UNIT IV DIFFERENTIAL CALCULUS OF SEVERAL VARIABLES
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Limits and Continuity - Partial derivatives - Total derivative - Differentiation of
implicit functions - Jacobian and properties - Taylor’s series for functions of two variables -
Maxima and minima of functions of two variables - Lagrange’s method of undetermined

multipliers.
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Limits and Continuity
Limit:

The function f(x,y) is said to tend to the limit ‘¢’ as x - a and'y — b if and only if
the limit ‘£’ is independent of the path followed by the point (x,y) as x >a .and | y - b.
Then Xll_r)rll f(x,y)="C.

y—ob
(or)

The function f(x,y) in R is said to tend to the limit ‘/” as x - a and y - b if and
only if corresponding to a positive number ‘€’ in (a, b) there exist another +ve no. § such
that |f(x,y) — €| < & for 0 < (x —a)? + (y =b)% < §% for every point (a,b) in R.
Working rule for evaluation of limits:

Type I: Non - zero values of (a, b)
1. Find the value of f(x,y) along y = b and x - a (say f;).
2. Find the value of f(x,y) along x > a and y - b (say f;).
3. If f; = f,, then the limit exists otherwise not.

Typell:a =0, b =0
1. Find the value of f(x,y) along y — 0 and x —» 0 (say f;).
2. Find the value of f(x,y) along x - 0 and y - 0 (say f3).
3. Find the value of f(x,y) along y - mx and x - 0 (say f3).
4. Find the valueof f(x,y) along y » mx? and x - 0 (say f,).
5. If f; = f, = f3 = f, then the limit exists otherwise not.

Note:

If the value of the limit does not contain m then limit exists. If it contains m the limit
does not exists.

Continuity:
A function flx,y) is said to be continuous at a point (a,b) if

( glm( . f(x,y) = f(a,b). A function is said to be continuous in a domain if it is continuous at
X,y)—>(a,

every point of the domain.



Note:
A function which is not continuous at (a, b) is said to be discontinuous at (a, b).
Working rule for continuity ata point (a, b).
Step1.  f(a,b) should be well defined.

Step 2. ( I)lrr} . f (X, y) should exist. (must be unique and same along any path)
X,y)—(a,

Step 3. Iim f(x,y)= f(a,b).
ep3.  lim f(xy)=1f(@pb)

Problems:
Type
1. Evaluate lim ;(y+52.
X +2y
Solution:

. . Xy+5 . [ 2x+5
f,=Ilim| lim —— |=lim| —
X—>o| y>2X +2y x—>wo| X°+8

x(2+5) (2+5j

] X ) 1 X 2+0

=lim| —————|=Ilim| = :0(—)_
1+0

X —> o0 8 X—o0o| X 8
x2(1+xzj (1+X2J
x(y+5j
f2=Iim[Iim Xy +S jznm X

2 2 -2 2
I £1+2{J
X

y—>2| x>0 X +2y

'+ f, = f, thelimit exists and the value is 0.

X2 +2y

> -

2. Evaluate lim

Xx—1
y:>)2 X+y

Solution:

2 2
£ = tlim| tim X 2Y | jim| X4 )23
x>l y=2 X+Y x—->1l X+4 5

2 1+(2x2
f, = tim [ tim X2 | - g [ 152Y ) 14(2x2) 5,
y—o>2( x>l X+y y->2\1+y 1+2 5




v f, = f, the limit exists with the value 1.

Type 11
3. Evaluate IirTg) (X3 + y3)
30 '
Solution:

fo=lim(limx*+y )_Iimx3:0

x—>0\y—>0 x—0

y—>0

|
(Ilmox3+y )_Ilmy -0
- |

lim x° + y3): lim (x*+m*x*) =0
x—0

y — mx

f, _Ilm( lim x®+vy j—limo(x3+m3x6)=0

x>0\ y—>mx?

- f=1,=1,=1, thelimit exists with the value 0.

4., Evaluate |im Xy >
(xy)=(0.0) y —X
Solution:
f_Ilm[Ilm Xy j_nmo 0
x—=>0 y—>0y X x—0

£, = lim| lim —2. j:lim0=o

y—>0{ x>0 y_X2 y—0

2 2

. X . mx . mx
£, = tlim| Jim 2L | = lim | =lim| X
X—>0\"y—mx y—X x=>0l mMX—X x—=0 X(m—XZ)

3 3
. X . mx mx
f =lim| lim y2 =lim — =lim| —— |=
x50 yo>m y—X x>0l mx® —x x—>0 X (m_]_)

w f,=1,=1=1f, thelimit exists with the value 0.

5. Find lim —2
(xy)=(0.0) y© — X

Solution:
f_Ilm(Ilm ZXyzj:IimO:O
x—0 y»Oy —X x—>0

f—Ilm(Ilm Xy jzlimO:O

y—>0{ x>0 y2_X2 y—>0




m

X*(m?=1) ] x>0l (m?-1)

f, # f;) the limit does not exist

2 2
X . mx . mx . m
f, _nm( lim —2 ZJnm[ﬁjnm[—Jnm{
x—0 y—>mxys — X x=>0l m°X® =X x—0
f1

Since the limit depends up on m, (or

6. Evaluate lim x—y .
20X+
Solution:
f_Ilm(Ilm X~y j:lim(éjznml:w
x=>0 y=>0X +y x=>0\ X x—=>0 X
f, _||m[||m X~y J:Iim(_—ZJ:Iim_—l:oo
y—>0 x—>0x +y y—>0 y y—0 y
f, and f, =oo, limit does not exist.
2 2
7. Evaluate lim y2 X
oy
Solution:
22 2
f _||m(||m y =X j:lim(izj:nm(-l)z-l
x—=>0{ y—>0x +y x—=>0{ X X—0
2 2 2
f, _||m[||m y X j:lim[y—z}nm(l):l
y—>0{ x->0¥x +y y -0 y x—=0

f, # f,, the limit does not exist.

Problems: (continuity)

-y
if x=0,y=0
1. Test the function f(X,y) =4 x* + y? Y

0

for continuity at the origin.
if x=0,y=0
Solution:

Step 1:

The function is well defined at the origini.e., f(0,0) =0
Step 2:

NI 3
f—Ilm[Ilm i y2j=|i (X—2J=Iimx:0
x=>0{ y=>0¥X +Yy x—=0

3_y3 _y3
f,=lim (Ilm ]: lim [—2]: lim(-y)=0
y—0 x»OX +y y—0

J

(-3



3_ 3 3 _m3x3 x*(1-m? x(1-m?
f,=lim| tim 2 =Y |tim| 2 =X |- jim # i XE2™) 2) -0
x>0 yo>mx X° 4y x—>0{ X +mX x—0| X (]_+m ) x—0 (]_+m )

f, _||m[ lim Mjﬂim(m]:Iim MJZMLX(L”‘%)]:O@O):

x=>0{ y>me X% + y? x->0| x?(1+m?x?) (1+m?x?) (1+0)

o f, =1, = f; = f,, the limit exist and the value is 0.

ie. lim f(x,y)=0.
1€ (x,y)—(0,0) ( y)

Step 3:

3 3

Ilm f(x y)— X Y >=0 and f(0,0) =0 (defined in problem)
(xy)—> v) (00 X2 +y?

= I|m f(x,y)= f(0,0).
(x,y)—(0,0)

=~ the function is continuous at the origin.

— x#0, y20
2. Discuss the continuity of f(x,y) =1 4/x* +y? at the origin.
2 x=0,y=0
Solution:
Step 1:

The function is well defined at the origin. i.e. £(0,0) = 2.
Step 2:

£ = lim| lim ——£ = lim| -2 |=lim[ X |= lim1=1
_Xﬁo y—>0 ’X2+y2 _xao \/X_2 _xao X _xﬁo -
£, = lim| fim —*——fim |~ |~ im0 =0
_y—>0 xX—0 ,XZ_'_yZ _y—>0 \/F x>0
o f, # f,, the limit does not exist.

. T(x,y) is not continuous at the origin.

3. Examine for continuity at origin of the function defined
2
f(x,y)= m x#0.y= O. Redefine the function to make it as continuous.
3 x=0,y=0
Solution:
Step 1:

The function is well defined at the origin. i.e., f(0,0) = 3
Step 2:



f.—tim| fim —X lim X’ lim| — X X
3= —_— = D —— _— | = —_—
X—>0| y—>mx /X2+y2 x—0 /X2+m2x2 x—0 X /1+m2 x—0 /1+m2

= lim

£ =tim| tim % lim X lim X X
4— —_— = — = —_— —_—
x>0 yomd Ix2 gy |00 +m?x® ) 0 x4 m?x? ) X 20\ Y1+ mPx®

w f, =1, = f, = f,, the limit exists with the value 1. i.e.,( I)im(0 ) f(x,y)=0
Xy)—=> (0,

Step 3:

( I)im(0 ) f(x,y)=0 and f(0,0)=3 (defined in problem)
Xy)—> 0,

= Jim f0y)#1(0,0).

(x,y)—> (0,0
=~ the function is discontinuous at the origin.

The function can be made continuous at origin by redefining as f(0,0) = 0. i.e,,

2

X
f(xy)=1x*+y?

0 x=0,y=0

x#0, y=0

Partial derivatives

Problems:
1. Finda—uanda—uifu:yx
OX oy
Solution:
M *logy and a—u:xyx_l.
OX oy
4 4 4 ou ou oau
2. If u=(x-— +(y—2z) +(z-x) , provethat —+—+—=0.
(-9)* +(y=2)" +(2-)", prove that 1+
Solution:
ou 3 3
—=4(x-y) -4(z-x) ..
=40y -4(z-x) .
'

oy —4(x— y)3 +4(y- z)3 ..(2)



lej —4(y- z)3+4(z—x)3 ..(3)

(1)+(2)+(3)

2 2 2 2
If u:exy show that a—2+a—2—1 (G_UJ +(a—u] .
x> oy ujl\ ox oy

Solution:
%E‘ yeY .1 and —=xe¥ ..(2
@:E(G—szi(xe”):xze"y ..(4)
oy? oy\loy) oy

o%u o4

B)+@)=—=+—5= y? e¥ 4 x? &Y =(y2+x2)eXy ...(5)
ox= oy

2 2
T N -

2xy

_€ 20,2
T eV [y & }
1 xy[y2+x2}
2 2
28_121+6_L21 from (5)
ox= oy
82u %
If u=xYthen show that (i) = (1) Uysy = Uyyx -

Solution:

u=xY :Z—u:yxy_l and %u:xylogx
X

u o(eu) .y ) 1 3 3
- xYlogx)=yxY “logx+xY| = [=yxY logx+xY™ .4
Y 6x(6wj ax( g ) y gXx+ (Xj y g X+ @)

52 _0(ou)_0 (., y1 y-1 y-1 1 1
—( yx ):yx logx+xY @) =yxY " logx+xY™ ...(2)



2 2
From (1) and (2) 8_u=8_u

oXoy  oyoxX
3 2
Uy = fu _9| v :i(yxy_llogx+xy_1)
0°xoy OX| Oxoy | OX

= y((y—l)xy—2 log x + XHGJ} (y-1x¥2

=y(y-DxY 2 logx+xY72 + (y—)xY 2
=xY7%(y(y-1logx+1+y-1)
= xy_z(y(y—l) logx+Y) .(3)

3 2
uxyx :8—u:£ a_u :i(yxy_llogx+xy_1)
OXOyOX  OX| OyoX | OX

= y((y ~)xY?logx+xYt (EDJF (y-1x¥~2
X

=y(y-DxY 2 log x + XY 72 + (y -1)x¥ 2

= xY2 (y(y-1)logx+1+y-1)

:xy_z(y(y—l) logx+Y) .(4)

From (3) and (4) Uyxy = Uxy -

If u=log(x?+y? +tan_1(lj, rove that u,, +u,, =0.
g( Y) x prov xx T Uyy
Solution:
u= Iog(x2 + y2)+tan_l (l) - (1)
X

Diff. (1) w.r.t X’ and ‘y’ partially,

S 0 J Y
X = Y y — o
(x2+y2) 1+(yj2 X2 (x2+y2) 1+(yj2 X

X

- 2x X2 (l] I S X2 (lj
" (x2+y2) (x2+y2) X2 y (x2+y2) (x2+y2) X
_2x y _ 2y X

:ux_(x2+y2) (x2+y2) — (x2+y2)+(xz+y2)
_2X-y __2y+Xx

:>ux——(X2+y2) -(2) = Uy (x2+y2) (3

Diff. (2) and (3) w.r.t X’ and ‘y’ partially,



(¥ +y2) @~ @x-y)(@x) (*+y*)@-@y+x@y)
= Uyy = R = Uy = R
(x*+v?) (x®+y?)
_2x2+2y2—4x2+2xy —u _2x2+2y2—4y2—2xy
T e T e
2 2 2 2
:uXX=2y —2X +22xy () :>Uyy=2X -2y —22xy .(5)
2,2 2,2
(x*+y?) (¥ +y?)
(4)+(5)=
2 2 2 2
uXX+UW=2y —2X +2xy+2x -2y —2xy=0

(x2+y2)2 (x2+y2)2

Homogeneous function

A function u = f(x,y) is said to be a homogeneous function in 'x and y of degree n

if f(tx,ty) =t"f(x,y).

Euler’s theorem

If u= f(x,y) is ahomogeneous function of degree n then X(;i+ y% =nf.
X
Note:
(i) If u=f(kxy) is /a homogeneous function of degree
2 2 2
X26_121+2Xy6_u+ yzﬁ_tzlz n(n—-21u.
OX oxoy oy
() If If u=f(x,y) is a homogeneous function of degree
2 2 2
x@+ ya—u: f(u) then xza—u+2xy6—u+ yza—u= fu)(f'(u)-1).
ox oy ox? Oxoy oy?
Problems:
1. If u:l+£+§ then prove that Xa—u+y8—u+za—u=0.
Z Xy oXx ~oy oz
Solution:

Givenu:f(x,y,z):l+5+§.
Z Xy

Now, f(tx,ty,tz):t—y+t—z+t—X=to(i+5+ij:tof(x, Y,2)
tz tx ty zZ Xy

= u = f(x,y,z) is ahomogeneous function of degree n = 0.

n

n

then

and



By Euler’s theorem, Xﬂ+ qurzﬂ:nf =0xf =0.

oXx "oy oz

If u=cos* Xy ,provethatxa—u+ya—u:—lcotu.
OX oy

\/§+\/§ 2

Solution:

Given U = cos - X+y =|cosu = X+y =f(x,y)
(&wy Jx+fy

1 1
_| XAy XY || _XHY |42
Now, f(tx,ty) {\/&+\/§] «/‘E[«/;+\/§J t («/ﬁﬁJ t2f(x,y)

. . 1
= u = f(x,y) is ahomogeneous function of degree n = 3

By Euler’s theorem, Xi + yi =nf.
OX oy
o(cosu a(cosu
= X ( )+y ( ):l(cosu)
ox oy 2
. ou . ou 1 .
= —xsinu—-ysinu—==(cosu) +—sinu
OX oy 2
ou ou 1 cosu
=Xty =7 ——
OX oy 2 sinu
ou ou 1
= X—+Yy—=—=cotu
OX oy
. X+, L .o0u ou 1
If u=sin , prove that (i) Xx—+y—=—tanu
[Jﬁﬁ]p DXy ™2
2 2 2 .
(ii) x28—2+2xy o°u +y28 ;J:_SIHUC(;SZU
ox OXoy oy 4cos°u
Solution:

Given u :sin_l[ﬁ]: sinu :(ﬁJ =f(xy)

1 1
_| XAy U XHY o _XEY |_y2
Now, f(tx,ty) («/&+\/§] «/‘E[«/;+\/§J t (\/;+\NJ tef(x,y)

= u = f(x,y) is ahomogeneous function of degree n = %

By Euler’s theorem, Xg—f + yq =nf .
X

oy



d(sinu) o(sinu) 1

=X + ==(sinu
OX y oy 2( )
ou ou 1,.
=> XCOSU—+YyCcosu—==(sinu) =+cosu
OX oy 2
ou ou 1sinu
SX—+Yy—=———
OX oy ~ 2cosu
ou ou 1
= X—+y—==tanu
OX oy 2
2 2 2
By Euler’s theorem on second derivatives, X u +2Xy ou +y? oy _ f(u)(f'(u)-1).
ox? OXoy oy?
Here f(u)zétanu = f'(u)zéseczu
2 2 2
x28 2+2xya— yzé—_f(u)(f’(u)—l)
X OXoy oy?
2 2 2
:>x28—u+2xya—u+y28—u:1tanu lsec u 1]
ox? OXoy oy’ 2
2 2 2
:>x2—2+2xy6—u+ yza—zz—tanu 1)
ox OXoy oy- 2 2c0s U
2 0%U 2u ,0%u 1 1-2cos?u
=X —?+2w———+y-—§:—Mn
Ox OXoy oy- 2 2cos? U
282u o%u 262u 1 sinu (1-2cos?u
= X" —5+2xy +y =
x> oxdy ~ py? [ 2cosul’ 2cos?u
282u %l 5 0% (QnucosZu]
=X +2xy— Y= =
ox? oxoy oy? 4cos’u
2 2 2
If u=(x-y)f (lj then find x28 L21+2xy ou +y28 LZJ
X Ox oxoy oy
Solution:

Given u :(x—y) f (%jz f(xy)

Now, f(txty)=(tx—ty)f G—i] =t((x— y)f (%D =t f(x,y)

= u = f(x,y) is ahomogeneous function of degree n = 1.

2 2 2
20 g+2xya u +yzag
OX Oxay oy

By Euler’s theorem on second derivatives, X =N (n —1)u .

2 2 2
20 u+2xyau+y28u
ox? OXoy oy

=1(1-1)u=0



2 2 2
If u(X, y)= G tan_l(xJ then find x? ou +2xy o°u er2 o°u
X ox? oxoy oy?

Solution:

Given u(x,y) = x? tan‘lg) = f(x,y)

Now, f(tx,ty) =t?x%tan! [:—yj:tz(xz tan‘l(XD:t2 f(x,y)
X X

= u = f(x,y) is ahomogeneous function of degree n = 2.

2 2 2
0 u+2xy ou +y2(9 u:n(n—l)u.
ox2 oxdy oy?

By Euler’s theorem on second derivatives, x?

2 2 2
G ou +2Xy ou +y? ou =2(2—1)u:2u:2x2tan_1(ij
ox? oxoy - oy? X

2 2
If u=sint X*y , prove that (i) X@_u+ ya—u:tanu
X+Yy OX oy

2 2 2
(ii) xza—g+2xy6—u+y28—l21:tan3u .
X Oxoy oy
Solution:
2 ,\,2 2, 2
Given u:sin_{u]: sinu:[x Y ]: £(x, )
X+Yy X4y
2,2 12,2 2(42 .2 2,2
Now, f(tX,ty): M :t_ u =t X" +Yy :tf(X,y)
X+ty t{ x+y X+y
= u = f(x,y) is ahomogeneous function of degree n = 1.
By Euler’s theorem, Xi + yq =nf.
ox oy
o(sinu a(sin
=X ( )+y (I u)=sinu
OX
ou ou .
= XCOSU—+ yCOSU— =Sinu +cosu
OX oy
ou ou sinu
>X—+Yy—=——
OX oy cosu
ou ou
= X—+y—=tanu

OX oy



2 2 2
20 u+2xy6 u +y28 u
ox? Oxoy oy?

— f(u)(f'(u)-1).

By Euler’s theorem on second derivatives, X

Here f(u)=tanu = f'(u):seczu

2% o’u 5 0%

2 '
X —+2xy—+y —_f(u) f'(u)-1
ox° Ooxoy oy ( )
2 2 2
:>x28—2+2xya—+y a—z_tanu(seczu 1)
X OXoy oy
2 2 2
:>x26—u+2xya—u+y28——tanu(tan u)
ox? OXoy oy?
2 2 2
:>x28 +2xya—u+y28——tan3u
ox? oxoy 2

Hence proved.

Total derivative

du ou dx ou dy .
If u= h = t t), th —_— = —t—— the total
u=f(x,y) where x = g,(t), y=g,(t), then 5 ok dt 8y it is the tota

derivative of u.

Note:
v Extending the above result to a function u = f(xy,x5,..,X,) Wwe get
du _ou dxl ou .dszr +8u dx,
dt ox dt 8x2 dt — ox, dt’
v If u=/f(x,y) and y is afunction of x then, d_u:6_u M dy.
dx ox ay dx
v If u= f(x,y) and x is afunction of y then, d_u:8_u %+au
dy ox dy oy
Differentiation of implicit functions
a
If f(x,y) = cisan implicit function then gy - OX _ T
dx o f,
oy

Note:

Any function of the type f(x,y) = c is called an implicit function. When x and y are
implicitly related, it may not be possible in many cases to express y as a single valued
function of x explicitly.

Partial derivatives of composite functions



If z=f(x,y) where x =g,(u,v) and y = g,(u,v) then z is a function of u,v

called the composite function of two variables and the partial derivatives of zw.rt. u and v

are given by g=g g+@ 0] and a_a 8X+Q @
ou Ox ou oy ou avaxavayav
Problems
1. If u=x3y?+ x%y3 where x = at? and y = 2at then find 2—?
Solution:

du ou dx ou dy

dt ox dt 8)’ dt
=0 (3052 2%) 2at)+ (26 + 96797 22)

= S~ (3(a%t)(4a?) + 2(at?)(3a) ) 2at) + (2(2%°)(2a) + 307 ) 4a"?) ) (22)

= 2—‘: - (12t +16a%" ) (2at) + (4a*” +12a%° | (2a)
= ‘i—‘: = 242" +32a°% +8a%" + 24a°t°
=N ‘i—“ =32a°t" +56a°t°

2. Find Uy =sin(ij where =e!, y =t%
dt y
Solution:

du ou dx ou dy

dt _ox dt eyt

du [x) 1 ¢ [xj 1
= —=C0S| — [-—-e +CO0S| — |-—-€&
dt y)y y)y

3. Using the definition of total derivative, find the value of ((jj—l: given u = y? —4dax, x =

at?, y = 2at.
Solution:

du ou dx ou dy

dt ox dt oy dt

= S8~ (~4a)(2at) +(2y)(22)

= ?j—‘t‘ = -8a’t+(2(2at))(2a)

U gat? 18at? =0
dt



4, If u=x2+vy%2+22% x=e%, y=e?cos2t, z=e? sin2t find (;—l:
Solution:

du _du dx au dy ou dz

dt ox dt 8ydt oz dt

— (:j—l: = (2x)(2e2t)+(2y)(2e2t cos 2t —2e2tsin 2t)+(22)(292t sin 2t + 262t cos Zt)

i (Ze2t )(2e2t)+(2e2t cos 2t)(2e2t cos2t — 2t sin 2t)+(2e2t sin 2t)(2e2t sin 2t +2e%! cos 2t)

dt
N C(jj_l: = 4e™ + 46™ cos? 2t —M+4e4t sin? 2t +M
= ((jj—l: = 4e* 1 4e™ (cos2 2t +sin? 2t)

AU et gt
dt

_ U gea
dt
1 ) ¢t &4 du
5. If u=xy+yz+ zx where X=E,y=e and z=¢e flnda.
Solution:

du ou dx ou dy ou dz

dt ox dt 8ydt az dt

32—?=(y+2)(—ti2]+(x+ z)(et)+(y+x)(—e‘t)

z—l::—tiz(et +e_t)+—t+1—1—£
%:—t%(et +e_t)+—(et —e t)

du
6. Find a if u = sin(x? + y?) where a?x? + b%y? = c2.
X

Solution:

u = sin(x? + y?) and a?x? + b%y? = c2.

Ou = 2x cos(x? +y?) and Ou = 2y cos(x? + y?)
0x dy

f(x,y) = a’x? + b?y? — ¢

dy  fo  2a°x  a’x

dx fy 2b?%y b%y




d_u_&_u+a_u.ﬁz 2xcos(x2 + y2)+2ycos(x2 + yz)(—éJ

dx ox oy dx b2y
2
= 2XCO0S x2+y2 1—a—
a2

If u=x2%y and x*> + xy + y? = 1, then find j_u
X

Solution:
u=x%y and x> +xy +y* =1

au_z p au_
P Xy an ay—x

f,y)=x*+xy+y2—-1

dy  fx  2x+y
dx fy_ x+ 2y

d_u:a_u+a—u-ﬂ=2xy+x2 _2x+y _x| 2y-x 2%X+Y
dx ox oy dx Y+ 2X y + 2X

Find d_u’ if u=tan? (lj where y = tan? x.
dx X

2

Solution:

u = tan~? (%) and y = tan®x

f’_“:;(_l):_L > f’_u:;@):L
ox 1+(¥)2 x2 x2 + y? oy 1+(%)2 x)  x?% 4 y?
f(x,y) =y — tan?x

dy fe (—2tanx .sec?x) 5
— = ——==— = 2tanxsec-x

dx fy B 1
d_uza_u+a_u_ﬂ:_ y + X (Ztanxseczx)
dx  ox oy dx  xZiy? x24y?

= 21 2(—y+2xtanxsec2x)
X“+y

If x¥ +y* =1, then find g—y
X

Solution:
f,y)=x"+y*—1

dy  fo  yx¥"'+y*logy
dx fy ~ xVlogx + xy*1




6_u
OX
a_u
OX

ou
X— =
OX

a &

ot o0z

- (1)

ou ot

55

— (0)

.
ot

2)

a
&z
CCN
ot

10. Hfu=f(x—y, y—2z z—x) showthata—u 8_u a =0.
oX oy o

Solution:

Llet r =x—y, s =y-z and t = z—x.Then
Ou_ouor ouds ou ot |ou_ouor ouds ouot | ou_ouor ouos,
OX Or OX 0s OX ot oOX oy or oy 0s oy ot oy 0z oOr 07z 0s oz
ou ou
220+ 2O+ S L+ 20+ 2O -2+ 2+
OX oy or 0z
u_ou_ou u__u v u__u oy
oXx or ot oy o os 0z os (ot

du_ou Ou du_ou du du du ou a_u_o
axaxayazaratarasasat'
11. Ifw=f(y—2z z—x, x—y) then show that @+@+@:0.
ox oy oz

Solution:

Let r =y—2 s =z—x and ‘t = x —y. Then
Qu_ouor ouds u | au_ouor Auds AU @t f0u_duor ou s
ox or ox o0s ox ot ox ayarayasayc’itay 0z or 0L 0s oz
ou ou ou

:— —1—1 ou_ou & —:—1—1
x () D+—@ R 1)+ (0) (1) e Ir( )+—- @O+
a_“:_a_“+a_“ ou ou ou a_”:_a_“+a_“

OX os ot 5_5_5 0z or 0s
o duiau du A au u du du_
axaxayaz os ot or ot or o5
12.  Ifu=f EXE prove that Xa_u+y8_u au:O.
y z X OX 0z
Solution:
X y VA
Let r=—, s=%= and t=—. Then
y Z x
Quor ous oudt  |ou_ouér ouds oudt  |ou_duor ouds
or ox 0s OXx ot ox 8y6r8yasay8tay 0z or o1 0s oz
ou (1) ou ou z ou
T Y| E R EEA TN AN - OR E
xou_zu u__xau you Uy, za
yar X ot ay_ yar 7 65 82 Z 0SS X O

€

X

)



13.

ou ou _ou_ X ou zoau xa_quXa_u_ya_uJr

— 1 PR —_——

z
ox ‘ey oz yor xeét yor zos zas x

Ao
ot

If F is a function of x and y and if x =e%“sinv and y =e%cosv prove that

0°F 0°F | 8°F 0°F
—2+—2:e —2+—2 .
15)4 oy ou ov
Solution:

OF _OF 0x OF OF
du 0x ou 9y du

OF % (evsinv) + 2L (evcosv) = — =L (e¥sinv) + = (¥ cbsv)
57 Ix et sinv 3y e cosv 90" x etsinv 3y e cosv
62F_6<6F>_ 6(u_ )+(’)(u )<6F(u_ )+6F(u )
72— 3u\32) = | 3% e*sinv 3y e“cosv o e%sinv 3y e" cosv
62F_ U 2 62F+ . 0°F 4 o2 : d’F
auz—e sin vaxz e smvcosvaxay e cosvsmvayax
2u 2 azF

+ e~ cos va—yz - (D)
aF_aF 6x+6F oF
dv  dx dv  dy v
aF_aF(u )+6F( Ysinp) e 6_u 0 " 0
30 = 7 e cosv 3y etsinv av—e cosvax e smvay
62F_a<aF)_(u 9) A, . 6) aF(u )+6F( ¥ sinp)
597 ~30\am) = e cosvax e“sinv ay)\ ox e cosv 3y e¥sinv
aZF_ w2 d*F o 0°F o ) 0%F
avz—e cos vaxz e smvcosvaxay e““cosv vaayax

+ 2U o312 aZF 2

e““sin“wv 3y . (2)

M+@)=
0%F 0%F 0%F 0%F 0%F 0%F
4 —p52Ucin2q) — 2u 2., 2u 2., 2U o302 99
ENE +6v2 e“*sin“v 922 + e“* cos“v 6y2+e cos“ v 922 + e“*sin“v 6y2
62F+62F_ 2uazF(_Z N 2 0) 4 2uazF( 2 + sin? )
72 T 352 =e 722 sin“v + cos“v) + e 9y cos“ v + sin“ v
0°F 0°F 0°F 0%F

— p2U 2u

02 T ¢ a2 T 5y
0?F 0%*F _ 2u<62F aZF) 0°F 0%F _ _2u<62F 62F>

ﬁ+a_yz_e

ou? + v ox? M ay? ou? + ov?



14.

15.

If z=f(xy) where x =u?—v? y = 2uv
2 2 2 2

E a_—4(u2+v2) E+E .

ou?  ov?

Solution:

0z 07 OX 62 oy

au axau dy ou

0z 0z 0z
—=—(2u 2
== (2u)+ ay(V)
0o 0 0
— 2u)+ 2V
== (2u)+ ay( )
0’z ooz 0 ) o1 oz
- = 2u)+—(2v 2u 2V
2B 2 e Ze )
2 2 2 2 2
= 0 2:4u28 §+4uv 02 +4uva—+4v26 : )
ou oX OX0y OyOX oy
oz _o 6x oz oy
N X oy v
0z 01 oz
-2V 2u
== () ay( )
o 0 0
-2 —(2
= s (L)
0%z o (az 0 0 oz o1
- =— -2 —(2 -2 —(2
22 Ll L)) B2 Za)
2 2 2 2 2,
:>a §=4V28 §—4uv 02 —4uv A +4u28 5 (2
oV X oxoy o0yoX oy
D +(2)=
2 2 2 2 2 2
6—5 6—2—426—2+4v262+4v282 4u26—§
ou” oV OX oy OX oy
2 2 2 2
0 ;+a §=46 ;(u2+v2)+4a—§(u2+v2)
ou” ov OX oy
ou? av2 x> oy?

If x=wucosa—vsina, y=usina+vcosa and V =f(xy),

o oA N oAV
PV
OX oy ou ov

Solution:

prove

that

show that



16.

N N x Ny
du ox ou oy ou
ov oV ov , .
= —=—(cosa)+—(sina)
ou  ox oy

= == %(cosaﬁa%(sin a)

o o (ov 0 o, . oV LY
— =—| — |=| =(cosa)+—(sina) || —(cosar)+—(sina)
ou? oulou) (ox oy ox oy
oV , 0V LA o ., oW
= ——=C008"a—5+C0Sx Sina ——+Sina coSa——+Sin“a— ... (1)
ou? ox? OXoy Oy ox oy?
N _v o vy
N X v By ov

ov oV .

— =—(-sina)+—(cosa

VT (sina)+ 2 (cosa)
:izg(—sinahg(cosw)

oV OX oy
o a(ev) (o, . o Y av
—=—| — |=| =(-sina)+—(cosa) || —(-sina)+—(cos)
ov:  ov\ ov OX oy ox oy

o ., A o2V .o , 0
= — =sin“a——sina C0OSa——=—CoSa SIn @ ——+C0S" o — .. (2)

ov OX OXoy 0y OX oy
D+(2)=
RRVARGLY; s 0N L., AL ., W , oV
—2+—2=COS 0(—2+S|n a—2+SIn a—2+COS a—z
ou ov OX oy OX oy

oN oV o [0Av QAL ., (oW oW
:>—2+—2:COS o —2+—2 +SIN" o —2+—2

ouc . ov ox~ oy ox® oy

o 3V (oA 0% s
=t o= ot (cos a+sin a)

ou ov OX® oy
:avarazv _ov o

ou av? . ox®  oy?
If u=f(xy) where X =rcosé, y =rsinf prove

(aujz (aujz (aujz l(&ujz
— |+ = | == +=|=.
X oy or)  r2lo0

Solution:

that



u_ou ox au oy

or ox or oy or

S u_o (cosé?)+a—(sm0)
or ox oy

~(3] {3

2 2 2
:(a_uj :cosza(a—uJ +2cos¢9sm6’(a j M sin2g| M e
or ox ox )\ oy oy

ou ou ox ou oy

00  ox 00 oy 06

:au au( rs n9)+a—u(rcost9)
00 X oy

2 2
a 6u( rsing)+ au(rcos.@)
00 OX oy

ou 2 ou 2 2
== :rzsinzei—j _2r cos&sm@( ) +récos?o| =
20 ox oy
2 2 2
= a_u =2 sinze(a—uj —2cos€sin¢9 u
00 OX

2 2
:i(a—uj :sinze[a—uj —Zcosﬁsina 8_ +cos? au ..(2)
r2\ 00 OX ay

O+(2)=

2 2 2 2 2
(a_uj +i(a_u) =00320(a—uJ +sin29(a—uj +sin2¢9(a—u) +c0326’(a—uj
or 2\ 00 OX oy OX oy

2

:(a_uj ( j (a_u] c0320+sm 49) (a_u] (c0329+sin20)

or OX oy

LA 23
= | — = == _—

or 2 X

17.  Find j—y if x* +y®=3ax’y.
X

Q)
C

2

Solution:

Let f(x,y)=x+y’—3ax’y.
o — =3x*—6axy and i =3y* —3ax’.
OX oy

dy  of jox _ 3x*—6axy _ 2axy-x*

dx  of joy 3y?-3ax®  y?-ax’ '




18. Ife’—e*+xy=0 find d_y
dx
Solution:
Let f(x,y)=¢€"—e"+xy.

Differentiating f (x,y) w.r.t x & y partially, ;i =—-e"+y and a_ e’ +X.
X

ﬂ:_af/éx__(y—ex)_ex—y

dx of joy (& +x) e +x
Jacobian and properties

Jacobian

If u and v are functions of two independent variables x and y, then the determinant

aua_u

X
3 Zy is called the Jacobian or functional determinant of wu, v~with respectto”x and y
vV oV
ox oy
R o(u,v) UV e : :
and is written as or J| — |. Similarly, the Jacobian of u, v, w with respectto x,y,z
(X, Y) X,y
CTT
ox oy oz U Uy U
. i o(u,v,w) |ov ov ov
isdefinedas ————==|— — —|=|vy Vy V;
o(x,y,z) |ox oy oz
ow aw cawlnWx Wy wy
x oy oL

Note:

The concept of Jacobians is used when we change the variables in multiple integrals.
Properties:
s
2. If u and v are functions of r and s, where r and s are functions of x and y, then
o(u,v) _ o(u,v) 5 o(r,s) .
o(x,y) o(r,s) o(x,y)

Functionally dependent:

1. If u and v are functions of x and y, then

The functions u,v,w are said to be functionally dependent, if each can be expressed in
terms of the others or equivalently f(u,v,w) = 0.

Condition for functionally dependent:



If u,v,w are functions of x,y,z such that

dependent. i.e., there exists a relation among them.

Problems:

1.

o(u,v,w)

a(x,y,2)

=0 then u,v,w are functionally

If x =u?—v? and y = 2uv, find the Jacobian of x and y with respectto u and v.

Solution:
%
o(x.y) _|eu
ouy) |oy
ou

If x =rcos6, y =rsin@, verify that

Solution:
%

o(x,y) _|or

ar.0) |oy
or

Now, 7?2 = x?2 + y? and 0= tan_l(xj.

x
ov
%y

ov

OX
00
%Y
00

X
.'.2rﬂ:2x:>g:5 and 2rg=2y:>g=l
OX ox r oy oy r
0_ 1 [y . [y )"y _-y
X y2 U x2 ) eyl x3) xey? r?
1+—2
X
&)
ay y2 X X2+y2 X X2+y2 r2
1+—2
X
ar corl | x oy
o(r,0) |ox oy| |r r £+y_2_x2+y2_r
o(x,y) (00 96| |Zy x| 3 3 S r
ox oy r2 r2
o(x, y)>< o(r,0) _ rxlz
o(r,0) o(x,y) r
If x =rcos6, y =rsin, verify that M
o(%,y)

Solution:

2u
2V

-2V
2u

cosd
sin@

—rsiné@
rcosd

=4u2 +4v2.

a0 y) o) _,
oo oy

= rc0526’+ rsinzez r(cosze+sin20): r



OX OX

ar Af @ -rsind
o(x.y) _lor 86’:(395 rsin :rc0529+rsin2¢9:r(c0829+sin29)=r
o(r,0) (o oy| |sin@ rcosd
or 060
ore) 1 1 Loy o)
Toky) Ay 0r6) ox,y)
o(r,0)
if u=Y2 v=2and w=2 find —a(u,v,W). (or) If r=2, 5= and t=" find
X y z a(x,y,2) X y z
o(r,s,t)
o(x,Y,2)
Solution:
_y oz 'y
Uy Uy Ug x> X X
o(u,v,w) z ZX X
= X Vy VZ - T a5 -
a(%, v 2) yoooy2
Wy Wy W
y XX
z z 72
-yz X -1 1
I N 075 (7] IR
2V 2 x2y272
yZ  XZoo—Xy 11 -
(or)
&€ J Y
Uy U X2 X X
ofr,s.t) . vl=| 2 -2 X
o(X,Y,2) OV y y2 y
Wy Wy Wy
y x X
z z 72
w1 1 [ ool L
111 B _ (y2)(2x)(yx B _
il R ARGl e ara R

XY v oxr —xy R A T |

Find the Jacobian of the transformation x =rcosf and y = rsin#f.

Solution:

oX OX

or 80| |cos@ -rsing
6(x,y)= or 00| _ _ I =rc0520+rsin26=r(00820+sin2¢9)=r
o(r,0) |0y oy| |sin€ rcosé

o a0



2 2
If u:y— and V=X—,find M
X y o(u,v)

Solution:
ou  ou y 2y

ouv) _|ax dy|_| @ x| -yt o 2y 2x
oY) |v v |ax  x2| X2 y2 x Y

3 &2 2
Joxy) 1 -1

T o(u,v) o(u,v) 3

a(x,y)
Ifu= X+y and v:tan_1x+tan_1y,find a(u,v)_
1-xy o(x,y)
Solution:
=2ty
1-xy
LA O- (Y Loy exyay? Ay
X 2 - 2 - 2
(1—xy) (1—xy) (1=xy)
CA=xy)@Q - (x+y)(=x) _ 1—xy+x2 +Xy L+ x2
y= - -
(1-xy)? -2 (@-xy)°

v=tan"x+tan'y

LV, = ! and v = Ly
1+ X8 P14 y?

1+y? 1+ % |

Jo(uv) Uk Uyl jE-xy)t @-xy)?

oY) v, v, 1 1
1+ % 1+y?
O e G S o R S S SR
@xy)° 197 @-xy)° e (@-xy)’ (L-xy)

. . . : XpX3 X%

Find the Jacobian of y;,y,,y; with respect to xq,x,,x3 if y;=——, y,=—-+ and
X X2

_ X%

Y3 Xs .

Solution:



10. Ifu=2xy,=x?—y?,x=rcosd, y=rsind find ——=

Solution:

o(u,v) _ o(u.,v) a(x.y)

or,0) o(x,y) o(r,6)

u u

x  Jy

X
Vy vy
2y 2

X
2X -2y

X

COos

sin

= (—4y2 —4x?

r XH
yr y9
@ -rsin@

0 rcosd

)(rcos2 0 +rsin? 0)

=—4(y? + xz)r(cos2 0 +sin? 9)

M M M| X% X X
OX,  OX, OX, X’ X, X,
a(yli yzy y3) — ayz % % _ ﬁ B X3X1 ﬁ
O(X, Xy, %) [O%  OX, 0% X, x> X,
Ny Ny K| | X X X%
X, 0X, OX, X, X, X’
XXy XX XX
IO S NV O x3)<x3x1)<x2x1>
XZ X22 X32 372 3 X X X
Xy Xs X Xq =X X, 1
2
9. If u:y—,v X’ +y fi da(uv)
2X 2X o(x,y)
Solution:
2 2 2 2 2 2
Given u=y— and vty X ¥y _X. ¥
2X 2X 2X  2xX 2 2X
v Zy
Louy) e Wyl |2 2xf v (z]_(xj oy
oY) v vyl 1oy Zy 2x? J\x ) x| 20 2x
2 2x%  Zx

o(u,v)
o(r,0)

= —4r(r2 cos? @ +r?sin? «9) =—4r3 (cos2 0 +sin? 0) =—4r3

11. If x+y+z=u, y+z=uv, z=uvw prove that

Solution:

Given [ z = uvw |,

o(x,y.2) _

o(u,v,w)

x+y+z=u=s>x=u—(y+z)=>[x=u—uv |

1/=4

ytz=w=>y=uw-—-z=>[y=uv—uvw | and



12.

13.

=uvjVv—-vwW u-uw -
VW uw 1

:uv:(l—v)(u—u\ﬁ+u\ﬁ)+(u)(v—y\ﬁ+y\ﬁ)+0}
=uv(u—)ﬁ+w):u2v

Find the Jacobian ZEX’—(Z’;; of the transformation x = rsiné cos ¢, y = rsin 6 sin ¢,
rl 1

zZ =rcosé.

Solution:

X, X, X4 [sinfcosg rcos@cosg —rsingsing
Yo Y,|=|sin@sing rcosdsing rsindcosg
z, 1, cosé —rsiné 0

o y.2) |,
o(r,6,9) Zr

r

S

singcos¢g rcos@cosg —sing
=rsing|sin@dsing rcos@dsing CcoS¢g
cosé —-rsiné 0

=rsin e[cosél(rcosecos2 $+1cosgsin’ ¢)+1sin o(sin O cos’ 4 +sin Osin’ ¢)+OJ
=rsin e[rcos2 0(cos® psin’ ¢) + rsin® 0(cos’ ¢ +sin® ¢)}

=rsing| rcos’ 0 +rsin’ 0 |

=r’sin@[ cos’@+sin’ 0 [=r’sin®

(take rsin @ outside and expand the determinant through the last column)

Show that the functions u :5, V= X+y are functionally dependent and find the
y X—y
relation'between them.
Solution:
a ol |1 x
o(u,v) |ox dy| | Y y?
o(xy) |ov ov| | 2y 2X
x oyl | (x=y)? (x-y)|

2X 2Xxy 2X 2X
= 2 2 2 2 2 = 0
y(x=y)* y(x=y)" y(x-y) y(x-y)

. u and v are functionally dependent.



_ +y_/[§+lLU+1_
X—y )/(x_lj u—1

14. Show that u=2x-y+3z, v=2x—y—2z w=2x—y+z are functionally

dependent. Find a relation between them.

Solution:
5 Uy Uy Uzl 12 -1 3
o(x,y,2)
Wy Wy W 2 -1 1
11 3
=(2)(-D)1 1 -12=0 (two cols are same)
11 1

. u, v and w are functionally dependent.

Now, w—v =2z and u—v =4z

u—v=4z = u—-v=2w—-v) 2u-v-2w+2v=0 = | u+v—2w=0 |

Taylor’s series for functions of two variables
Statement

If f(x,y) and all its partial derivatives are finite and continuous at all points (x,y)
then,

9 9 >

1/ 0 0 1 a\> 1
f(x+h,y+k)—f(x,y)+ﬂ(ha+k@>f+a(ha+k@) fg (ha+k5) ftot o

Another form of Taylor’s series of f(x,y) at or near the point (a, b)
1
f(x:Y) N f(a, b) + F [(x - a)fx(a, b) + ()’ - b)fy(aJ b)]
1
¥ 5 [0 = 2 ferl@,5) + 200 = D = D)oy (@,b) + (v = b fyy (D)

1
+ ; [(x - a)gfxxx(av b) + 3(X - a)Z(y - b)fxxy(a' b) + 3(X - a)(y - b)zfxyy(a: b)

+ & = b fyyy(@b)] + -+ oo
Note:
Taylor’s series of f(x,y) at or near the point (0,0) is Maclaurins series of f(x,y). The

Maclaurins series of f(x,y) in powers of x and y is given by,
1 1
fCoy) =f(0.0) + [x £(0,0) + (¥ — b)£,,(0,0)] + o [%2 £ (0,0) + 2xyf,,(0,0) + ¥2 £, (0,0)]

1
* 3! [ e (0.0 + 322y frxy (0,0) + 3xy%f,(0,0) + y3fyyy(0,0)] + -+ o

Problems:



Expand sinxy at [1,%) up to second degree terms using Taylor’s series.

Solution:

f(x,y) =sinxy and (a,b) :(1’£J

2

f(x,y) and its derivative values at (1%]
f =sinxy 1
fx = ycosxy 0
fy = xcosxy 0

2
frx = —y?sinxy T

4
fxy = cOsxy — xy sinxy _%
fyy = —x*sinxy L q

By Taylor’s series,

f(xy)= 1 (a,b)+%[(x—a) fy (a.b) #(y-b)fy (a.b)]

+ L (x-a)? f(ab) +2(x28)(y-b) by (a5) - (y-b) fy a0)]

1 (x—2)° frqx (a,b)+3(x—a)° (y—b) f,xy (a,b) + o

¥ [3(x7a)(y—b)% fyyy (8.0)+(y-b)* fyyy (ab)

2 2
. Vi 2 i 1 Vi
=1-"—(x=-1)"-=(x-1 ——|-=y-=
sin xy s (x=1) 2(x )(y 2} Z(y 2] +...4©

Expand e*log(1+ y). in powers of x and y up to third degree terms using Taylor’s

theorem.

Solution:

f(x,y) = e*log(1+y) and (a,b)=(0,0)

f(x,y) and its derivative values at (O, 0)
f =eXlog(1+y) 0
X
fy =e"log(1+y) 0
.

y_1+y 1



eX
o8
Xy 1+y 1
X
foy = ——° >
(1+y) -1
fyx =€ log(1+Y) 0
eX
foo =
0y Ty 1
X
e
fooo—_
" (1+y)2 -1
i 2eX
MW 1y 2

By Taylor’s series,

f(xy)= 1 (a,b)+%[(x—a) fy (a.b) #(y-b)f, (ab)]

+ L (x-a) f(ab) 200 28)(y-b) fy (a5) < (y-B) fy a0)]

1| (x=2)* fig (a.b)+3(x—a)" (y=b) fyey (a0) +

+= +...4+®

¥ [3(x 720y -b)% fyyy (.0)+(y-b)* fyyy (ab)

2 3

- eXlog+ y) = y+xy—y7+%(x2y—xy2)+y?+...oo

Expand e* cosy at (O, %) up to the third term using Taylor’s series.

Solution:

f(x,y) =e*cosy and (a,b) :(0,%j

f(x,y) and its derivative values at (0,%)



f =eXcosy 0

f, =e*cosy 0
fy =—e*siny -1
fuy =€% oSy 0
fry =—€Xsiny -1
fyy =—e*cosy 0
fuyx =€~ COSY 0
fry =—€Xsiny -1
fryy =—€* cosy 0
fyyy =€”siny 1

By Taylor’s series,

f(xy)=f (a,b)+%[(x—a) fy (ab)+(y—b) fy (ab)]

+ L (x-a)? fec(0) 20 )(y-b) g (a.0) +y ) fy (.0)|

1 (x-a)° fyex (a,0) +3(X~2)" (Y2b) fyyy (a,b)+ o

H[30-2)(y-b)” gy (2B)(y-b)” fyyy ()

'excosy—f—y—x[y—z)—lxz(y—£j+l(y—£j3+ +o0
N 2 2) 12 2) 6 2) 7

Obtain the Taylor series expansion up to the second degree of e* cosy in powers of

7
(x+1) and (y—z).

Solution:
f(x,y) =e*cosy and (a,b)= (_11%]
f(x,y) and its derivative values at (—1, %j
1
f =e*cosy
e\2
1
f, =eX cos
X y =
fy = —eX sin y _ 1
e\2



fux =€* cosy ™
fyy =—€Xsiny —ﬁ
fyy =—eXcosy —i
fyxx = €< COSY eiz
frxy =—€"siny —ﬁ
fryy =—€* cosy _eiz
fyyy =€*siny eLZ

By Taylor’s series,

f(xy)=f (a,b)+%[(x—a) fy (a,b)+(y—b) f, (aBY]

+%_(X—a)z fc (D) +2(x=a)(y -b) fyy(a.b) +(y ~b)° fW(a’b)}

L (x—a)3 fXXX(a,b)+3(x—a)2(y—b) fxxy (2,0)+ o

3!_3(X_a)(y—b)2 fxyy(a,b)+(y—b)3 fyyy (a,b)

2
1+(x+1)—(y—%j+%(x+l)2—(x+l)(y—%j—%(y—%) +

2 3
%(x+l)3—%(x+1)2[y—%)—%(xﬂ)(y—%j +%[y—%) +...+oo_

Find the Taylor series expansion of e* cosy in the neighborhood of the point (1%] up

to third degree terms.

Solution:

f(x,y) =e*cosy and (a,b) :(l,%j

f(x,y) and its derivative values at (1,%j
(5]
f =e* cos L
’ N
e
f, =eXcos £
X y 7



fy =—e%siny -
fuy =€X COsy

fyy =—€"siny -

fyy =—€*cosy -

fuyx = €% COSY
frxy =—€"siny -
fryy =—€" cosy _
fyyy =€siny

By Taylor’s series,

f(x,y)= T (ab)+=[(x-a) fx(a.b)+(y=b) fy (aib)]

+% (x-2)° fy (a,b)+2(X~2)(y—b) fyy (a.b)+(y—b)? fyy(a,b)]

1| (x=8)% o (asb)+ 3(x=a)" (y.#b) fyey (a1) +

+— +...+0

!_3(X—a)(y_b)2 fXW(a,b)+(y—b)3 fyyy (a.b)

I o) A 2 ) 1 V4 2
1+(x—1)—£y—z)+§(x—1) _(X_l)(y_Zj_E(y_Zj +

2 3
1 3.1 2 ) 1 T 1 V4
E(X_l) —E(X_l) (y_Zj_E(X_l)(y_Zj +€(y—zj +...+oo_

e
eX cosy=—

A

Expand e”* siny by Taylor’s theorem in powers of x and y as far as the terms of third

degree.

Solution:
f(x,y) =e*siny and (a,b) = (0,0).

f(x,y) and its derivative values at (O, 0)
f =e*siny
f, =e%siny

fy =e*cosy



fuy =€<siny

0
fyy =€*cosy 1
fyy =—eXsiny 0
fryx =€7siNy 0
fyxy =€*cosy 1
fryy =—€”siny 0
fyyy =—€* cosy -1
By Taylor’s series,
1
f(xy)=f(ab)+r](x-2) fx(ab)+(y-b) fy(ab)]
ir
# 2| (x=a) fc(ab)+2(x-a)(y-b) Fy (a8)+ (y-b)’ fyy(a,b)}
[ 3 2
1| (x=2a)" fyyx (a,b)+3(x—a) (y —b) Tyyy (a,b) +
+§ 5 3 +...+0
| 3(x—a)(y—b) fyy (ab)+(y=b)” fyy (ab)
2 3

X i Xy y
setsiny=y+xy+ — Wt 0
y=y+Xxy > 6

Expand x%y + 3y — 2 in powers of (x —1) and (y + 2) using Taylor’s theorem up

to third degree terms.

Solution:

flx,y) =x?>y+3y =2 and (a,b) = (1,-2)

f(x,y) and its derivative values at (1,—2)
f=x*y+3y—2 - 10
fe = 2xy —4
fy =x*+3 4
fux =2y —4
fey = 2x 2
fyy =0 0
fexx =0 0
fexy = 2 2
freyy =0 0
fyyy =0 0



By Taylor’s series,

F(xy)=f (a,b)+%[(x—a) fy (a.b)+(y=b) T, (ab)]

+%_(x—a)2 fux (a,b)+2(x—2a)(y—b) fxy(a,b)+(y—b)2 fyy(a,b)}

1 (x-2)° fuxx (2.0) +3(x=2)* (Y —b) fyuy (a,b) + o

3 3(x-a)(y-b) fxyy (a.b)+(y-b)° fyyy (ab)

X2y+3y—2=—10—4(X—1)+4(y+2)—2(X—1)2+2(X—1)(y+2)+(x—1)2(y+2)+...+oo
Find the Taylor’s series expansion of x?y? + 2x%y + 3xy? in powers of (x + 2)

and (y — 1) up to the third powers.

Solution:
flx,y) = x?y? + 2x?y + 3xy? and (a,b) = (=2,1)
f(x,y) and its derivatives values at (—2,1)
f =x2y2+2x2y+3xy2 6
f, = 2xy2 +4xy +3y? —9
fy :2x2y+2x2+6xy 4
fro =2y°
xx =2y +4y 6
fxy =4xy +4x+6Yy, —-10
fo = 2X2 + 6% —4
Ve
fxyy =4Xx+6 -2
fyyy =0 0

By Taylor’s series,

f(xy)=1 (a,b)+%[(x—a) fy (a.b)+(y—b) fy (ab)]

+%_(X—a)2 fc (D) +2(x=a)(y =) fyy (a.b)+(y~b)° fW(a’b)]

1] (x=2)° fuex (a,0)+3(x—a)% (¥ —b) ey (a,0) +

+— +...+®

¥[3(x-a)(y-b)" figy (a.0)+(y-b)* fyyy (ab)




2 x2y2 4 2x%y +3xy? =6+ (-9(x+2) +4(y—1))+(3(x+ 2)2 ~10(x +2)(y —1) —2(y—1)2)
+(4(x+2)2(y—1)—(x+2)(y—1)2)+....+oo

9. Find the Taylor’s series expansion of x¥ near the point (1,1) upto the second degree
terms.
Solution:
f(x,y) =xY and (a,b) = (1,1)
f(x,y) and its derivatives values at (1,1)
f=x 1
fo = yxrt 1
fy = x¥logx 0
fox =¥y — Dx¥7? 0
fry = x¥71 + yx¥ logx 1
fyy = x” (logx)? 0

By Taylor’s series,

f(xy)= 1 (a,b)+%[(x—a) fy (a.b)+(y=b) f, (a.b)]

+ L (k=) f(ab) +204-2)(y-b] By (a5) < (y-b) fy (a0)|

1 (X_a)3 fXXX(a,b)+3(x—a)2(y—b) Fyxy (a,b)+

+= +...4+®

¥[3(x-a)(yb) gy (ah)+(y-b)* fyyy (ab)

oY =1+ (X =D+ (X—D)(y 1) +....+ 0

(x+h)(y+k)

10. _Expand
X+h+y+k

in series of powers of h and k up to the second degree terms.

Solution:

Gy oy

Let f(x+h,y+Kk .
X+h+y+Kk X+Yy

fo 2
X+y

2

. (x+y)y-xy@ __y
(x+y)2 (x+ y)2

oo (x+y)x=xy@) _ x?

(x+y)2 (x+y)2




o0t -yPaxty) | -2y

e (x+y)4 (x+y)3
‘. _(x+y)2y-yP2(x+y) _ 2xy

d (x+y)4 (x+y)3
¢ :(x+y)2(0)—x22(x+y): —2x?
W (x+y)4 (x+y)3

By Taylor’s series,
_ 1 (p0f L 0\ 1 (1207 O%F L 129 F\ b
frthy+k)=floy) +- (hax + kay) +2 (h L+ an L 4k ayz) ot oo

(xrhy+k) _ Xy hy? N kx2 h2y2 , 2Ny k2x?

- +...+ 0
X+h+y+k  x+y (x+y)2 (x+y)?> (x+y)® (x+y)® (x+y)°

Maxima and minima of functions of two variables

A function f(x,y) is said to have a relative maximum or simply maximum at x = a
and y = b if f(a,b) > f(a+ h,b + k) forall small values of h and k.

A function f(x,y) is said to have a relative minimum or simply minimum at x = a
and y = b if f(a,b) < f(a+ h,b + k) for all small values of h and k.

A maximum or a minimum value of a function is called its extreme value.
Working rule to find the extreme values of a function f(x,y)

1. Find ﬁ and ﬂ
OX oy

2. Solve the equations q:O and ?:O simultaneously. Let the solutions be (a,b),
y

(c,d), ...
. . o f o’ f 0 f
3. For each solution in step (2), find the values of A=—, B=——, C= > and
ox xy oy
A=AC-B?,
A>0 A(orC) <0 f(x,y) has a maximum value at (a, b)
A>0 A(orC) >0 f(x,y) has a minimum value at (a, b)
f(x,y) has neither a maximum nor a
A<0
minimum value at (a, b)
Doubtful case. Further investigations
A=0
are required to decide the nature of




extreme values of f(x,y)

Stationary points and Stationary values

The points at which Z—f =0 and a =0 are called stationary points or critical points of
X

the function f(x,y). The values of f(x,y) at the stationary points are called stationary values

of f(x,y).

Saddle point
If at a point A= AC—B? <0, then such points are called saddle points.

Necessary and sufficient conditions:

Necessary condition for f(x,y) to have an extreme value at (a, b) is ;ﬂ =0 and % =0
X
Sufficient condition for f(x,y) to have an extreme value at (a, b) is:
A>0 A(orC) <0 f(x,y) has a maximum value at (a, b)
A>0 A(orC) >0 f(x,y) hasaminimum value at (a, b)
2 2 2
where A = AC — B? Azaz, B:af andC:az
’ OX OXoy oy

Problems:
1. Test for maxima and-minima of the function f(x,y) = x3 + y3 — 12x — 3y + 20.

Solution:

fy)=x34+y3=12x — 3y + 20

I 312 and ﬁz3y2—3

OX oy

X o LI

OX oy

=3x*-12=0 =3y*-3=0

—~x2—4=0 = y*-1=0

= (x=2)(x+2)=0 = (y-D(y+1)=0

=>X=2, X=-2 >y=1ly=-1

~ The stationary points are (2,1), (2,—-1), (—=2,1), (—2,—-1).

2 2 2
A:a ]; =6x, B= of =0 and C=a z =0y.
OX oxoy oy

Stationary A=6X B=0 C=6y | A=AC-B? | Conclusion | Extreme

points value




(2,1) 12 >0 0 6 72>0 Minimum 2
— - — Neither
(2,-1) 12 0 6 72 <0 Saddle
max. nor _
(-2,1) ~12 0 6 —72 <0 min. points
(-2,-1) -12<0 0 -6 72>0 Maximum 38
2. Test for an extrema of the function x* + y* — x? —y? — 1.
Solution:
faoy) =x"+y*—x?—y* -1
ﬂ=4X3—2X and ﬂ:4y3—2y
OX oy
L a_g
OX oy
=4x°-2x=0 = 4y*~2y=0
= 2x(2x*-1) =0 =2y(2y? =1 =0
= x=0and 2x*-1=0 — y=0and 2y?-1=0
= x=0, and («/Ex—l)(\/fxﬂ)zo — y=0, and (ﬁy_l)(ﬁy+1) =0
= x=0, (\/Ex—l):o and (\/Ex+1):0 —y=0, (\/fy—l):o and (\/§y+l)=0
1 1 1 1
=X=0,X=—"+, X=-— =0 V=— y=——
NG J2 = y=0y >’ y NA
= The stationary points are
(0.0) (i LJ [L —_1j [—_1 Lj [—_1 —_1] [0 i_lj (i_l oj
H 1 \/E’ \/E i) ﬁ!\/i ) ﬁ1ﬁ b \/51 \/5 1 ,\/E H ﬁ’
2 2 2
A= '; ~12x* -2, B=21 -0 and c =2 I =12y*-2.
OXoy
Stationary | A=12x?-2 B=0 C=12y?-2 | A=AC-B? | Conclusion | Extreme
points value
(0,0) —2<0 0 -2 450 Maximum -1
[ L 1 j 4>0 0 4 16>0
—_ > >
NN ,
Minimum ——
[ - _1j 4>0 0 4 16>0 ’
_,_ > >
V22




-1 1
—_ == 4>0 0 4 16>0
EE
[_1 _1j 450 0 4 16>0
_,_ > >
NRY
(0 il] 2 0 4 8<0 h
= — -8< Neither
V2 Saddle
max. nor
(il OJ points
- 4 0 -2 —-8<0 min.
J2
3. Discuss the maxima and minima of the function f(x,y) = x* + y*—=2x? + 4xy — 2y2.
Solution:
flx,y) = x* +y* — 2x% + 4xy — 2y?
q:4x3—4x+4y and i:4y3+4x—4y
OX oy
I _y d g
OX oy
= 4(x*-x+y)=0 =4y’ +x-Yy)=0
=>x-x+y=0 .. (@ =y 4x2y=0 e (2)
Adding (1) and (2) we get x3+y3 =0 >y=—x ...(3)
Using (3) in (1), 3 —x—x=0 2x3-2x=0=2xx2-2)=0=2x=0, x =2,
x =—/2

vy=—x, we have y =0, y = —/2, y = /2.
~./The stationary points are (0,0), (\/E _\/7)' (—\/7, \/7)

2 2 2
A=%=4(3x2_1), Bf f =4, C:a '; =4(3y*-1)
ox Xy oy
Stationary | A=4(3x’-1) | B=4 | C=4(3y’-1) | A= AC-B? | Conclusion | Extreme
points value
16 — 16 Doubtful
(010) _4' 4 _4 _—
=0 case
(vV2,—V2) 20>0 4 20 384 > 0
Minimum 8
(—V2,v2) 20> 0 4 20 384 >0

4,

Find the maximum and minimum values of x? — xy + y? — 2x + y.




Solution:

f,y)=x*—xy+y*—2x+y

of
OX

of

=0
OX

=2x-y-2=0

=>2X-y=2

. ()

—=2X-y-2 and i:2y—X+1
oy

£ -0
oy

=2y-x+1=0
=2y—x=-1
= Xx=2y+1

- (2

Substitute (2) in (1) 22y +1)—y=2 24y+2—-y—-2=0=>3y=0=>y=0
Suby=0 in (2), x=200+1=>x=1

= The stationary pointis (1,0).

2 2 2
A:a Z =2, B= of =-1, C=a : =2
OX oxoy oy
Stationary A=2 B=-1 C=2 A=AC -B? | Conclusion | Extreme
points value
(1,0) 2>0 -1 2 3>0 Minimum -1
5. Find the extreme value of the function f(x,y) = x3 + y3* — 3x — 12y + 20.
Solution:
flx,y) =x3+vy3—3x — 12y + 20
ﬂ:3x2—3 and q=3y2—12
OX oy
d_g LI
ox oy
=3x*<3=0 =3y’ -12=0
= x*-1=0 =y -4=0
= (x-1)(x+1) =0 = (y-2)(y+2)=0
=Xx=1x=-1 =>y=2y=-2
~ The stationary points are (1,2), (1,—-2), (—1,2), (—1,-2).
2 2 2
A=az= ,B:af:O and C:a£=6y.
OX oy
Stationary A=6x B=0 C=6y | A=AC-B? Conclusion Extreme
points value
(1,2) 6 >0 0 12 72>0 Minimum 2




(1,-2) 6 0 -12 —72 <0 Neither max. nor
min.
(-12) —6 0 12 —72<0 Saddle points
(-1,-2) -6<0 0 —-12 72>0 Maximum 38
Discuss the maxima and minima of f(x,y) = x3y?(1 —x — y)
Solution:
feuy) =x*y* (1 —x —y) = x°y* —x*y* —x%y°
a_ 3x*y? —4x’y* —3x*y® and a_ 2x°y —2x*'y —-3x°y?
oy
LI T o
X oy
= 3x*y? —4x’y? —3x*y* =0 = 2x°y —2x'y -3x*y’ . =0
= x*y*(3-4x-3y) =0 = x*y(2-2x=3y) =0
=x=0,y=0,3-4x-3y=0 =x=0, y=0,2-2x-3y=0
=>x=0y=0,4x+3y=3 .. (@) = x=0,y=0,2X+3y=2 .. (2)
From (2) 2x=2—-3y = 4x=4—6y
Substituting thisin (1), 4 — 6y + 3y =3= -3y = -1y = %
Suby = in (1), 4x+3(§)=3:>4x+1=3=>4x=2:>x=%.
Substituting x = 0,;y =0 in (1) and (2), we get,
When x =0, we have 4(0) +3y=3=y=1 and 2(0)+3y=2:>y:§
When y = 0, we have 4x+3(0)=3=>x=% and 2x+3(0)=2=>x=1
~ The stationary points are G%) , (0,0),(0,1), (O, g) G O), (1,0).
A= i, 6xy’ —12x*y> —6xy®, B= o' =6x°y —8x’y —9x°y? and
ox? ’ OX0y
o f 3 4 3
C=—5=2X"-2X"-6X"y
Station | A= B= C= 2 Extreme
ar‘y 6Xy2 _12X2 y2 _6Xy3 6X2y_8x3y_9X2y2 2X3 _ 2X4 _ 6X3y A = AC - B Conclusion Value
points
(1 1) 1 <0 1 1 1 >0 Ma 1
- — — - - - X I
2’3 9 12 8 144 432
(0,0) 0 0 0 0 Doubtful




0,1) 0 0 0 0 case
(0 2) 0 0 0 0
'3
3 27
Col o : EA I
4 128
(1,0) 0 0 0 0

Find the local maxima, local minima of the function f(x,y) = x3y?(12=%=7y).

7.
Solution:
feoy) =x°y*(12 —x —y) = 12x°y* —x'y* — x%y?
a_ 36x*y* —4x’y* -3x’y® and a_ 24x%y - 2x"y —3x%y’
OX oy
LI T o
X oy
= 36x°y’ —4x’y* —3x’y° =0 = 24x%y =2x'y -3x*y? =0
= x"y*(36-4x-3y) =0 = X°y(24=2x—-8y) =0
=x=0,y=0,36-4x-3y=0 = Xx=0,y=0,24-2x-3y=0
=>Xx=0y=0,4x+3y=36 . @ =x=0,y=0, 2x+3y =24 . (2)
From (2) 2x =24 — 3y =>4x =48 — 6y
Substituting thisin (1), 48 — 6y + 3y =36 > -3y =-12=>y =4
Suby=4in (1), 4x+3(4)=36=24x+12=36=>4x =24 =>x = 6.
Substituting x=0, y =0 in (1) and (2), we get,
When x =0, wehave 4(0) +3y =36 =>y =12 and 2(0)+3y=24=>y =38
When y =0, we have 4x +3(0) =36 =>x =9 and 2x + 3(0) =24 = x =12
=~ The stationary points are (6,4), (0,0),(0,12), (0,8), (9,0), (12,0).
azf 2 2,2 3 azf 2 3 2,,2
A=—=T2xy" -12x°y" -6xy°, B= =72x°y—-8x’y-9x°y° and
OX OX
o°f
C=—5=24x"-2x"-6x%y
A= C=
Station ) _— .| B= 24¢ — 2% — Bx° 2 Extreme
ary | 212XV S8 oy gy _geye | 272XV | A=AC—B® | conclusion | “XTET
points
2985984
(6,4) —-2304 <0 —1728 —2592 0 Max 6912
>




(0,0) 0 0 0 0
(0,12) 0 0 0 0
Doubtful
(0,8) 0 0 0 0
case
(9,0) 0 0 4374 0
(12,0) 0 0 0 0

Lagrange’s method of undetermined multipliers

Let f(x,y,z) be a function of three,variables x,y,z and the variable be connected by
the relation g(x,y,z) = 0. Suppose we wish to find the values of x,y,z for which f(x,y,z)
is extremum.

For this purpose, we construct an auxiliary. equation u(x,y,z) = f(x,y,z) +
A g(x,y,z) = 0. Differentiating this w.r.t. x, y, z partially we get,

a_u:q ,18_9:0 ._,(1),a_u:q+ﬂa—g=0 ...(2) and a—lJ:ﬁJrﬁu6—9=o +(3).
OX OX OX oy oy oy 0z oz 0z

Eliminating A from Eqns. (1), (2) and (3), the values of x,y,z are obtained. This method is
called Lagrange’s method of undetermined multipliers and Eqns. (1), (2) and (3), are called
Lagrange’s equations. A is called undetermined multiplier or Lagrange’s multiplier.
Note:

This method does not specify whether the extreme value found out is a maximum

value or a minimum value. It is decided from the physical consideration of the problem.

Problems:
1. Find the extreme value of x? + y? + z2 subject to the condition x + y + z = 3a.
Solution:

Given f(x,y,z) = x*+y?+2z% ..(1) and g(x,y,z2) =x+y+z—3a=0 ..(2)
Now, u=f+Ag=x>+y>+z2+Ax+y+z—3a) ..(3)
Differentiate (3) partially w.r.t x,y, z

6—u=0:>2x+/1=0 ..(4), a—U:O:>2y+ﬂp:0 ..(5) and a—u=0:>22+/1=0 ..(6)
OX oy 0z




From (4),(5) and (6) x = —% , Y = —% and z = —g.
S>x=y=z2

Substitutein (2) x+x+x=3a=>3x=3a=>x=a
>y=aand z=a

Extreme value of x2 + y? + z?% is 3a?.

Find the maximum value of x™y"zP subject to the condition x +y + z = a.
Solution:

Given f(x,y,z) =xmy"zP ..(1) and g(x,y,2) =x+y+z—a=0 ..(2)
u=f+Ag=x"y"zZ’+A(x+y+z—a) ..(3)

Differentiate (3) partially w.r.t x,y,z

Z—U=O:>mxm‘1y”zp+/l=0 (4, %U:O: x"ny" 'z 4+ 21=0 ..(5) and
X

Z_u=0:> X"y"pzPt+A1=0 ..(6)
z

From (4),(5) and (6),

mx™ynzP

mxmlynzp = -} > . =—1 (7
_ nx™ynzP
xMzPny*l=-1 = — =—-1 ..(8) and
xMymzP
xMypzP~l = -1 > % =—1. .09
From (7), (8) and (9)
mxmy"zP  nxMy"zP  px™y"zP m n p
= = = — = — = —
X y z Xy z
From —=— we h - 10
rom — 5 we have my =nx =y mx (10)
m
from e _L we have mz =px = z =£x . (11)
X z m

Substitute (10) and (11) in (2)

n n x(m+n+ am
x+—x+£x=a :>x(1+—+£)=a zu:a > | Xx=—
m m m m m m+n+p
n n am an
y:—x:—(—) —4 y:—
m m\m+n+p m+n+p
p p( am ) ap
I=—X=—|—— = 7 = —
m m\m+n+p m+n+p

am m an n a 14
Maximum value of x™y™zP is ( ) ( ) ( ; )
m+n+p/ \m+n+p/ \m+n+p



If x? + y? + z? =r?, show that the maximum value of yz + zx + xy is r2? and the

2
P . T
minimum value is — 5

Solution:

Given f(x,y,z) =yz+zx+xy ..(1) and g(x,y,2) =x2+y?+z2—-r?2 =0 ..(2)
u=f+Ag=yz+zx+xy+Ax*+y*+z>—-r?) ..(3)

Differentiate (3) partially w.r.t x,y,z

Z—u:O:z+y+/1(2x):O ..(4), %u=0:>z+x+/1(2y):0 ..(5) and
X

Z_l;:o: y+Xx+4(22)=0 ..(6)

Multiply Eqn.(4) by yz, Eqn(5) by xz and Eqn.(6) by xy
y2° +y’z+A(2xy2) =0= yz* + y’z =—A(2xyz) ..(7),
X2’ + X2+ A(2xyz) =0= xz* + X’z =—4(2xyz) ...(8)
Xy + X2y + A(2xyz) =0 = xy* + X’y =—A(2xyz) /...(9)

From (7), (8) and (9) yz? + y?z = xz% + x?z =xy? + x?%y

yz? + y?z = xz°* + x%z xz% 4 x%z = xy? + x%y

= yz2 +yiz—xz2 —x?z2=10 = xz2 +x%z—xy? —x%’y =0

= z2(y—x) +z(y? — x%) =0 = x%(z—y)+x(z>—y?) =0
>z22y—-x)+z—-x)y+x)=0 |=2>x2CE-y)+xE-y)(z+y)=0
>zy—x)z+y+x)=0 >x(z—y)x+z+y)=0
>y—x=0_and z+y+x=0 =2z—y=0and x+z+y=0
>y=xand x+y+z=0 >y=zand x+y+z=0

>x=y=2z; x+y+z=0

2

T r
Substitute x =y =z in 2Q)x?+x*?+x*=1r? = 3x*=r? 25x?=—>5x=—
3 V3

h " and 7z =—

“x=y=2  we have y=— and z = —

g R V3

~ maximum value of yz+ zx + xy is

T[T T\/T T\/T r2 r? r? 3r*
(ﬁ)(ﬁ)*(ﬁ)(ﬁ)*(ﬁ)(ﬁ)=§+?+?=T=T
Now, consider x +y+2z =20

> (x+y+2?% =0

= x2+y?+2z2+2xy+2yz+2zx=0
= 2(xy + yz + zx) = —(x? + y% + z?)
= 2(xy + yz + zx) = —1?



7,.2
:xy+yz+zx=—?

T'Z

~ minimum value of yz + zx + xy is — >

A rectangular box, open at the top, is to have a volume of 32 c.c. Find the dimensions of

the box, that requires the least material for its construction.

Solution:

Let x,y,z be the length, breadth and height of the box respectively. The

material for the construction of the box is least, when the surface area of the box is

least.

Hence we have to minimize xy + 2yz + 2zx subject to the condition that the

volume of the box is xyz = 32.
Here f(x,y,z) =xy+2yz+2zx ..(1) and g(x,y,z)=xyz — 32
u=f+Ag=xy+2yz+2zx+ Alxyz—-32) ..(3)
Differentiate (3) partially w.r.t x,y,z
Z_;J(:O: y+2z+4(yz)=0 ..(4), %:0: X+224A(zx)=0 ..(5) and

Z—U:O:>2x+2y+;t(xy):0 ...(6)
z

Multiply Eqn.(4) by x, Eqn(5) by y and Eqn.(6) by z
Xy +2xz+ A(xyz) = 0= Xy + 2x2=-Axyz\ ...(7),

Xy +2yz+ A(xyz) =0=> xy +2yz =-4(xyz) ...(8)

2x2+2yz+ A(Xyz2)= 0= 2xz+2yz =—A(xyz) ...(9)

from (7),(8) and (9), xy+ 2xz =xy+2yz =2xz+ 2yz
xy+2xz=xy+2yz |xy+2yz=2xz+2yz
= 2xz = 2yz => Xy = 2xz
>x =Yy >y =2z

= x =y = 2z. Substitute this in (2)

xyz=32 = x><x><§=32 >x3=64 > x=4

y 4

2 2

The dimensions of the boxare x =4, y =4, z=2

=>y=4 and z = =2

(2

Find the volume of the greatest rectangular parallelepiped inscribed in the ellipsoid

2 2 2

. . X Z

whose equation is — + y—2 +—=1.
a® b ¢



Solution:

Let 2x, 2y, 2z be the dimensions of the required rectangular parallelepiped.
By symmetry, the Centre of the parallelepiped coincides with that of the ellipsoid
namely, origin and its faces are parallel to the coordinate planes.

Also one of the vertices of the parallelepiped has coordinate (x,y,z) which

satisfy the equation of the ellipsoid.

2 2 2

Thus we have to maximize V = 8xyz subject to the condition —2+§+Z—2 =1.
a c
X2 y2 Z2
Here f(x,vy,z) =8xyz ..(1) and g(X, y,Z):—2+F+—2—1:0 ..(2).
a C

2 2 2
u=f+A1g :8xyz+/1[%+#+é—2:1j ..(3)

Differentiate (3) partially w.r.t x,y,z

ou _ 2AX ou 2Ly

=0=>8yz+ 0 ..(4), —=0=8xz+—=0 ...(5) and
6)( yz+—s (4) & i )
N _o=sxy+ o0 .(6)
0z C

Multiply Eqn.(4) by x, Eqn (5) by y and Eqn.(6) by z

AX? 20x% |8xyz.. X°
8xyz + =0=8xyz=- = |—— == ...(7),
Y a’ Y a’ 2] a’ (")
8xyz+uy2—0:>8xyz——2]'y2:> 8x£_y_2 (8)
b? b? 21 b*|
7’ 247 |8xyz 7°
8xyz + =0=8xyz =- =|——=—| ...(8
Y c’ Y c’ 21 ¢ ®)

From (7), (8) and (9) we have

2 2

x> y: oz
gzb—zzgzk (say) substitute this in (2)
k+k+k=1=23k=1=>k=—-
X_y_z_1
a®> b* c¢* 3
2 2 2
:>X—2:1, y—2=1 and 2_2:1
a= 3 b” 3 c® 3
2 2 2
Sxi=2 yzzb— and z2=S
3 3 3
- X y—L and z=-—
NN






