UNIT - II SEQUENCES AND SERIES

Sequences: Definition and examples - Series: Types and Convergence - Series of positive
terms - Tests of convergence: Comparison test, Integral test and D’Alembert’s ratio test -
Alternating series — Leibnitz’s test - Series of positive and negative terms - Absolute and

conditional convergence.

Sequence:
An ordered set of real numbers u;,U,,Us,...U,,... is called@ sequence anditis denoted

by {un} . If the number of terms is unlimited then the sequence is an' infinite sequence. The
general term of a sequence is u,,.

Example:
1) 1,1,1,i, ...... i, ..... is a sequence.
4’9’16 2

2) 357)9,.....(2n+1),..... is a sequence.

Convergent sequence:

A sequence {u,}is said tope eonvergentifulim u, = finite.
n—oo

Divergent sequence:

A sequence {u, jhissaid to be divergent if lim u, =+ or —o.
n—oo

Bounded sequence:
A sequence {un} is bounded if there exists a real number such that |u, |[<M, for

every nin'lN.

Unbounded sequence:
A sequence {un} is unbounded if there exists no real number M such that|u, |<M,

for every nin N.

Oscillatory sequence:
If a sequence {un} neither converges to a finite no. nor diverges to —o or +«, it is

called an oscillatory sequence.
Note:



1) A bounded sequence which does not converge is said to be oscillate finitely.
2) An unbounded sequence which does not diverge is said to be oscillate infinitely.

Monotonic sequences
Let {a,} be the given sequence.

S.no. Types Condition
1 Monotonically increasing | & <az<ag<...<ap&dp;1 <.
2 Monotonically decreasing | @& 2az 2ag=.....2an 2 ang Z.....

Either monotonically

3 Monotonic ) i ;
increasingor‘decreasing

Strictly Monotonically

4 - . Q/<ay <ag<... <ap <apgg <o
increasing
5 Strictly Monojcomcally a; >ag >ag ... >an >apy] >
decreasing
: . Either Strictly Monotonicall
6 Strictly Monotonie | Y catly
increasing or decreasing
Problems:
1) Determine the genéraliterm and priove that the sequences are convergent.
. 1111
i) e I
2°4 8 16
4 1 2234
) ===
2345
i) wi-11-1.....
2t 22 23 2*
iv) e :
e 21 31,41
Solution:
i) Givén l,l,l,i .......... . Here unzi
2'4'8'16 o
lim u, = lim i=i=l=0, finite.
n—»o0 now2l 2% o
The sequence in (i) converges.
ii)  Given EEEE .......... . Here u, L
2345 n+1



. . n . n . 1 1 ..
limu, = lim — = lim ————= lim = =1, finite.
n—o00 nboN+l now 1 n—o0 1 (l-l- 0)
nfl+— 1+~
n n
The given sequence in (ii) converges.
iii)  Given 1,-11-1.......... . Here u, = p"t
lim u, = lim (<)~ =0, finite.
n—oo n—oo
The sequence in (iii) converges.
1 52 53 .4 n
iv)  Given 2— 2 2— 2— .......... . Here u, = 2
"217 31 n
2n
lim up = lim —-=0, finite.
n—o n—oo N!

The sequence in (iv) converges..
2) Give an example of monotonically increasingsand decreasing.séquences which are
convergent and divergent.
Solution:

. 1234
i Let {u == T,
) {n} = {2 3'4'5 }
Since —<=< 3¢ g .......... the 'sequence is monotonically increasing

n
Here u, =——

n+1
lim u, = lim = <%im £ "% _giim 1 —_ 1 _1 finite.
n—o n—sodml N 1 Nn— oo 1 (1+ O)
nl++> 1+
n n
Thegiven sequence converges.
ii) Let{un}= 1,234...... |
Since 1<2<3<4<u..... ., the sequence is monotonically increasing.
Here u, =n
lim u, = lim n =, infinite.
n—oo N—o0
The given sequence diverges.
1111
i Let{un} =:1=,=2,> =, :
) s} { 2'3'4'5 }
. 1 1 1 1 . . .
Since1>>>>>>> R . the sequence is monotonically decreasing.
Here u, ~ L im Up = lim 1=1=0, finite.
N noo n—ooN 0

The sequence converges.
iv) Let{un}={1-2-3-4..... }



Since -1>-2>-3>-4>......., the sequence is monotonically decreasing.
Here u, =-n.

lim u, = lim —n = —o, infinite.
n—oo n—oo

The given sequence diverges.

3) Discuss the convergence of the sequence {un} where (i) u, = nTH

1 1 1
up =1+ L T SR —
3% 3 3"
Solution
. n+1
i =—
M u-"
limuy = tim 2 imaeto1v L oqh0-
n—oo n—oo N n—owo n 00
= {u,} is a convergent seq
. n
(ll) un = 2
n°+1
. . n . 1 .
limu, = lim ——= lim ————=>=0, finite
n—oo n—>oon2 +1 now 2( 1] 0
n 1+~
n

= {u,} is a conver

=>(1-0)= g finite.

Remember:

1) lim 0 if x<1
N—o0

2)  limx"=o0 if x>1
n—o0

3) limnx"=0 if x<1
N—o0

Xn
4) lim—=0 forall x

n—o0 n!




5) lim ——=

1 n 1 n+1 1 n
6) Iim(1+—j =e ; Iim(l+—j =e and Iim(1+—j =e
n—o0 n n—o0 n N—»co n+1

n
7)  lim (1+§j =g
n—o0 n
1
8) limnn =1
nN—o0

9) lim(nH)n=o0

10) I|m =

11) I|m l] loga

12) lim } loga
n— oo E

n
13) limn" = o0
N—o0
.1
14) lim—=0
n—>oon
x—>0 X x—>0 X
16), logo=o and logl=0
n(n-1 n(n-1)(n-2
17) @+ x)" =1+nx + (2' )x2+ ( gl( )x3+ ......... +x"

Series:
A series is the sum of terms of a sequence. Let {u,} be a sequence of real nos. Then
the expression U; +U, +...+ U, +...... is called the series associated with the sequence.

If the no. of terms of a series is limited, the series is called finite. When the no. of
terms of a series are unlimited, it is called an infinite series.

e}
The infinite series u; + U, +...+ U, +...... is usually denoted by Zun or Zun :
n=1
Series of positive terms:



If all the terms of the series Zun =U; +Uy +...+ Uy +.oee are positive i.e., if u, >0,

vn, then the series Zun is called a series of positive terms.

Properties of infinite series:

1. the nature of the infinite series does not change (unaffected) (i) by multiplication of
all terms by a constant k. (ii) by addition or deletion of a finite no. of terms.

2. If a series in which all terms are +ve is convergent the series remains convergent
even when some or all of its terms are - ve.

3. If > u, and ) v, are converges to S; and S, resp., then > (u 4V, ) and » (u, +V,)

also converges to S; +S, and S; - S, resp.

Partial sums:
Let Zun =U;+Uy +...+U, +...... be an infinite series, where the terms may be +ve or

- ve , then S, =uj+U, +...+U, is called the n® partial stim of " Dyuf. Sequence {S;} is

called sequence of partial sums.

Note:
To every infinite series ZUn , there corresponds a sequence {Sn} of its partial sums.

Convergence, divergence and oscillation of series:

Let > U, =U; +U, +...+Uf +..... lbe an infinite series and S, =u, +U, +...+ U, be its
n" partial sum.
D u, i§ convergent lim S, = finite
N—o0
> uy, is divergent limS, =+oo
nN—o0

DU, isoscillatory (finite or infinite) r!'_TO Sy, # a unique finite or infinite

Problems:

1. Test the convergence of the series 1+ % + % + % +..+00

Solution:
1 1 1
Let > u,=1+—+—+—+..
n 2 4 8 ot

+...+00



1 n
111 1 1_(2) 1Y
Sp=1+—4+—+—-+ :2(1_(_jj

n e n_1:
2 4 8 72 11

lim S, = gmz@-(%ﬂ: 2[1—@}00]: 2(1-0)=2

= Zun is convergent.

Examine the nature of series 1+2+3+...+N+...4+00.
Solution:
Let » U, =1+2+3+...+N+..+ 0

n(n+1)

S,=1+2+3+..+n=

) . h(n+1 ..
limS, = lim (n+1) =0 = Zun Is divergent.
Nn—o0 N—o0
Discuss the nature of the series 2—2+2~ 2 +.... 40
Solution:

DUp=2-2+2-2+...4®

0 if n s even
241N is odd
limS,=0 or limS,, =2

N—o0 N—o0

= Zun Oscillates finitely.

Disetiss the convergence or otherwise of the seriesl1-2+4-8+16—....+ .
Solution:

Pou,=1-2+4-8+16Fult00=1-2+2"-2°+ 2"+ .+ (-2)" +...+ .
1-(2") 1-("

Sp=1=2+42°-2°+2%+ .. +(-2)"" =

1-(-2) 3
n
1527 i 1 is odd
=S, =
1-2"
if nis even
n
lims, = fims, 272~ ifnisodd and

nN—o0 nN—o0



— n —
IimSn:IimSn1 2.1 * =~ ifniseven
N—>o0 N—>a0 3 3

Zun oscillates infinitely.

5. Discuss the convergence or otherwise of the series
1 1 1 1
+ + +..t +
1.2 2-3 3-4 n(n+1)
Solution:
Consider u, = L :é+ B _AWn+D)+Bn
nn+l) n n+l1 n(n+1)
= A(n+1)+Bn=1
Put n=-1 Put n=0
A(=1¥1)+B(-1)=1=| B=-1 AO0+1)+BO)=1=| A=1
1 1 1
Uy = =
nn+l) n n+l1
1 11 1 1 10l
:>u1_1__ u2 U3__— ..... — O
2 2 3 n+1

Now, S, =u; +U, +Ug +...+U, =1~- g g — = +1—L:>Sn:1—i
n n+l n+1

lim S, _Ilm(l—ij 1———1 0=1

n—o0 Nn—o0 n+1 00

Zun converges to 1

6. Show that the series 1° + 2% +8%+4..+n? +...00 diverges to +oo.

Soluation:

Let Zun =12 +22+3%% . £n% 4.0
limS. = lim n(n+1)(2n+1) _

N | N

. The series Zun diverges to +oo.

Necessary condition for convergence of a series:

If a series Zu is convergent then Ilm u,=0 (i.e) Zu is convergent = limu, =0.
nN—o0

Note:
(1) limu,=0 = Zu may or may not be convergent.

N—o0



(2) limu,#0 = Zun is divergent.

N—o0

Series of positive terms:

If all the terms of the series Zun =U; +U, +...+U, +...00 are positive (i.e.) if u, >0,

vn, then the series Zun is called the series of positive terms.

Note:

A positive term of the series either converges or diverges to +6o.It.cannot oscillate.

Problems: oscillates

1.

' i infinitely cgs verges
Prove that the geometric series 1+ X + X% + ...+ 00 - diverges

(i) converges if -1<x<1 i.e. | x|<1.
(ii) diverges if x >1.

(iii) oscillates finitely if x =-1.

(iv) oscillates infinitely if x <-1.
Solution:

(i) Given —1<x <1 i.e. | x|<1.

_>
|
|

AJIIT SIE[IOSO — 4

1_ Xn+1 1 Xn+1
1-x  1-xod-_x

Consider S, =1+ X+ X2 +...+x" =

N—o0 nool1l—X 1-—X 1=

= ) u, is convergent.
(ii) Given x >1.

n+1
IimSnzlimL 1 _X ]: s —Ozli. (~.°|x|<1,x”—>0asn—>oo).
X —X

n+1 _ 1 Xn+1 1

x—1 xX-1 x-1

X

Fof x >1, ConSider’S, =1+ X+ X* +...+x" =

n—>e nsol X—1 x=1

For x=1,S, =1+1+1+...+1(ntimes)=n.
limS, = hmn&co.

N—o0 N—00
= Zun is'divergent.
(iii) Given x=-1.

: | ,
limS, = lim ——— |=o0. (-.-x>1,x —)ooasn—>oo).

1if nis odd
S =1+ (1) + (<17 +o+ ()" =1-1 14 ()" =~ O
O if nis even

- limS, =1 or limS,=0

N—00 N—00



= Zun oscillates finitely.

(iv) Given Xx<—-1=—-x>1.Let r =—X then r>1.('.' r>1r" >owas n—)oo).

1(1-x") ) 1(1-(-n") ()

S, =1+ X+ X" +.+x"= =

1-x 1-(-r) 1+r
n
T i nis odd
=S, = 1+r
1-r" . i
Tt if nis even
n
lims, =lims, = -1 ifnisodd and
N—>o n>o  14+r 1471
n
lims, = lims, 2= =12 _ o ifniseven
N—>o n>o  1+r 147r

Zun oscillates infinitely.

: : : 1 1 1 1

Prove that Hyper harmonic series™or p, - series Zﬁ—l—p+§+...+n—p+...oo
converges if p>1, diverges if p<1.
Solution:

: 1 1 1
Consider Snzl_p+?+"'+n_p'
Case (i) p>1.
1,
1P
1 1 1 1 -2 1
2P 3P P P 2P P
T, 1 111 4 1 0
4P BPNGP 7P 4P 4P 4P 4P 4P 4P (Zp_l)z
1 1 1 1 1 1 1 1 8 1 1
—t—+——F . t—<—F—F—F.F—=— and so on.

8" oF 40P T 1sP 8P 8 8 8P 8p:8p—1:(2p-1)3

1 1 1
p-1 + p—1\2 + p—1,3
27 (277) (@27)

Now Zip <——+t——Ft o, which is G.P. with common ratio ZL_
n

p-1°

1 1 LY
Common ratio = F<1' s p>1l.



1 1 1
2p—1 + (2 p—1)2 + (2 p—1)3

...... o converges (by geometric series condition (i)).

1
= Zn—p converges.

Case (ii) p<1
(a) Consider p=1.

1 1 1 1
ZF:ZH:1+E+"'+_+'"OO

n
1+£>E
2 2
11 1 1 2 1
3 4 4 4 4 2
1111 1111 4 1
-+t -ttt —=—=—
5 6 7 8 8 8 8 8 2
1,11, .01 1.1 T 1 8.2

8
1 1
+—+—+.+—<—+—+—+..+—=—=— and so on.
gP 9 10 16 16 16 16 16 16" 2
1 1

1 1 1 1 1
—=) —>—+—+—+..0=—(1+1+..[R0)=—> V.
an n 2 2 2 2( ) 22 "
Zvn is geometric series with common ratio 1 which is a divergent series (by
condition (ii) of geometri¢ series).
1 1. . :
.. ). —=> = isalso a divergent series.
nP n
(b) Consider p<1.

When p<1, np<n:>ip>1foralln.
n n

Zl is divergent by case (ii) (a). = Zip is also divergent.
n n

Test the convergence or divergence of the series 1 + iz + % + i4 +...0.
3 27 3
Solution:
141 1 1 1 1 1 1
Given §+3_2+¥+3_4+'"OO:(E+§+”mj+(3_2+3_4+"m): DUup+ DV,
. : : : : 1 1
Zun is a geometric series with common ration = 2—2 = 2 <1

= Zun 1S a convergent series.



, : : . : 1
Zvn is a geometric series with common ration = 279 <1

= )V, is a convergent series.

= Y U, + >V, isalso convergent.

4, Examine the convergence of the series 1+ PEE + 92'/3 + 1612/3 +...0.
Solution:
1 1 1

Let Y u, =1+ 28 g s T

=1+ + + L +...00

- 23 2/3 23

@) @) ()
1 1 1 1 w1
=4+ 2473 + I + 4473 T R= n=1m
1 1 1

+...00 is convergent.

4 :
Here p = 3 >1. .. by p - series Zun =1+ PR + YR + OE
Comparison test: (form - I i.e. limit form)
Let Zun and Zvn be two positive term series.

(i)  If lim 20 = ¢ (finite anddi6fizero), then > u, and > v, both converge or diverge
n—oo Vn

together.

3 _
(i) If lim—"=0 and > v, converges, then ) u, converges.
n—o Vn

(iii)¢ If lim S and Zvn diverges, then Zun diverges.

n—oo Vn
Note:
a
. n . .
Select'the series Zvn as follows: v, =-— where a = highest power term of n in u,
n
numerator and b'= highest power term of n in U, denominator.

2n+3
n(n-5)(n+23)

For example, let u, = . Here a = 1 (highest power term of n in u,

1

numerator) and b = 3 (highest power term of n in u, denominator). Then v, =—=—.
n® n

1
-3k

n



Problems:

: 3 5
1. Test convergence of the series + + +...+00
1.2-.3 2-3-4 3-4.5

Solution:
Let Y u, = 1 + 3 + S +...+00. Then u, = 2n—1 .n=12,3,..00.

1.2-3 2-3-4 3-4.5 n(n+1)(n+2)

n® nt 1
vn:F:F:F.(Herea=1andb=3).
2n-1
U n(n+Y(n+2)  2n-1 Xn_2
v, 1 nn+)(n+2) 1
2
n

)

- — =

i yf-;»f(uﬂy{(uijx

. u ) n 00 2-0
lim =2 =lim =

e, o (1+1j(1+1) ) (“1](“3) T 1+0)(1+0)
n n o0 o0

:Zun and Zvn beth sonverge or diverge together. By p - series

=2, a finite value.

DoV, = iz converges (since [p=2>1).
n
= Zun also converges.

2. Test the convergence of the following series

(i) L + 1 + L +..00 (ii)\/i+\/g+\/§+ + A,
W2 V243 Beda T e s 2y T

Solution:

1 1 1

. 1 o 1
(1)LetZun—\/i+\/§+\/§+\/§+\/§+\/Z+... . Then u, adnil

n? 1 1
V,=——=——-=— (herea=0 and b =% ).
n nb n]/g \/ﬁ( 2)




Uy Jnsn+l _ 1 w/p— 1 X%:;

Yn i \/ﬁ+\/n+1 ;/K 1+ 7n+1 1+ 1+1
Jn n n

lim Y _ lim L = 1 = =£, a finite value.

" Mw[u\/ﬁ} [1+\/1+7010J (1+i+0)

:>Z:un and Zvn both converge or diverge together. By p = series
Zvn = % diverges (since p= % <1).

= Y u, also diverges.

(ii) LetZu —\/7 \/7 \/7 /2(n+ +..+o.,Then u, = / 2011

=1 (herea =% andb =14).

Uy \/ 2(n+1)
Vi, - 2(n+1) 1+

.Uy o 1 1 ..
lim Le=lim N = BB EL a finite value.
n—co Vn N—e0 2[1_'_ ) 2(1_’_ j 2

o0
= ZUn and Zvn both converge or diverge together. By geometric series
Zvn = Zldiverges (condition (ii) of geometric series).
= Zun Is alsodivergent.

22 P g4
Test the canvergence of the series 1+ —+ =+ —F+—+...0.

2 3 4" 5

Solution:



Leaving aside the first term (since addition or deletion of a finite no. of terms

. 1 22 3 44
does not alter the nature of the series), we have Zun =S+ g3+t +.0,
2 3 4" 5
n a n
n n n 1
T NOW, Vn =0 = =—
(n+1) n"~ n n

u, n" B pr B 1

V_ (n+1)n+1xn_ 1 n+l 1 n+1
n ﬂﬂ(1+j (1+j

Then u,, =

n n
n+1
fimU —tim—_—1 2 finite value. { |im[1+1j —e j
N>V,  N-w 1\ e N—>a0 n
ol
n
= > u, and ) v, both converge'or diverge together. By p - series Y v, :ZE is
n
divergent (since p = 1).
= Y u, isalso divergent.
Using Comparison test, prove 'that the 'series + 2 + 3 u TP +00 is
1.3 35 5.7
divergent.
Solution:
Given Zun:1+2+3+ .......... Yoo =u, = n
1-.3/83:5 5.7 (2n-1)(2n+1)

o A
" h? on
u—“— n XA= ﬁz = L
v, (20=1)(2n+1) %(2_1j(2+1j (2_1j(2+1j

n n n n
lim U _ lim L :l, a finite value.

N0V, n%(z_lj(%lj
n n

= Zun and Zvn both converge or diverge together. By p - series Zvn = Zl is
n

divergent (since p = 1).
= Zun is also divergent.



4 9

Test the convergence of the series + + - 00
4.7-10 7-10-13 10-13-16
Solution:
1 4 9 n’
DUy = + + Fo O U =
4.7-10 7-10-13 10-13-16 (3n+1)(3n+4)(3n+7)

yonom 1

“n® n®on

u, n? i 1

AR e o, o

.Uy 1 1 -
lim-—"2=Ilim =— a finite value!
eV n_m(3+l)(3+4j(3+7 21

n n n

= Zun and Zvn both converge or diverge togéther. By p - series Zvn = Zl is
n

divergent (since p = 1).
= Zun is also divergent.

Comparison test (Form II)

o If Zun and Zvn are/two series of positive terms such that u,<v, for all
n=1,2,3,..0and if Zvn is‘convergent then Zun is also convergent.
O If Y'u, and Dav | are two series of positive terms such that u,>v, for all
n=d4,2,3,...00and if Zvn is divergent then Zun is also divergent.
Problems:
1. Test the/convergence of the series 1 + \/75 + \f + f + 00
Solution:
N nf n2 1 1
Here u, = V., = — =

2n+3° " P nlznj/zzx/ﬁ

U __n n

= n= >1
A 2n+3\/_ 2n+3

=Uu, >V,, Vn and Zvn = % is a divergent series (p - series, p = %<1).

= Zun is also divergent.



1 n+1
2. Test the convergence of the series Z(H —log ;J

Solution:

Given Yo, :z(%_mg”T”J:z[ﬁ_ og 1%)].
1

1 loal 1 1) 1 1 11 1 1 1
— Og +— |==— __E.?+_._3__._4+...oo

n n n n 3 n° 4 n
y ¥y 11 111 i_...oo_i(l_l.i 1 i_...ooj
2 n® 3n 4n n2l2 3 n" 4 n?
Choosevn:iz.
n
“_nzi(l_l.l 11 . j 111l 1N
v, pZl2 3 n 4 n? 2 3/ 4°n?

1 . : :
=U, <V,, Vn and Zvn = 7z is a convergent seri€s (p - series, p =2 > 1).

= Y u, is also convergent.

D’Alembert’s Ratio Test:
un

If Zun is a positive termfseries,and lim =/, then
n—o Uy g
(i) Zun is convergent if 7> 1 (ii) Zun is divergentif ¢ <1.

Note:
If £#=17, the test fails. i.e.,, no conclusion can be drawn about the convergence or

divergence of the series. The series may converge, it mat diverge.

Problems:

1. Discuss the convergence of the following series:
. 2P 3P »4P
(i) 1+E+E+E+ ------ (p>0)
(i) —=+=+ 1 1

12.92 92,32 32 42 42 p2
(iii) + + + +

1! 2! 3! 41
Solution:

......




2.

nP . _(n+DP

1 Here u, =—. S = .
) " n " (n+1)!
u, n®" (0+)! nP(n+Hn! P nP _ n
Uy NL(N+D)P n! (n+D)P  (n+1)PE L P
R S eV
n n
lim —- = lim ———— =00 >1.
nsol .4 N 1\P~
1+—
n
.. By D’Alembert’s Ratio Test, ZUn is convergent.
. 1 ) 1
(ll) Here Un Zm. "uI’H-l:m'

. )
lim—/=1]im2.
n—>ooun+l n—o0

(1+ zn_lj

.. By D’Alembert’s Ratig Test, Zun is convergent.

(iii) Here u, = n(n—_i_l) c U, = (n+1)°(n+2)
n! (n+1)!

1
u, nzw (n+1)! _nz-(n+1)m_ﬁ((l+nJ:n.

U 0t P (n+2)? af(n+2)? _%(szz (Hz]z'




Solution:

Here u, = Vn X", Uy = _antl e
n?+1 J+1)%+1
1+g+£
u, ~n Jn+12+1 1 E n2+2n+2_l 1 "Th g2
Upyg n2+1 Jn+1l o x™ o x n®+1 X{lqy Lomgu L
n n?
2 2
1+—+—
n—oo Un+1 n—o X 1+1 1+i
n n?

. By D’Alembert’s Ratio Test, Zun is convergentiif L >Die. X<1 and diverges if
X

E <1 i.e. Xx>1. When x =1, the Ratio test fails.

n 1
n (1+ -j \/_ 1+ 7
n n
= \/15 n'_mv . =1, which'is finite and #0. .. By Comparison Test,
n 1+n-2

Zun and Zvn both converge or diverge together.
Sifice, Y V= Z% is of the form Zip with p :%(< 1), D v, is a divergent series
n n

(p =series). = > _u, diverges.
Hence the given series Zun converges if X <1 and diverges if x>1.

Examine the convergence or divergence of the following series

n_
1+Ex+§x2+Ex3+ ..... +ux“‘1+.... (x>0)
5 9 17 2" +1
Solution:
2n+1_2 N . 2n+2_2 il

Leaving the firstterm, U, = ——Xx ..U 4 =—5—
n 2n+1 +1 n+1 2n+2 +1



2
2n+1 1_
u, 2"™-2 ., 2"41 1 1 ( on+

2 1
2" (1+ 2”+2j
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Uns1 2n+1+1 2n+2_2 Xn+1 X2n+1(1+ 1 j 2n+2(l_ 2 j

2n+1 2n+2
u ( 2n+1j ( 2n+2 J
un+1
( 2n+1j ( 2n+2 j
1
(1 2n+1j ( 2n+2 j

I|m— -

n—oo U n—owo X 2
" (l—i_ 2n+1j (1 2n+2 j

By Ratio test, Zun converges if l >1 ie., x <A and diverges if 1 <lie, x>
X X

) 7 2
ol _ o 2™ (1_ N+l R N+l
_ _ _ 2 ) 2
If x=1, then un_2n+1 1 T 1\
+ 1
2n+ (1-'_ 2n+1j (l—i_ 2ﬂ+1)
limu, = lim

n—o0 n n—o0 1
(1_{_ 2n+1)

it mustidiverges
Hence, Zun converges if X <1 and diverges if x>1.

3.6 , 3-6-9
X"+ X
710" 7-10-13

: 3
Test the/ convergence of the series 1+7x+

D’Alembert’s ratio test.
Solution:

Leaving the first term, u, = X' U =
8 "T7.10-(3n+4) 7710 (3n+7)

n

Uy 7-10--(3n+4)" 3.6---(3n+3) x™  x(3n+3)

u 3-6---(3n) . 7-10---(3n+7) 1 1(3n+7)

1.

36--(30) o . _36-(30+3)

Z1+0= Zun does not converge. Being a series of +ve terms,



n—>oo U4 n—)ooX3n(1+1) X
n

) 1 )

divergesif —<1 i.e., x>1.

X

If x=1, Ratio test fails.
) i 3n+7 )

(by Raabe’s test limn S 1)< Jlimn ( )—1 = lim i
nsoo | Upq n—>» | (3n+3) o 3N+ 3

converges if X =1 (this test is not in syllabus))

Hence, Zun converges if X <1 and diverges if x>

Integral test:

. By Ratio test, Zu converges if 1 >1ie,x<1and

1Zu

If for x>1, f(x) is a non-negative, menotonic decreasing function of x such that
f(n)=u, for all positive integral values”of ‘n,sthen the series Zun and the integral

o0

j f (xX)dx converge or diverge together.
1
Note:

1. If j f (x)dx = finitethen j f (X)dx converges.

27 If j fi(x)dx ='+eo then j f (x)dx diverges.
1 1

Problems:
1. Test for convergence the series: Z 21 I
n°+
Solution:
1
Hereu,==—=1(n) = f(x) = :
A | (") () X2 +1

For x>1, f(x) isa positive and monotonic decreasing. .. Integral test is applicable.

Now,o_lf :(tan‘lx)io :g—%:%: fnite.



= .[ f (x)dx converges and hence by integral test, Zun also converges.
1

Show that the series Zip converges if p>1 and divergesif 0< p<1.
1 N

Solution:

Here u, :i: f(n) = f(x):i.
nP xP
For x>1, f(x) isa positive and monotonic decreasing. .. Intégraltest is applicable.

Case 1: p>1 = p—-1>+ve.

'00 :wi :00 o Xp+1Joo
..{f(X)dx .[Xpdx .1[x dx L—p+11

-(p=h) \* ©
:(X } = ! [ (3_1)j 3 L (0—1):L=finite
-p+1 ) 1-pLx 10 1-p p-1

= I f (X)dx converges and hence by integrabtest, Zun also converges.
1

Case 2: O<p<l =1-p>+ve.
0 %0 0 —p-+1p\” (1-p) \*
.'.If(X)dX=_[idx: x‘pdx:(x } :(X ] _ 1 (0—1)=o0
1 7 xP ) —p+1) (1-p) 1-p

== I f (x)dx divergesand hence by integral test, ZUn also diverges.
1

Case 3: p=1

]9 f (x)dx=]?1dx:(log X), =(00—0)=00
1 1 X

= .[ f (xX)dx diverges and hence by integral test, Zun also diverges.
1

Hence Zun converges if p>1 and divergesif 0< p<1.

2

Test for convergence the series: Z ne " .



Solution:
2 2
Here u,=ne™" =f(n) = f(x)=xe " .
For x>1, f(x) isa positive and monotonic decreasing. .. Integral test is applicable.

Now,]o f (x)dx = ]9 xe ™ dx.
1 1

Put x°=t=>2xdx=dt.When x=1,t=x%%>=1. When X=o0, t = x> =66.

o0 o 0 —t\*

J‘f(X)dx:Ixe‘xzdx:lje‘tdt:1 £ :—1(e‘°°—e‘l):—l(O—lj:iﬁinite
1 ] 24 2\ -1 ) 2 2 e h 2e

= I f (xX)dx converges and hence by integral test, Zun alsoconverges.

1
> 1
Z;n\/nz_l'

Using the integral test, discuss the convergenge of the series

Solution:
1

1
nvn? —1 N

For x>2, f(x) is a positive and monotonic decreasing. .. Integral test is applicable.
0 o0 1 R . 1 0
Now, | f (X)dX = | ————£dx={sec x| = (COS (_j\J

= cos‘lﬁlj - cos‘l(lj
o0 2

=cos(0)-cos Lz 7_ T finite
2 2 3 6

Here u, = =f(n) = f(x)=

= I f(x)dx converges'and hence by integral test, Zun also converges.
2

Test the convergence of the series Z L 5
n=1 (I’] +1)
Solution:
1 1
Here u, = >=f(n) = f(x)= 5
(n+1) (x+1)

For x>1, f(x) isa positive and monotonic decreasing. .. Integral test is applicable.



NmNIfUNX j dx = (“+31] :_(;ij_ (i_ijzlzﬁmm
(x+1)° -1 ) X+1); o 2) 2

= I f (x)dx converges and hence by integral test, Zun also converges.

1
3

6. Examine the convergence of the series Z 2
_1n +3
Solution:
2n’ 2x
Hereu,=—=1f(n) = f(x) = :
" n*+3 ") ) x*+3

For x>1, f(x) isa positive and monotonic decreasing.... Integral test isapplicable.

Put x4+3:t:>4x3dx:dt:>x3dx=%. Whed x=1,/ t=x*+3=1+3=4. When
X=00, t=x*+3=w0,

jfumx sz d—QJlm % w0f=%WMw—bWD:w:mWMe

= I f (x)dx diverges and hencé by integral test, Zun also diverges.
1

Alternating series:
Afseries in, which the terms are alternate positive and negative is called an

alternating series. Thus, thegSeries Z(—l)'"_lun =U —Uy+ Uz — Uy +---+ (=D U+

where U, >0, for every n is an alternating series.

Leibnitz’s Test gn alternating series:
The alternating series > (-1)" U, =Uj—Uy + Uz —Uy +-+-+ (=) uy +--ooov (u

vn) converges if (i) u,>U,,;, VN (i) limu,=0.
nN—o0

Note:
The alternating series will not convergent if any one of the two conditions is not

satisfied. If limu, #0, then the series is oscillatory.
n—oo



Problems:

1. Examine the convergence of the series 1— % + % - % +
Solution:
It is an alternating series.
1 1 1 1
i Hereu,=—, U,y =——."v —>—— Vn, .U, >uU.,, vVn.
() n n n+l n+1l n n+l n n+1

. : .1
(i)  limu, = lim==0.
N—co n—o N

Both conditions of Leibnitz’s Test are satisfied. Hence the given series,is convergent.

2. Examine the convergence of the following series :
(a) 2—§+ﬂ—§+
2 3 4
1 1 1 1
(b) ¥_3_3(1+2)+F(1+2+3)_5_3(1+2+3+4)+ ------
Solution:
(a) Itisan alternating series.
@ U _n+1 U n+2
n n » M+l n+1'
2
un_ur1+1:n+1_n+2:(n+1) n(n+1): 1 >0, vn.
n n+1 n(n+1) n(n+1)
= U, > U, , V0.

1
n+1 Ny 1
(ii)n, limup= lim —="m ———==lim (1+—j =1=0.
N—»c0 n— N N—>c0 n N—0 n
Since the second condition of Leibnitz’s test is not satisfied, the series is
not convergent.
(b)" Itds an alternating series.

1 n(n+l) 1 n

(i) »Here u, = (1+2+3+--+n)= == and

(n+1)° (n+1)°* 2 2 (n+1)?’
g oLl n+l
"2 (n+2)?]

1 n 1 n+tl 1 n®+n-1

0, Vvn.

u, —

Uy =— —-= == >
M2 +)? 2(n+2)? 2 (n+1)%(n+2)>
= U, >Upn,q, VN.



(i)  limu, = lim 10 = lim 1#2:0. Since both the conditions of
N—o0 n—w 2 (n +]_) n—o0 2 (1 1
n
Leibnitz’s Test are satisfied, the given series is convergent.
1
3. Test the convergence of the series Z D’ :
— 2n-1
Solution:
o ¢ 1\n-1
The given series is Z(l)—n:}—g+§——+---oo.
o 2n-1 1 3 5 7
It is an alternating series.
(i) Hereu,= " and Upyg = N+l _ n+1.
2n—1 2(n+1) -1 2n+1
U, = Uy = n__n+l £ >0, Vn.

2n—-1 2n+1 4n?<1
= U, >Up,q, VN.
A 1

. n "
(i) limu, =lim——=Ilim —#0u"Here the second condition of

Nn—o0 nowo2nN—1 noow )7{(2——)

Leibnitz’s Test is not satisfied. Hence the given series is not convergent.

Absolute convergence of a series:
If @’ convergent series whose terms are not all positive, remains convergent when all
its terims are made positive, then it is called an absolutely convergent series, i.e., The

convergent series Zun is said to be absolutely convergent if Z| U, | is a convergent series.

Conditionally eonvergent:
A series‘is 'said to be conditionally convergent if it is convergent but does not
converge absolutely.

Note:
Absolutely convergent Conditionally convergent

i) Zun is convergent. i) Zun is convergent.



ii) Z| u, | is convergent. ii) Z| u, | is divergent.

Problems:

1.

Test whether the following series are absolutely convergent or conditionally
convergent?

1 1 1 2 (-t
a) l1-—+—-—-——+: b .
@) 2 3 4 () nZ:;Zn—l
Solution:
(a) Given 1—2—12+3i2—4i2+---oo
(i) Itisan alternating series. Here u, =— and U4 = %
n (n+1)
RTINS T n“42n+1-n7  2n+1 - 0vn
"M R (n+1)? n%(h+1)° n?(n+1)? '
= U, >Upn,q, VN.
(i) limu, = lim %:O.
N—o0 n—o N
Since both the conditions of ‘Leibnitz’s Test are satisfied, the given series is
convergent.
(iii) Z|u |= +—+3i+4—12+. -oo:Z:i2 which we know is a convergent
series.

Thus the@iven series converges absolutely.
(-pnt 11 1

b) Given l-—+Z—Z4...0
L) Z 3 5 7
It isan alternatlng series.
1 1
i u, = and U, , = =
U 221 ™ 2(n+) -1 2n+1

1 1 26+1-26+1 2
N T T 2ne1 . o1 anP-1
= U, >Upn,q, VN.

u >0 WVvn.

=0.

ii limu, _I|m
(if) N—>00 o2n-1

Since both the condltlons of Leibnitz’s Test are satisfied, the given series is
convergent.



1 1 1 1 1
iii u,|=1+—-+=+—+---00. Here u, =——.Take v, =—
(i) Dluy|=1+ S+ 5+ "= n
.Uy : A 1 .. .
lim =2 = lim = Ilm—:E: finite. Hence by comparison test,

n
n—w V, n—w 2N =1 n—>oo/y{(2_1]
n

Zu and ZV behave alike.

But )'v, —Z is a divergent series. (by p -series since p = 1). <) u, also

diverges. Hence the given series converges, and the series ofhabsolute terms
diverges, therefore the given series converges conditionally.

Result:

Every absolutely convergent series is convergent:

Problems:

1.

. sinx sin2x  sSin3x
Prove that the series - + —---00_ converge absolutely.

13 23 33

Solution:
The given seriesis »_u, = Sllr:lx _ S'gfx 5'23)( . Z( 1) S'n nx
n=1

|sinnx |
n® _

1 : sinnx| 1
Choosef” Vy=—. Since | 3 < <= =|uylsv,, Vn by

n n n
comparison test the series Zl u, | €onverges.

Here |u,|=

= the given series.converges absolutely.

2 3 4
_ X X X : :
Examine the convergence of X-— +---0 (or) Find the interval of
2B 4
x> x X

convergenee of the series X — .00,

2 B i

Solution:

o o ¢ n\n=1,n
The given series is Zu :Z( VX

~——— . Here |u —: and U, |= .
~ n ~ \/ﬁ | n| \/— \/— | n+1| \/m




up | _IX"] Jn+1 \/n+1_1_ W12

= _— +_ -

|Upa | \/ﬁ | x| n|x| n |x|
) 1 1 1
lim —"— Uy | = lim 1+— — =,
o [Upg | e n x| |x]

By ratio test, Z| Uy | (i) Converges if |—1| >1ie. |Xx|<lie. if -1<x<1
X

(ii) Diverges if 1 <lie. |x[>lie.x&1orx<-1.
X

(iii) Testfails when |x|=1ie.x=1orx==-1

1 1 1
Case (i) When x = 1, the series becomes 1-— + - +.--00 ‘Which is an
0 NN

alternating series and is convergent.
Case (ii) When x = - 1, the series becomes

—1—1—1+---oo——(1+1+1+1+
2 B A 2 B2

by p - series. Hence the given series'for —1<x <1.

j Zi which is divergent

=n

cosnzw
Examine the convergence of the series Z >
il ) +1
Solution:
COS NT| « 1
Here |u, |= <——. Chooselv, =—.
n+1|\ n?+1 n

. lunlzllm 21 1n2:||m%
N-—>co Vn n—o N~ + N0
1+ =
( nzj

Z| Uy and Zvn converge or diverge together.

=1, finite and non zero.

: 1 . : : :
Since Zvn = Z? is a convergent series ( p series with p = 2 > 1), we have Z| Up |

is convergent, by comparison test.
= the given series converges absolutely.



