Differential calculus

Radius of curvature in Cartesian coordinates
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Find the radius of curvature at (7, 7) on the curve x° + y° = 3axy

x3 +vy3 =3axy..(1)

Differentiating (1) with respect to x, we get
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p = (Since radius cannot be negative)
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Find the radius of curvature of x2 + y2 = a2 at (Z Z)
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Find the radius of curvature of xy = ¢? at (x,y)

xy =c?..(1)

Differentiating (1) with respect to x, we get
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Find the radius of curvature of y?> = 4ax at (at?,2at)
y? = 4ax ...(1)

Differentiating (1) with respect to x, we get
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Find the radius of curvature of (E) + (E) =1at(xy)
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Differentiating (1) with respect to x, we get
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Radius of curvature in Parametric form

IFx = f(t),y =g(t)

Radius of curvature p =

(F)2+ (g)D)3
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Find the radius of curvature of x3 + y 3
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The parametric formis x = acos® 6, y = asin® 6 ... (1)

dx
f' == =3acos?H(—sinf) = —3acos? 6 sinb
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p = —3acosfsinf

p = 3acosfsinf (Since radius cannot be negative)
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Find the radius of curvature of y? = 4ax

The parametric formis x = at?,y = 2at ...(1)
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3
p = 2a(t? + 1)Z (Since radius cannot be negative)
Find the radius of curvature of x* = 4ay

The parametric formis x = 2at,y = at? ...(1)
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Centre of Curvature in Cartesian form:

T = y1(1+ (y1)?)
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Circle of curvature
(x =X+ @y -Y)=p?
Find the circle of the curve xy = c?at (c, ¢)
xy =c?..(1)

Differentiating (1) with respect to x, we get
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The center of curvature is (2¢, 2¢)
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The circle of curvature is given by

=2c

(x=X)?+ (y—Y)* = p?
(x —2¢)? + (y — 2¢)? = 2¢?
Centre of Curvature in parametric form:
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Find the equation of the evolute of the curve x3 + y3 = a3

Solution:

The parametric formis x = acos® 6,y = asin®6 ...(1)

dx
X = 20 3acos?0(—sinf) = —3 acos? O sinf
. dzx 2 B : 3 in2
X = 02" —3acos” B cosf —6acos8(—sinf)sin @ = —3acos® 6 + 6acos b sin” 0
y = & —3asin?6cos
do
.o dzy . 2 . . . 3 . 2
y = 02 3asin“ 8(—sinf) + 6asinf cos 8 cos 8 = —3asin® 6 + 6 asin 8 cos” 6
- y((0)* + ()?)
X=x-
Xy — yx
s 3asin? 6 cos O ((—3acos?0sinB)? + (3asin? 6 cos 0)?)
= acos® 6

B (—3acos?0sinf)(—3asin3 6 + 6 asin 6 cos?8) — (3 asin? O cos 8)(—3acos? 6 + 6 acos 6 sin? 6)

3 asin? 8 cos O (3% a?cos* 6 sin? 6 + 32 a®cos? O sin* 6)
(9a? cos? 0 sin? ) (sin? 0 — 2 cos? 6 + cos? 6 — 2sin? 0)

=acos3 0 —

(3asin? 8 cos 8)3%a? cos?  sin? @ (cos? O + sin? 9)
(9a? cos? 0 sin? 8)(—sin? 8 — cos? 0)

=acos30 —

(3asin? 6 cosh)
—(sin? 6 + cos? )

=acos36 —

X =acos®8 +3asin?6cosf
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—3acos?0sinf ((—3 acos? 8 sin 8)? + (3 asin? G cos 0)?)

= asin3 6
asin® 0 + (—3acos? 0 sin0)(—3asin3 8 + 6 asin B cos? 8) — (3asin? 0 cos 8)(—3acos3 6 + 6 acos 6 sin? 9)

—3acos? 0 sin 8 (3% a%cos* O sin? 8 + 32 acos? O sin* 9)
(9a? cos? 0 sin? 0)(sin? @ — 2 cos? 6 + cos? 6 — 2sin? )

= asin® 9 +



(—3 acos? 8 sin 8)3%a? cos? 6 sin? 6 (cos? 8 + sin? )
(9a? cos? 0 sin? 6)(—sin? 8 — cos? 0)

= asin® 0 +

(=3 acos? 6sin 9)

— acin3
= asin® 6 +
—(sin? 6 + cos? 6)

Y = asin®6 + 3acos?Osinf

X+Y =acos®6 +3asin?0cosf + asin® 6 + 3acos?Osinb

_ _ o _1 1
X+Y =a(cosf +sinh)3= (X +Y)3= a3(cosf + sinh) ...(2)

X—-Y =acos®6 +3asin?0cosf — asin® 6 — 3acos? O sinb

_ _ _ 1 1
X—Y =a(cosf —sinh)3 = (X —Y)3= a3(cosf — sinh) ...(3)
(2)? + (3)? gives
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X+Y)3+(X—Y)3 =a3(cosf + sinf)? + a3(cos § — sin H)?
2
= a3(cos? 0 + sin? @ + 2sin B cos O + cos? O + sin? @ — 2sin O cos )
N W AN A 2
X+Y)34+(X—-Y)3=2a3..(4)
The locus of (4) is the evolute of the given curve
2 2 2
(x +¥)3 +(x — )3 = 2a3
Find the equation of the evolute of the curve y* = 4ax.
Solution:

The parametric formis x = at?,y = 2at ...(1)
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2at)(0) — Ca)(2a) (2a)?

X =at?+2a(t? +1) = at? + 2at? + 2a = 3at? + 2a
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Y = 2at — 2at(t? + 1) = 2at — 2at® — 2at = —2at?

Y =-2at3=> Y =t3=t= oy (3)
= —2a 3 ==/ -

The center of curvature is (3at? + 2a, —2at?)

From (2) and (3), we get
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Y \3 (X —2a)\?
—2a) 3a
Raising the powers with 6 on both sides, we get
¥\ (X-2a\° 7 (X-20)°
= = =
—2a 3a 4q? 27a3

27a7°= 4 (X - 2a)°

The locus of (4) is the evolute of the given curve

27ay’=4 (x — 2a)°
Find the equation of the evolute of the curve x? = 4ay.
Solution:

The parametric form is x = 2at,y = at? ...(1)
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X = 2at — 2at(t?> + 1) = 2at — 2at® — 2at = —2at?

X = 2at

X =-2at®= X =t3=>t= Xy (2)
= —2a o= =\=z)
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Y = at? + 2a(t? + 1) = at? + 2at? + 2a = 3at? + 2a

_ Y —2a Y — 2a\2
Y — 2a = 3at?> =t’=>t= ~(3)
3a

The center of curvature is (—2at3, 3at? + 2a)

From (2) and (3), we get
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Raising the powers with 6 on both sides, we get
X\ (YT-22\° X (¥-20)°
= = =
—2a 3a 4q? 27a3

27aX’= 4 (¥ - 2a)°

The locus of (4) is the evolute of the given curve
27ax*=4 (y — 2a)°
Find the equation of the evolute of the curve xy = c?.

Solution:
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The center of curvature is (£ (3t + %) ,5 (t3 + E) )
2 t3/)72 t

_ _ C 1 3 c 3 1 c 1
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t3 2 t
1
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(2)% — (3)? gives



X +7)5— (X —7)5 = 5)
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. _ 2 ] C\3
(X+4qs—(X—403=4(§)
. I — 2
X+Y)3—-(X—-Y)3 = (4c)3
The locus of (4) is the evolute of the given curve

(x+9)3 — (x - y)3 = (40)5
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Find the equation of the evolute of the curve Pyl + RO, 1

b2
Solution:

The parametricformisx = acos@,y =bsin 6 ..(1)

. dx .en_ﬁx_ 9o Y _, gu_d@_ b sin g
X=_g=-asing,i=—m= —acosb,y= -5 =bcos8,j =5 =—bsin
= ()2 + ()2
X=x- —
Xy — yx
b cos 0 ((—asin8)? + (b cos 6)?)
=acosf — - .
(—asin8)(—bsinf) — (bcosB)(—acosh)
3 0 b cos 0 (a? sin? 8 + b? cos? 0)
- acos ab sin? 6 + ab cos? 6
b cos 0 (a? sin? 8 + b? cos? 0)
=acosO —

ab (sin? 6 + cos? 0)

=acosf —
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/-~
~
&+ | =
—
|
~
|
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—
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/-~
I
| =
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cos 0 (a®sin”* § + b? cos? §) _ a® cos 6 —cos O (a*(1 — cos® §) + b cos® 6)

a a

X =

a’ cos @ —a’cos 0 + (a* cos® @ — b?cos® @)  (a® —b?)cos® b

a a



_ 1
aX

_ aX 3
aX = (a® — b*) cos® 6 =7 = cos® = <a2 — b2> =cosf ...(2)

(R C)P
IR

—asinf ((—asin8)? + (b cos6)?)

=bsinf + (—asin8)(—bsinO) — (b cos 8)(—a cos )

asin 6 (a?sin? 0 + b? cos? 0)
ab sin? @ + ab cos? @

=bsinf —

asin 6 (a? sin? 0 + b? cos? 0)
ab (sin? 6 + cos? 0)

=bsinf —

sin@ (a®sin”* @ + b? cos? ) _ b*sinf — sin 0 (a”sin” 6 + b*(1 — sin® 9))
b B b

=bsinf —

b? sin 6 —a’sin® 6 +b? sin § +b*sin®* 6 —(a*> — b?)sin® 9
b - b
1

_ —bY —bY \3
bY = —(a? — b?)sin® 0 :>a2 i sin3 0 = <a2 — b2> =sinf ...(3)

~l

(2)? + (3)? gives
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aX \3 —bY 5 -
b2 + b2 =cos“f+sin“0 =1

(@X)? +(b7)F = (@® — b2)3 .. (4)
The locus of (4) is the evolute of the given curve
(ax)3 +(by)3 = (a? — b?)3
Find the equation of the evolute of the curve x = a(0 — sin @),y = a(1 — cos 0)

Solution:



x=a(@ —sinf),y =a(l—cosB) ..(1)

. dx (1 9).._d2x_ o W .9.._d2y_ 0
x=_s=a cos0),% =7 = asing,y= -5 =asinb,j=—5=acos
_ (2 + (A
X=x-
Xy — yi
. 2 .
asin @ ((a(l —c0s8))” + (asin 9)2)
=a(f —sinf) — - -
a(l—cosB)(acosB) — (asinf)(asinh)
_ asin @ (a? + a? cos? 6 — 2a? cos 8 + a?sin? 0)
=a(f —sinf) — :
a? cos 8 —a? cos? 6§ — a?sin? 6
_ asin@ (a? + a? — 2a? cos 0) ] asin@ (2a? — 2a? cos 9)
=af—asinf — =af—asinf —
a? cos 6 —a? a? cos 6 —a?

2asin @ (a? cos 0 —a?)
a?cos 6 —a?

=af—asinf + =af—asinf + 2asinf

X = af+asinb ..(2)

o H@2 T )Y
IR 7

a(1 - cos 8) ((a(l — cos 9))2 + (asin 9)2)
a(l—cosB)(acosB) — (asinB)(asinb)

=a(l—cos0)+

a(1l —cos 8)(a? + a? cos? 6 — 2a? cos 6 + a? sin? 0)

=a(l— 0) +
a( cos ) az coS 9 _aZ COS2 9 - az Sinz 0
a(l—cos8)(a?+ a® —2a%cos 6
=a(l—cosH) + ( X )

a? cos 6 —a?

a(1 — cos 8)(2a? — 2a? cos )
=a(l—--cosH)+
a? cos 0 —a?

2a(1 — cos 8)(a? cos 8 —a?)
a? cos 6 —a?

Y= —a(1l—cos6)..(3)

=a(l—--cosH)— =a(l—-cosB)—2a(l—cosh)

The locus of (2) and (3) is the evolute of the given curve

x= af +asinf,y = —a(l — cos6)



Envelope

ax by
cos0 sinf

Find the envelope of the straight line a’ — b?> where '0'is the

parameter.
Solution:

ax by

— A2 _ K2
cos0 sing * b™...(1)

ax sec @ — by cosec 6 = a? — b? ... (2)

Differentiating (2) with respect to 6, we get

ax secOtan 6 + by cosec 6 cot@ = 0 = ax secf tan 8 = —by cosec 6 cot 6
6 tan @ b L tan 0 b in 0 b
secH tan o< 0 sin
_=__y=>—COSH =——y : tan 9tan0=——y
cosec 6 cot @ ax 0 ax cosf ax
sing Ot
b b 3
tan30=——y:>tan0=( 2 = };p
ax (ax)3 adj
b 1
0 0 —by)3
Sin g = —op a4 (=) (3

hyp ~ 0 2+ad'2= 2 2
VopprHadi® 0%t axt

1
adj adj (ax)3
hyp  Jopp? + adj?

(d)

cosf =

- 2 2
J (—by)5 + (ax)3
Substituting (3) and (4) in (1), we get
ax by
1 1
(ax)3 (=by)3

Jebiv @} byl + @

(@05 by + (@05 + (—by)h (oby)F + (@)} = a — b?



(@)% + b)) b + (@) = a2 - 12

3

((ax)é + (—by)%)E =a?—-b’> (ax)é + (—by)% = (a? - bz)é

2 2 2
(ax)3 + (by)3 = (a* — b*)3 which gives

the envelope of family of given curve

+

Q=
S

Find the envelope of the straight line = 1 where the parameters ‘a’ and

‘b’ are related by the equationa + b = c.

Solution:

+Z=1..(1)

Q=
Sal

a+b=c=>b=c—a..(2)

Substituting (2) in (1), we get

X Y
a c—a

=1

(c—a)x+ay=alc—a)=a’*+(y—x—cla+cx=0

The above equation is quadratic in a.
HereA=1,B=(y—x—¢),C =cx
B?—4AC =0

(y—x—0)2—4cx=0=> (y—x—c)?>=4cx> (y—x—c) = Vacx
y=x+c+2ViVe = y=(a+ve) =+ [y =Va+e
\/§+\/;= V¢ which gives the envelope of the family of curves.

x
Find the envelope of the straight line a + % = 1 where the parameters 'a’ and



'b’ are related by the equation ab = c?.

Solution:

=1..(1

QIR
W‘I‘<

c
ab=c?=> b=—..(2)
a

Substituting (2) in (1), we get

Q=

cix+a’y=ac?>a’y—ac*+c*x=0
The above equation is quadratic in a.
HereA =vy,B = —c?,C = c*x

B2 —4AC =0

(=c®)?2—4c?xy = 0= ¢* = 4c?xy = 4xy = c?

4xy = ¢? which gives the envelope of the family of curves.

2 2

Find the envelope of the ellipse — + i 1 where the parameters 'a’ and

'b'are related by the equation a? + b? = ¢?.

Solution:

xZ yZ
Stir=1.(

a’+b?=c?..(2)
Differentiating (1) and (2) with respect to a, we get

2x%2  2y?db 2x%2  2y%*db db b3x?
A SN S S N e

as b3 da a3 b3 da da y2ad

2a+2b P 0P 2y
AT T " "4 T



From (3) and (4), we get

xZ 2 2 2

X
b3x? a x* y* .z & ﬁ"‘%l_z 1
V@S TR @ T W T hr s arpr s @urom(Dand (@)
xz 1
e C—2:>a4 =c*x?=a’ = cx ... (5)
yZ

1
— = —=>b*=c?y?=b?=cy..(6)

Substituting (5) and (6) in (1), we get

X2 y?
—+—=1>x+y=c
cx ¢y

x + y = ¢ which gives the envelope of the family of curves.

Evolutes as the envelope of the normal

Find the equation of the evolute as the envelope of the normal of the curve

2 2
x3+y3=a

wIN

Solution:

The parametric formisx = acos3 0,y = asin30 ...(1)

dx— 3 ZH'Qdy—3 in%6 0
7g = —3acos*fsin6,—- = 3asin®fcos
dy . .

_dy gJg _ 3asin®fcosf  —sind

M= dx " dx  —3acos?sinf _ cosb

do

Equation of normal is given is by

Y=Y = _E(x_xﬂ

y —asin30 = — —<n 0 (x —acos®0)
cos 6@
cos 6@
y —asin30 = (x —acos30)

sin @



ysind —asin*@ = xcos 0 —acos* @
ysin@ —asin*@ —xcosO +acos*0 =0
ysin® —xcos 0 + a(cos*§ —sin*9) =0
ysin@ — x cos 6 + a (cos? 6 — sin® 0) (cos? 6 + sin* ) = 0
ysin@ —xcos 8 + a(cos?6 —sin?6) =0
ysinf —x cos § = —a (cos? 0 —sin?9) ... (2)
To find the envelope:
Differentiating (2) partially with respect to 6, we get
ycosfO +xsinf = —a (—2cos 0 sin@ —2cos 0 sin 0)
ycosO + xsinf = 4acos 0 sinf ...(3)
(2) X cosB — (3) x sin0, we get

ycos@sinf —xcos?60 —ycosOsinf — x sin? 0
= —acos3 0 + acosBsin?6 — 4acos 0 sin® 6

—x (cos? 0 + sin®0) = —a cos® 8 — 3acos 0 sin* 0
x = acos360 + 3acos 0 sin’ 6
(2) X sinf + (3) X cos 6, we get

ysin?6 — xcos@sin@ + ycos? 0 + x cosfsinf
= —asinf cos? 0 + asin® 0 + 4acos? G sin b

y (sin? 8 + cos? 0) = asin® 0 + 3acos? 6 sin 6
y = asin® 60 + 3acos? 0 sin 6
x+y=acos®>6 +3asin?6cosf + asin®>6 + 3acos?fsinb
x+vy=a(cos +sinh)3 = (x + y)%: a%(cos 0 + sin0) ... (4)

x—y=acos®0 + 3asin® 6 cos — asin® 6 — 3a cos? 0 sin 0

1 1
x—y =a(cosf —sinfB)3 = (X —Y)3=a3(cosf —sinH) ...(5)



(4)? + (5)? gives
2 2 2 2
(x + y)3 +(x —y)3 = a3(cos O + sinf)? + a3(cos O — sin H)?
2
= a3(cos? 6 + sin? @ + 2sinf cos O + cos? O + sin? @ — 2sin O cos )
2 2 2
(x +y)3+(x —y)3 = 2a3
Find the evolute of the parabola y? = 4ax considering it as the envelope of its normals.

Solution:

The parametric formis x = at?,y = 2at ... (1)

dx_z tdy_z
dr ‘Y T
d
_dy_d_}t] 2a 1
M=dx " dx " 2at ¢
dt
Equation of normal is given is by
y=y1=——(x—x)
1
y—2at=—— (x — at?)
7)

y —2at = —t(x — at?) >y + xt = 2at + at® ... (2)
To find the envelope:
Differentiating (2) partially with respect to t, we get

x = 2a + 3at?

x —2a x —2a
- =t2=>( ) —t..(3)
3a 3a

N[

Substituting x = 2a + 3at?in (2)

y + (2a + 3at?®)t = 2at + at?



y = —2at — 3at® + 2at + at® = —2at?
1
:_y =t3 = (_y )3 =t..(4)
—2a

From (3) and (4)

W=

(2 -(52)

Raising the powers with 6 on both sides, we get

y\2 /x—2a\° y?  (x-2a)

(&) - (=) 2"

—2a 3a 4a? 27a3
27ay*=4 (x — Za)3

Find the evolute of the parabola x* = 4ay considering it as the envelope of its normals.

Solution:

The parametric formis x = 2at,y = at? ... (1)

dx_2 dy—Zt
ar e R
d
_dy_d_}t]_Zat_
T dx dx  2a
dt

Equation of normal is given is by

1
y—V1 :_?(x_xl)

1
y — at? =—?(x—2at)
yt —at® = —(x — 2at) > yt — at® = —x + 2at ... (2)

To find the envelope:

Differentiating (2) partially with respect to t, we get

y —3at? = 2a>y = 3at? + 2a



N[ =

—2a —2a
:>y =t2=>(y ) =t..(3)

3a 3a
Substituting y = 2a + 3at?in (2)
(2a + 3at®)t — at3 = —x + 2at
2at + 3at3 — at® = —x + 2at = 2at® = —x
.y

=3 :>(_—2a) =t..(4)

From (3) and (4)

1
2

() - (52

Raising the powers with 6 on both sides, we get

( x )2 (y—Za)3=> x% (y — 2a)°
—-2a

AT 4a?2 2743

27ax*=4 (y — 2(1)3

Find the equation of the evolute as the envelope of the normal of the curve

2 2

X%y

21

Solution:

The parametricformisx = acos@,y =bsin 6 ..(1)

dx 'Qdy—b p
79 — —asin®, =5 = bcos
d
_dy_%_bcose
m_dx_d_x_—asine
do

Equation of normal is given is by



1
Y—¥1 = —E(x—xﬂ

y—bsinf = —m(x—acose)
—asinf
] asin@
y—bsinf = (x —acos @)

b cos @

yb cos @ — b? cos 0 sin @ = xasin@ — a? cos 0 sin 0
ybcos — xasinf + a? cos @ sind — b?cosfsinf =0
ybcos 6 — xasin8 + (a? —b*)cosOsin 6 =0...(2)
To find the envelope:
Differentiating (2) partially with respect to 8, we get
—ybsin — xa cos 8 + (a* —b?)(cos? 6 —sin?0) =0...(3)
(2) x sinfB + (3) X cos O, we get

yb cos0sinf — xa sin>60 —y b cos O sind — xa cos?
+ (a? — b?)cosOsin? O + (a? —b?) cosH (cos?H —sin?h) =0

—ax (cos? 0 + sin? 0) + (a* —b?) cos 6 (sin? 6 + cos? @ —sin? 0) = 0

ax
—ax + (a®> —b?)cos® 0 = 0= ax = (a? —b?)cos3 6 Sz cos3 0

1
(%)3 =cos 0 ...(4)

(2) X cos 8 — (3) x sin®, we get

yb cos? @ —xa cos 0 sin @ + yb sin? § + xa cos 0 sin 6
+ (a? — b?)sin 6 cos? 8 — (a®> — b?) sin O (cos?  —sin?9) =0

yb + (a? — b?)sin @ (cos? 6 —cos?H +sin?9) =0

— win3
=sin° 0
a2_b2

yb + (a? —b?)sin®0 = 0= by = —(a? —b?)sin® 6 =

ST

(az%bybz) = sin6 ... (5)



(4)% + (5)? gives

2
3

2
ax 3 —by B ) L
(az_bz) +(a2—b2> =cos“0+sin“0=1

(@0)F + (by)? = (a? — b?)3



