UNIT -V
MULTIPLE INTEGRALS
Double Integrals:

Area of the region by Cartesian co-ordinates

Area = f dxdy

Area of the region by Polar co-ordinates

Area = ff rdrd6
R

5 2

Evaluate f f(x2 + y?)dxdy .
0

Solution:

sin @

T E

2 2

J J irdp & J r 46 _J sin? 6 46 11m _n
rara@ =117 = 2 ~2227%8

0 0 0

Find the area bounded by the lines x = 0,y = 1 and y = x, using double integration.

Solution:

1 1
Areszd
0 x

[y]idx [1—x]dx
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a

T
Evaluatef frdrd@.
0

0

Solution:

T T
rz]® a? a? _ ma®
jjrdrde_”?l d6 =7fd9=7[9]0=7
0 0
2

Evaluate f f rsin? 6 drdf.

Solution:

2

2 2
K _ K (1 — cos28) 1 sin 201"
ffrsmzﬂdedr:ffr—d@drz—fr[@— ]dr
2 2 2 |,
0 0
2
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Plot the region of integration to evaluate the integral ff f(x,y)dx dy whrere D is

the region bnded by th line y = x — 1 and the parabola y* = 2x + 6.

=x—-1
Solution: Y

2=2x+6
y=x—-1..(1)
y2=2x+4+6..2)>y?*=2(x+3)

From (1) and (2), we get

x—1)’2=2x+6=>x>—-2x+1=2x+6 (=3,0)

(-1,-2)




=>x2—-4x-5=0=>x=-1,5

y = =24 [from ()]

a

dxdy
xy

b
Evaluate J.
1

b a b b
dxd d d

f f Y = J.[logx]il?y = (loga —log 1).[_7}] = (loga)[logy]’f

1 1 1 1

= (loga)(logh —log1) =logaloghb

Evaluate f (x — y)dxdy over the region between the line y = x and the parabola

y = x2.
Solution:
The limits are 4}:
y = x?
x=0tox=1
y=x?toy=x 1,1) y=x
1 x
f (x — y)dxdy =f f (x — y)dydx > x=1
0 x? —> X

(0,0)

1
_.f x2 3+x4d _x3 x4+x51_[1 1+1]_1
)\ 2x_64100_6410_60
0

Using double integral find the area bounded by the parabolas y? = 4ax and x? = 4ay.

Solution:
y? = 4ax ...(1)

x2
x2=4ay>y=—..(2)

ia



From (1) and (2), we get
4

16a?

=4ax = x% = (4a)® > x = 4a

Putx = 4a in (2), we gety = 4a.

4ay = x?

y? = 4ax

The limits are
(0,0)

x=0tox =4a

2
X
y 4a oy v ax

4a 2vVax

Area=f dxdy=f j dydx
R 0 xZ
4a

4a 4a 3 4a

=] [y]zmdy—f ZM——ldy— -
0

4a 0 2

3
_ 2(4a*)2  (4a)® 324 64a® 32a° 16a°
-3 12a 3 12 3 3

2

1643
3

Area =

xZ 2
Using double integral find the area of the elllpse —+ yz =1.

b

Solution:
xZ 2

The ellipse equation 1s — + Y

pz =1

The limits are

b b
y=—5\/a2—x2toy=a a? — x?

xX=—-atox=a
g,/aZ_xZ

a
Area = ff dxdy = f f dydx
R

-a _ 2,/612 )
a



bz

a a

4 J. J. dydx
0

0

a

4f e x—4f [ ]dx

0

2 a

a
4b 4b |x a X
—f va? —x?dx = —|z+/a? —x? + —sin™' =
a a |2 2 a
0

a2z 22

_4b[a® | l_4b aznl
Area = mab

Find the smaller of the areas bounded by the ellipse 4x2 + 9y? = 36 and the straight
line 2x + 3y = 6.

Solution:

xZ yZ
The ellipse equation is 3z + 57 = 1

. LX)y
The straight line is 3 + 5= 1

The limits are

y=0toy =2
3 3
x=§(2—y)t0x=§\/22—y2
) NPV
Area = f dxdy = f f dxdy
R 0 32-y)
2 2
= 22_y
- [ w [x%(z_ j VE=yE - 2@y |dy
0
2 2
3 22 y y?
e —v2 _ 2 _ Z 12 _ _Z
2f y 2 - y)]dy I 22 —y? +251n > <2y 2)]
0 0
3 3[2m
=Z[2sin1- (4-2)] = 2[7—2]



3
=§[7T— 2]

Evaluate f f xy dxdy over the positive quadrant of the circle x? + y? = a?.

Solution:
The limits are y

x=0tox=a

a Va?-x?
j ] xy dxdy = f f xydydx
0o 0 >

y=0 [(a0)

1 X X
_ = 2. _ .3 — g2l _Z_
2[ (a*x — x3)dx Zla "
0 0
1 a* a* _a4
212 4| 8

Find the area which is inside the circle r = 3acosf and outside the cardiod
r =a(l+ cosB).

Solution: y

A
r =3acosf ...(1) r =3acosf
r=a(l+cosh)..(2) r =a(l+ cos0)

From (1) and (2), we get

3acosO =a(l+cosf@) = 3cosf = (1+ cosB)
=>2co0s0=1=cosf==—=>60=+

> X
The limits are w

r=a(l+cosf)tor =3acosb

N| =

wl N
N N

g=—Ctog="
- T37 =3



T

3 3acosf

Area = J:]- rdrdf = J. f rdrdf

_E a(l+cos @)
7"2 3acosf
? dH =
a(1l+cos @)

[8cos?6 —2cosf — 1]dO =

[9a? cos? 6 — a?(1 + cos 0)?]dO

Il
— wly
N =
— wix

|
wlid

|
Wiy

2a?

- [8cos?8 — 2cosO — 1]dO

Il
N
w3
o\:wl:l

a
2

|
wid

a [4 cos20 — 2 cos6 + 3]d6

zf l (c0529+1)
0

o — i

-~ _2cosf — 1]d0 = a?

W[

4

2T T T
_ . _ 2 . — . _ _
a 251n6+36] =a [2 sm3 251n3+3(3)]

0

T

2 sm——251n3+rt = ma?

:a2

5 l (sin 28)
|

Find the area of the cardioid r = a(1 + cos 8)
Solution:

Solution: "
r=a(l+cosh)..(1)
r=a(l+ cosB)
Putr = 0in (1), we get
a(l4+cosf) =0=>cosf =—-1

=>0=+n

The limits are
r=0tor =a(l+ cosf)

0=—nmtod =m

a(1+cos8)

T
Area = ff rdrdf = f f rdrdf
-1 0



-5

| 8],

|

[

3
— A2 |
_a[zg

T
=a2f ll+2cos€+
0

_29 —_
sin +2

; f [a?(1 + cos )?]dO

-1

T
2

2a
[1+ 2cos8 + cos?0]do = Tf [1+ 2cos8 + cos? 0]db

0

(1 + cos 26) ; 3 1
— do =a2f [E+2c050+zc0520]d9

0

T3
=-ma
0o 2

2

Change the order of integration

a Y
Change the order of integration in f f f(x,y)dxdy.
0 0

Solution:
The limits are Y
Y y=a
x=0tox=y X
y=0toy=a L\A y=x
(a,a)
Changing the order of integration X = 0_‘
The limits are
y=xtoy=a 0.0) y=0
x=0tox=a
a Y
[ [reyaxay = |
0 o

a
Change the order of integration J
0

Solution:

[ reyaxay.

arJa@57

a—/a2-y?

f xydxdy and hence evaluate it.



The limits are

y=0toy=a

xX=a—,a*—y? tox = a+m

x—a=,/a?2—-y%2= (x—a)’=a%>—-y%*= (x—a)?+y? = da?is a circle with centre at
(a,0) and radius a.

(x—a)i+y’=a’>=>y=+a?—-(x—a)? > y=+2ax — x2

x=a—ya* -y “T7 :\» x= a++a?—y?

00} y=0 (Ia,0]

Change of order of integration:
The limits are

x=0tox =2a

y=0toy=+2ax — x?
a+ya?-y? 2a V2ax—x?
xydxdy = f f xy dydx
0 0

/

a—/a%2-y?2
N rrmr 2a 2a
y 1 2 1 2
=f x5 dxzzf x[2ax—x]dx=5f [2ax? — x3] dx
0 0 0 0

3 4 12 3

3 4

1 2ax3  x*1** 8a* 8a* 8a* 3 2a*
=2 0



a
Change the order of integration in the integral f xy dydx and evaluate it.
0

2a—-x
x2
a

Solution:
The limits are

x=0tox=a

_th =2
y=—_toy=2a-x

To find the point of intersection

» X
A(0,0) (20,05

x2 2 2
—=2a—x>x“4+ax—2a“=0
a

—a++Va?2+8a2 —a+3a

= = — = -2
X > > a,a

Lx=a=>y=a

Change the order of integration

The area of integration is divided into two regions ABC and BCD.
The limits of the region ABC are

x=0tox = \/a—y

y=0toy=a

The limits of the region BCD are

x=0tox=2a—y

y=atoy=2a

1 2a-x a Jay 2a 2a-y
] ] xy dydx =j J xy dxdy+f f xy dxdy
0 «x2 0 0 a ©

a

2a-y

Ofa[%l ydy+ja [x;l y dy

0



1 2
1
f y*dy + Ef [4a’y — 4ay® + y®] dy
0 1

2

+_

_aly? * 1[4a?y?  4dayd  y*]*
2 3 4 a

a3 N 1[16a* 32a* N 16a* (4a* 4a* N la*
3 2 3 4 2 3 4

~ 4[1+1<96—128+48 24—16+3)]
B 12 12
1 51 3
N T [ g
-4 [6+24] g’
W NaFx?

Change the order of integration in f f x%dydx and then evaluate it.

0 0
Solution:
The limits are
x=0tox=a
b xZ 2
y=0toy =a\/a2 — x? :>;+Z—2= 1is an ellipse
Change the order of integration
The limits are
a
x=0t0x=z b?> —y?2,y=0toy=»>b
yZ
ﬁ =1




a gaz_xz b %Vbz_yz

f f x?dydx = f f x2dxdy
o 0 o 0
b
of

Puty =bsinf = dy = bcos0 db

= b2 y2
X
l 3b3f [va—y @

Wheny =0=bsin0 =0=06=0

T
y=b:>bsin9=b:>6=5

3

a

n

: 3
=mf [\/b2 —bzsinZH] b cos 6 db
0

2
4-

V3 s
2

=a3b4f [Vl—sin2 9]3c059d0 3j [\/cos2 ] cos 6 dé
0 0

[ 2 ]
| n—-1n-3 1nx |
] cos"0dO = . .—.— when n is even
l n n-27272
0
a%az_xz
3

f f xzdydxznab

16
0 0

> dxdy and hence evaluate it.

a a
X
Change the order of integration inf f >
X
0y

Solution:
The limits are
x=ytox=a

y=0toy=a



Y y=a

Change the order of integration X
The limits are /\A y=x

(a,a)

x=0

x=0tox=a

—» X =a
y=0toy =x " >y
a a a x (0,0) y=0

x
f J.x2+y2dxdy =J. f 77 > dydx
0y 0 0
a 1 x a a
s s
= f x [—tan‘lz] dx = f tan~'1dx = —f dx =—[x]§ =—a
X xlo 4 4
0 0 0
1 2—-x
By changing the order of integration evaluate j j xy dydx .
0 x2
Solution:
y
The limits are 4 y = x?
x=0tox =1
y=2-x
y=x*’toy=2-—x
(1,1)
To find the point of intersection x=1
2 _ 9 _ 2 _ 9= > X
X 2—-x>x"+x—-2=0 (2’0\)\
-1+v1+8 —-1+3
X = = = —2,1
2 2

sx=1=>y=1

Change the order of integration

The area of integration is divided into two regions ABC and BCD.
The limits of the region ABC are

x=0tox = \/;

y=0toy=1

The limits of the region BCD are

x=0tox=2-—y

y=1toy =2



2|3 2| 2 3 4
117 1116 32 16 (4 4 1 1 1/96-128+48 24—-16+3
e B
2131 212 3 4 2 3 4 6 2 12 12
_1+5_3
6 24 8
Change of Variables

Express j j f(x,y)dxdy in polar co — ordinates.
0 0

Solution:

A

jo jof(x,y)dxdy =J fg(r,@)rdrd@
0 0 0 0

Va2-x2

a
. dxdy . .
Transform the double integral f f > > > into polar co — ordinates
0 Voo VE T Y

and then evaluate it.
Solution:

The limits are



x=0tox=a
y=+ax —x?toy =+a*— x?

y=+vax —x2=y?=ax—x?..(1)

:>y2=—<x2—ax+%2—(%)2>

2 2

= (x — %) +y? = (%) is a circle with centre at (%, 0) and radius%

y=+a?—x%2>y%=q?—x?

= x? +y? =a?..(2) is a circle with centre at (0,0) and radius a

y = [a2 — x2

—<

Putx =rcosf,y =rsinf in (1) & (2),we get
y? =ax —x%?=>r?sin?0 = arcos —r? cos? 6
= r2sin?0 +r%cos?0 =arcosf >r? =arcosf >r =acosb
x2+y2=a?>r%cos?0+r?sin?f=a’=>r’=a’>>r=a
dxdy = rdrd6
The limits in polar co-ordinates are

r=acosf tor =a

0=0to0 ==
= 0 =3



w/aZ_xZ

: dxd : drdo :

a
| | ==~ | ==~V _,
0 v VYT T 0

acosf

VA

7 T
[0+\/a2—a2c0529]d9=af [sin@]d [—cosH]g=a.

0

Il
o"‘wl:‘

o oo

By changing to polar co — ordinates, evaluate f f ex2+y2dxdy.

Solution:
The limits are
x=0tox =00
y=0toy =
Putx =rcosf and y =rsinf
x2+y2=71r2c0s?0 +r?sin? = r?
dxdy = rdrd6
The limits are

r=0tor =00

0=0to0 ==
= o =3

s
© o 2 o
f fex2+y2dxdy =.f fe‘rzrdrde
0 0 0 0

dz
Putz=r2=~dz=2rdr=>7=rdr

whenr=0=>z=0r=0=2z=0w

s VA s
2 o 1 2 1 2 | =m
L ()
= Z—d9—— —e Zlpdo == | do==[0]2 =~
[ S0 =3[ meigan=5 [ ao =101 =]
0 0 0 0
2.,2
By transforming into polar coordinates, evaluate f f dedy over that annular



region between the circles x? + y? = a? and x* + y? = b%,(b > a).
Solution:

Putx =rcosf and y =rsinf
x2+y?=a’>r?cos?f+r?sinff=a*=>r’=a’>r=a

x2+y2=b*>r%cos?0+r?sin=b*=>r2=b>=>r=>»

dxdy = rdrd6
The limits are y
4 _
r=ator=»> r=»n
0=0tobB =27 r=a
2t b

ff x2y? dxd _.f f r*cos? 0sin? 6 drdo

X2+ y2 Y= 72c0s20 +r2sin20 AW

0 a
> x
2t b b
r* cos 951n 6 r3sin? 260

=.f f rdrd0 —f f—drd@

0 a a
— _ =2 — )
—4f l4l sin- 260 d6@ j sin- 26 d6

0 a

2T 5

_b4—a4j a 46)d0 _b“‘—a“[e sin 46 "_b4—a4[2 !
BREY) cos REY) 4+ |, ~ 32 7

0

x2y? T
¥ _ 4 _ 4
ﬂx yzdxdy—16(b a*)

Volume Integral

x+y

1y
Evaluate f f f dzdydx
000

i

X+ 1y 1y y
j dzdxdy = jj[ XY dxdy = Jf [x + y] dxdy = fl—+xyl dy
0 00 00



1
2 3 31t
(1P ye|ay = | 2L L
_”2+yldy_l6+3l 67372
4 0
111
Evaluate f f f (x +y +z)dzdydx
000

Solution:

11 1
ff(x+y+z)dzdydx=f
00 0

1
x2 11 1 1 y 1
—+xy+sx dy=f[—+y+—]dy=J[1+y]dy= y+=| =1+5=
2], 2 2 , 2 2

o0 .
—
s
N
+
<
N
+
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IS Y
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I
<
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O\H
=
+
<
+
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e
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=
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<
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2
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2 3 3
Evaluate f f f (x —y + z)dzdydx
121

Solution:

233 2 3 5
VA

fff(x—y+z)dzdydx=ff[xz—yz+7

12 1 1 2

2

1f

3

dxdy
1

23
9
[3x—3y+ ] [x—y+2] dxdyzjfo—2y+4 dydx
12

N\w

2

dx—f{ 6x—9+12] — [4x—4+8]}dx—f[2x—1]dx
2 1

2xy — 2—+4y

2
f
x? 2
=[27—x] =4-2-14+1=2
1
21

Vs
4 a
Evaluatef ffrz sin 6 drdfdé
0 0 O

Solution:
21 21 a a

:, : 3
OJ_OfofrZSlnG drdfdd = fd(bfsmedebf r2dr = [¢]§"[— cos O]F [3]

0



_, T cos0 a3 _27'ra31 1
= Tl.'[ COSZ CoS ] ? = 3 \/_E]

2 y: Z?
Find the volume of the ellipsoid — +— +— = 1.

a? b%2 ¢z
Solution:

To find the limits:
z? x? ¥ x* ¥ X2 y?
C—2=1—<;+ﬁ>$22=C2<1——2—ﬁ>=>2=i(: 1—;—ﬁ

Putz =0,y =0in (1),

2

X 2 2
—=1=2>x“=a“=>x=+a
aZ

The limitsof xarex = —atox =a

. x? x2

The limits ofyarey = —b l—gtoyzb 1—?
x2 yZ xz yz
The limits ofy are z = —c 1—;—17—21'02:6 1_?_ﬁ

Volume = f f dxdydz
2

x x2 y2
a b\/l a? C\/l a? b?

= j j ] j_ _ dzdydx




Z 2 2
1—— 1-2 Y 1——

a aZz b2z
=8 f f f dzdydx = f f (z) “2 bzdydx
0 0
ab 1_2_2 ab 1—2—2
—sf f 1 xz yzdd—&f f p2(1-%) 2 dya
- b2 y X = b az y y X
0o 0 0 0

8¢ ab2(1—2—2> b[1- ¢ 2
e I N e S M dx=4bcf 1—2)sin (1) dx
b 2 2 a?
0 b 1—? 0
a a
—4bf1x2ndd—2bf1x2d
= 4bc 2|7 dydx =2mbc prl
0 0

- x3\* oh a Zb( a)_4nabc
= 2mhc | x 3a20—nca 3z ) = 2mhe(a—3)=—

Find the volume of the sphere x* + y* + z> = a®.
Solution:

To find the limits:

x*2+y2+z2=a?..(1)

2= —x2_y2=z=+JaZ —x%—y?
Putz = 0in (1),

x2+y2=a2=>y2=a2—x2:>y=i/az—xz

Putz =0,y =0in (1),
x2=a’2=>x=+a

The limitsof xarex = —atox =a



The limits ofyarey = —~Ja? —x%?toy =+ a? — x?
The limits ofzare z = —\/a? — x?> —y?toz =/ a? — x? — y?
Volume = f f dxdydz

Vaz—x2 +a?-x?2-y?

([ [ e

—a —\q2—x2 _\/az_xz_yz

avaZ—xZa?-x?-y? ava?-x?
= 8J. .f .f dzdydx = 8[ f (Z)Oaz_xz_yzdydx
0 o0 0 0 o0
Vaz-x2

a
8f \/mdydx
0
a
J!
0
a

a2 — x2 a? — x?
= 8f sinT! —— dx = 4f(a2 —x?)sin71(1) dx
0

o

2 ,/az_xz
a®—x* y
sinTt ——— dx
0

2 Vaz = x2

2

a2_x2_y2+

RS

Y
2

2 Vaz = x2

0

a a
= 4J(a2 —xz)E dydx = 2nj(a2 —x?) dx
0 0

2
g X x3\* ) s a3 4ma3
=2rn|la’x——| =2nla®——]|=
3 o 3 3

Find the volume of the tetrahedron bounded by the planex+y+z =1

and the coordinate planes.
Solution:

To find the limits:
x+y+z=1..(1)
z=1—x—y

Putz = 0in (1),



x+y=1=>y=1-—x

Putz =0,y =0in (1),

x=1

The limitsof xarex=0tox =1
The limitsofyarey =0toy=1—x

The limitsofyarez=0toz=1—x—y

Volume = J. f f dxdydz

11-x1-x-Yy 11-x 11-x
= j f f dzdydx = j f (2)g Y dydx = j j (1 —x — y)dydx
0 0 0 0 0 0 0

1 le 1
(1—-x)?
fy xy—— fl—x—x(l—x)—T dx
0 0
1
1—2x + x?
=f 1—x—x+x2—f dx
0
1 1
]1—2x+x J 1 2x2+x3 _1(1 1+1>—1
AN Y Y 3) "6
0

Evaluate ] j ](x + y + z)dxdydz where the region V boundedbyx+y+z=a
4

(a>0),x=0,y=0,z=0.
Solution:

To find the limits:
x+y+z=a..(1)
z=a—x-—Yy

Putz = 0in (1),

X+y=a>y=a—x

Putz =0,y =0in (1),



xX=a
The limitsof xarex =0tox =a
The limitsofyarey =0toy=a—x

The limitsofyarez=0toz=a—x—y

[ [ [oc 3+ rtyes - f

-xa—x-y

X
f (x +y+z)dzdydx
0

o Q

X

aa— 72 a-x—y
=ff (xz+yz+ > dydx
0 0 0
aa—x 2
=jj <x(a—x—y)+y(a—x—y)+#)dydx
00
aa—x
a’ + x% + y? — 2ax — 2ay + 2xy
=ff <x—x —xy+ay—xy—y*+ > >dydx
00
aa—x aa—x
:ff <a —x —y _ny>dydx=%ff (a? — x? —y2 = 2xy)dydx
00 00

3
a—x
a —azx—x2a+x3—%—azx—x3+2ax2>dx

a
1 a—x)3 1 2a%x?2 (a—x)* ax3\”
=§J a® —2a%x ( 3) ax2>dx=§<a3x— 5 +( 12) + 3>
0 0
1 a* a* a*
— 4 _ 4 —_— ) —
_2<a “r3 12) 8

Find the volume bounded by the cylinder x* + y? = 4 and the planes y + z = 4 and
z=0.

Solution:



To find the limits:

y+z=4..(1)

z=4—y

x2+y2=4..(2)
yl=4—x2y=+44—x2

Puty = 0in (1),

x> =4=>x=42

The limitsof xarex = —2tox = 2

The limits ofyarey = —J4 —x?toy = V4 — x?

The limitsofyarez=0toz=4—y

Volume = f f dxdydz

2 Va—xZ4-y 2 Va—x2 2 Va—x2
f f f dzdydx = f f (z)0 Ydydx = f f (4 — y)dydx
-2 \4—x2 0 -2 \a—x2 -2 \a—x2
2 Va—x2 2 Va—x2
= f f 4 dydx — f f y dydx
—2 _a—x? =2 _a—x?
2 Va—x2

=2 J j 4 dydx — 0 [Since y is odd function]

2 2
=8f(}’)o4_x2dx=8f 4—x2dx=16f 4 — x2 dx
22 0

X 4 X\ O\
_ - 24 _cin—1(Z
=16 (2 4 — x% + 2sm (2) )0

32m
=16(2sin"1(1)) = — = 16m

Evaluat fﬁ dzdydx here V is the region bounded by x = 0,y = 0
valuate ) (x+y+z+1)3'w ere 1S ereglon ounde yx— ,y— )

z=0andx+y+z=1.



Solution:

To find the limits:
x+y+z=1..(1)

z=1—x—y

Putz = 0in (1), we get

y=1-x

Putz =0,y = 0in (1), we get

x=1

The limits are

x=0tox=1

y=0toy=1-—x

z=0toz=1—-x—-y

11-x1-x-y

jﬂ dzdydx B j j j dzdydx
(x+y+z+1)3 (x+y+z+1)3
v o0 o0
[ e
B —2(x+y+z+ 12

00

1-x

N 1
f 2 +y+1—x—y+1)2 —2(x+y+1)2
0

1
0
1-x 11-x

]J :—222)2_—2(x+1y+1)2: dydx:jj [—i8+2(x+
0 0 0 0

dx

_1 1-x7
+_—
2[x+y+1]0 ]

1
_1'1(1 )+1- —1 —1 ]d
=Y Y T k1 —x+1 x+vo+1 |
|
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L e2 —los1 = Slogz - =
T 16 a4 208471081 T5l0BLT L

dxdydz . . . .
Evaluate fff \/1 > > > for all positive values of x,y,z for which the integral is real.
—x?—y?—z

Solution:

The integral is real for x* + y? + z2 < 1..(1) forx >0,y >0,z >0
To find the limits

22<1—x2—y?oz<+J1—x2—y2

Putz =0in (1)

y2<1-x2 2y <+/1—x2

Putz=0,y=0in (1)

x¥?<1=x<+1

The limits are

x=0tox =1

y=0toy =Vv1— x?
z=0toz=,1-—x%2—y2

J‘ dzdydx
. \/1 — x2 — yz — 72

1 - 1V1-x2

J1—x%2—y?

= f f sin™?! — -sin™1 0| dydx = f f [sin~11 ]dydx
o o L Vi=x"—y 0 0

1

1 1 1

T T — T T[Xx 1

EJ j d =§j 1_x2dx=5f\/1—x2dx=5[§ 1—X2+§Sil’l_1x]0
0 0 0 0

N R
[

1+1 in"11 [0+1 i ‘10]
2Slrl 2Sll’l



_n[ln _nz
21221 8

log2 x x+logy

Evaluate f f f e Y 2 dzdydx
0 0 0

log2 xx+logy log2 x x+logy

fff ex“’”dzdydx:f ff e*eYe?dzdydx
0 0 0 0 0 0

log2 log2 x

exey[ez]gﬂogydydx — f fexey[exﬂogy _ eo]dydx
0 0

Il
0\0‘%
OVSX

—

Il
O\Q%
O‘SN

log2 x

e*eY[ye* — 1]dydx = j j[yezxey —e*eY]dydx
0 0

log2 log2
= f [e2*{yeY — eY} — e*e?|3dx = f [e?*{xe* — e*} — e¥e*] — [e?*(—1) — e*]dx
0
log2 log2
= f [xe3% —e3% — e2* + e?* 4+ e*]dx = j [xe3* - e3* + e*]dx

o
o

B log2 e3log2 e3log2 e310g2 N Y, [0 1 1 N 1]
- 3 (8 93

3 32
log2 23 23 1 1
=23 42441 .+ galogh — pa
3 32 3 973 e }
8 19
—39%°7

Evaluate j f f x%yzdxdydz taken over the tetrahedron bounded by the planes

=0,y=0,z=0 dx+y+z—1
x=0,y=0,z=0an ctyto=1

Solution:

To find the limits:



A e
- —=1..(1

S

Z=C(1—§—%)

Putz = 0in (1), we get

y=b(1-)

Putz =0,y = 0in (1), we get
xX=a
The limits are

x=0tox=a

y=0toy=b(1—§)

z=0toz=c(1—{ —X)

a b
18
jﬂ x2yzdxdydz =j j

£-p)

a
f x%yzdzdydx
0
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A circular hole of radius b is made centrally through a sphere of radius a. Find the
volume of the remaining sphere.

Solution:

(V;)  Volume of the sphere of radius 'a’ —

1 fth ini h =
Volume of the remaining sphere V {(Vz) Volume of the circular hole of radius 'b’

Volume of the circular hole of radius ‘b’ is the volume of the cylinder of radius ‘b’ and
height 2a.

To find the limits of V/;:
x2+y2+2z2=a”..(1)

22=a?—x?2—y?=z=+Ja? —x2 —y2



Putz = 0in (1),
Xtyl=a?sy’=a’—x’>y=+ [a2 — x2

Putz =0,y =0in (1),

x’=a’=>x=+a

The limitsof xarex = —atox =a
The limits ofyarey = —+a? —x?toy =+ a? — x?
The limits ofy are z = —/a? —x? —y? toz = /a? — x? — y?

V= j ] dxdydz

a2—x2 _y2

a Vva?-x2
= f f f dzdydx

—a —\q2—x2 _\/az_xz_yz

2_,2_2
ava?-x2yas—x<-y avaz—x2

=38 f ] ] dzdydx = 8 f j @Y T dydx
0 0 0 0 0

ava?-x2
=8J ] Ja? —x? —y? dydx
o 0

ay YR y Vaz—x2
2 a2 — 52 _ 2 in=1 2
8[(2 as—x<—y-+ > sin m)() dx
0
a
_8Ja2_x2 1/a2_x2
0

a

-1 — 2 A2 sa—1

5 sin —m dx 4J(a x*)sin~'(1) dx
0

a
=4J(a2—x2)% dydx = 27Tf(a2—x2) dx
0

_, ) x3a_2 s a3 _4na3
=2 | a’x 30—na 3 )=

To find the limits of V,:



The equation of circle of radius b is
x2+y?=0b%..(2)
y2:b2_x2:>y:i /bZ_xZ

Put y = 0in (2),

x2=b?=>x=1+b

The limitsof xarex =—btox =b
The limits ofy arey = —yb? —x2toy =\ b? — x?
The limitsofzarez=—atoz=a
v, = fff dxdydz
b Vb2-x2 a
= f f dzdydx
-b _\p2—x2 —a
bVb2-x2 a b Vb2 —x2
= 8[ j jdzdydx = 8f j (z)5dydx
o 0 o0 0 0

b

a b
x b? x
=8af b? — x? dx=8a<§\/b2—x2+7sin‘1—>
5 0

b? 4ab’*n

v, = 8a75in‘1 1= = 2mab?

4
V= §na3 — 2mab?



