (S,) X=-a =i —(a? + 2za) dy dz
BCFG (S3) y=a j a’ — 2ax dx dz
ADEH (S,) y=-a —Jj —(a? + 2ax) dx dz
EFGH (Ss) z=a k a’ —2ay dx dy

-ngﬁ .ﬁds=ﬂ(a2_4za)dydz—-U(a2_4Za)dydz+

ﬂ(a2 — 4ax) dx dz — _U(az — 4ax) dx dz+j (a? — 2ay) dx dy

=_U—4zadydz+ﬂ—4axdxdz+-[ (a? = 2ay) dx dy
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a a a a a a
=—4affzdxdy—4affxdxdz+ff(az—Zay)dxdy
—-a —a —-a —a —-a —a

a a
=0+0+ f[azx —2ayx]%, dy = f[a3 —2a%y + a3 —2a%yl dy
—-a —-a

2.,279
] = 2a* — 2a* + 2a* + 2a*
—-a

Now F.d7 = —ay?dx + a®x dy

AlongAB,x =a=dx =0

a

fa3dy = a3[y]%, = 2a*

—-a

Along BC,y =a=dy =0

—-a
f —a3dx = —0a3[x];% = 2a*

a
AlongCD,x =—a=>dx =0

—-a

f —a3dy = 2a*

a

Along DA,y =—a=dy =0
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Yy=a
D(—a,a X C(a,a)
X =-a
A Xx=
A(fa,—a) y=—d B(a,0)




—addx = —2a*

le‘ap

Gauss Divergence theorem

Statement:

The surface integral of the normal component of a vector function F over a closed surface S enclosing
the volume V is equal to the volume of integral of the divergence of F taken throughout the volume V.

ﬂﬁ.ﬁds= f\ﬂwﬁ dv

Example:

Verify Gauss divergence theorem for F=4xzi— y2i+yz k over the cube bounded by x =0,

By Gauss stheorem ffﬁ.ﬁds= fffoﬁ dv
S v

Given V.ﬁ=4z—2y+y=4z—y

111 11
Now ﬂfoﬁ dv=fjf(4z—y)dxdyd ffélzx—yx dy dx
v 000 00
11 1
=ff4z— dydx—f[4zy——] dx—f(élz—%) dx
00 0

_4221
2 2
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Now gﬁ.ﬁds:sf!+sf!+sf!+g+sf!+sf!

Surface Equation n F.q ds
AEGD (Sy) x=1 ] dxz = 4z dy dz
OBFC (S,) x=0 = —4x7 = 0 dy dz
EBFG (S3) y=1 i —y? > -1 dx dz
0ADC (S,) y=0 = y2 >0 dx dz
DGFC (Ss) z= k yz =y dx dy
OAEB (Sg) z = -k —yz=0 dx dy

I

ﬂﬁ Ad _3
.n 5—2

N

Gauss divergence theorem is verified.

Example:

Verify Gauss divergence theorem for F = (x2 — yz) T+ (y% — zx) ] + (z2 — xy) k overthe

rectangular parallelepiped 0 <x <a, 0<y <),
0<z<c.

Answer:

By Gauss stheorem ﬂ- F.Ads
S
= ﬂijﬁ dv
\%

Given V.F =2x+2y+2z=2(x+y+2)

Now fffoﬁ dv
v
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C

<2
[7 +yx + ZX] dy dz
0

O‘\.U

abc a
=fff2(x+y+z)dxdydz=2f
000 0
b
2
=2 f[?+yc+zc] dy dz
0

b
|
0

a 2 2 42
f( b+—c+zbc)d =2[7bz+—cz+7bc
0

O\‘m

b

c
[— y+—c+ Zyc] dz
2 0

2

abc? + b%ca + a®bc
2

fﬂVXﬁ dv=abc(a+b+c)
v

w Jrane

Surface Equation n F.q ds
AEGD (S;) x=a 1 xt—yz dy dz
OBFC (S,) x=0 =i —(x%? —yz) dy dz
EBFG (S3) y=b j y? —zx dx dz
0ADC (S,) y=0 =j —(y? — zx) dx dz
DGFC (Ss) zZ=c¢ k z% —xy dx dy
OAEB (Sg) z=0 —k —(z% — xy) dx dy

b
= N ; : y ¢ b2
[[Faas=[ [@=yo ayaz=[(a2y -2 dz=f wb-22)ds
5 00 0 0

b2 72 ¢ b2c2
=< 2bz———) = a’bc — 4C

2 2
C

cb b c
ffﬁ ds=0fb[—(0—yz) dydz=f<y;z>0 dZ=J<b7zz>dz

0

>
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c

ﬂﬁ.ﬁ Ofsz—zx) dxdz—f<b2x——z> =0fc( a——z)dz

0

a?z2\° a?c?
= <b2az — ——> = b%ac —
2 2 o
. -, cx? \° ¢ (a?
ffF.ﬁ =fj (0 — zx) dxdz-j(;z) dz=f(7z)dz
00 0 0 0
<a222)c a?c?
2 2 o 4
> ‘L ; x2 < 2 a’
ffF .ﬁdssz(cz—xy) dxdyzj(c X=7y > dy=f<cza—7y)dy
00 0 0

2.,,2\? 252
= czay—a—y— =c2ab—ab
2 2 0 4

b%c2  p%c? a?c? a?c? a’b? a?p?
F .fds = a’bc — b2ac — 2ab —
ﬂnsac4+4+ac4+4+ca v
S

= a’bc + b%ac + c?ab
=abc(a+b+c)

Gauss divergence theorem is verified.
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