B.E./B.TECH. DEGREE EXAMINATION, CHENNAI-APRIL/MAY 2010.
TRANSFORMS AND PARTIAL DIFFERENTIAL EQUATIONS(COMMON TO ALL BRANCHES)
1. Write the conditions for a function f(x) to satisfy for the existence of a Fourier series.

i.  f(x)isdefined, single valued and finite
ii. f(x)and f'(x) are piecewise continuous and f(x) has finite number of finite discontinuities
ii.  f(x)has atmost finite number of maxima and minima.
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Given x2 =2 44yx CU in (—
iven x* == n=1"; COSNX in(—m,m)

Here x = 1, an end point, is a point of discontinuity
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3. Find the Fourier Cosine transf

The Fourier Cosine transform of f(x) i

Fc(f(x))=\/§ ff(x)cossxdx=\/§ fe‘a"cossxdx
0 0

—ax 2 a
Fe(e™) = T a?+s?

4. Find the Fourier transform of f(x), show that F(f(x — a)) = e!%F(s).

F(f(x—a)) =\/% ff(x—a)eiaxdx

Put x —a=y Thendx=dy

F(fGe—a)) = % [ reeoa gy



1 [
— eta(y+a) d

S [e e dy
F(f(x — a)) = e'%F(s).(since y is a dummy variable)
5. Form the partial differential equation by eliminating the constants a and b from
z=(x*+a)(y*+b).
Givenz = (x*+ a)(y*+b) — —— —(1)

Differentiating (1) partially with respect to x and y, we get

0z p

e 2012y =~ £ (v2 4 n2y_
Gp =P =2x(7 b7 => o= (y*+b%) (2)
9z _ =2 (x2+a2)=>i= x? ‘ -—=(3
oy 1 Y 2y

Substituting (2) and (3) in (1), we get

b q
= — > = .
Z 22y pq = 4xy

6. Solve the partial differential equation pq

1
=k =>;®andq=;

1
z=fpdx+qu)=kadx+fEdy

=1
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N
Z = ) ky C

7. A tightly stretched string with fixed end points x — 0 and x = lis initially in a position given by
y(x,0) = v, sin® % If it is released from rest in this position, write the boundary conditions.

The boundary conditions are

i. v(0,6)=0,t>0
i. y(l,t)=0,t>0
Ay (x,0) _

iii. =
at

iv.  y(x,0) =1, sin3%,0 <x<l.



8. Write all three possible solutions of steady state two dimensional hear equation.
i. ulx,y)=(AeP* + Be™P*)(Ccos py + Dsinpy)
i. u(x,y)= (Acospx+ Bsinpx)(Ce?Y + DePY)
i. u(x,y)=(Ax+B)(Cy+D)

9. Find the Z- transform of sin nz—”

We know that Z(sinnf) = zsinnd

z2-2zcosO+1

Putd = E,
2

.. nm
Z SIHT A

Z(si TLT[)
sin—) = =
2 22—22005%+1 zZ2+1

10. Find the difference equation generated by y,, = an + b 2™.
Giveny, =an+ b 2"

Vi1 = a(n+ 1)+ b 2" =a(n+1) + 2b2"

Yoz =an+2)+b2"2 =a(n+2)+4b 2
Eliminating a ans b we get

Vn n 1
Yngr nt+1l 2
Yz NF 2 4

=0

Yu(4n+1) = 2+ 2)) = n(@yp41 = 2yna2) + (04 2)Pna — (0 + Dynyz) =0
(M—1D)yp42 +(=3n+2)y,4y + 20y, =0
PART-B
11. a. (i) Find the Fourier series for f(x) = 2x — x? in the interval 0 < x < 2.

The Fourier series of f(x) in (0,2) is given by

a

flx) = ?0 + Z(ancosnnx+ b, sinnnx) — ——- (1)
n=1
2 2
1 ) 2x?  x3 8

ag =1f(2X—x )dx = T_? =4_§

0 0
ao :§



2

1 1

a, = Tf f(x) cosnTnX dx :If(zx—xz)cosm'tx dx
0 0

2

5 smmtx) i —COS NTX 3 (_ sinm[x)]
= |@x—xn)( 2~ 20) (T ) + -2 (T )|
cosZ2nm cos0 -4
- (_2)( n2m? )_ 2 (nznz) T 2
-4
a, = n2m2

21 2 2
1
b, = Tf f(x) sin# dx = ff(x) sinnnx dx = f(Zx — x?) sin nmx dx
0 0 0

( Cos TLT[X) 2

km x?) —m—xm +(

= [2(%) 5 \\@
b, =0

The Fourier series is

fx) :§+§ <n21t2

n=1
11.(a). (ii). Find the half range c@aries for the function f(x)=x(r—x) in 0<x <m.

sin TLT[X) COS TLT[X)]

n3nd /],

1 1 1

m*
Hence deduce w-pEtatat"

Solution:

The half range cosine series for the function f(x) is given by

o T T
2 2
f(x)=ay+ E a,cosnx, a =;ff(x)dx and a, =;ff(x)cosnx dx
n=1 0 0

2

T

2 T

a, =;f(nx—x2)dx=?
0

T T
2 2
=;ff(x)cosnx dx =gf(7rx—x2) cos nx dx
0 0



e (25 - () 0 (25

n3

a, =

-2
— (D" +1]

n

—4
b, = { — if niseven
0 if nisodd

2 J_,

m* 3 m* i 1

15 18 n*
n=even

%0 1t +®
11. (b). (i). Find the complex form of Fourier series f(x) =e™ in-nw < x <.

Solution:

T
1 .
We know that C, = o= ff(x) e dx
-

T ba . T
1 1 1 e(a—m)x
— feax e—inx dx = Je(a—in)x dx = ]
2
-1

T 2|l a—in

1
2n(a—in)

_ i [ 1 (e(a_in)ﬂ: _ e—(a—in)ﬂ:)] — [ an’e—inﬂ: _ e—anre+in71:]
2rla—in

1
=——[e™(cosnm —isinnm) — e~ (cosnm + isin nm)]
2n(a—in)



_ 1
" 2n(a—in)

(_ 1)1’1

- 2n(a—in)
(="

- m(a—in)

f(x)= i C, elnx

n=-co

e™ = z [ﬂ[sinhan]] einx

[e™™(cosnm)— e~ (cosnm)] = [cosnm (e —e~9T)]

2n(a —in)

[2sinhar]

n [sin har]

(a—in)

n=-oo
11. (b). (ii). Find the Fourier series as for as the second harmonic to represent the function f(x) with
period 6, given the following table. .

x: 0 1 2 3 4 N
F(x): 9 18 24 28 26\ |

Solution:

Refer Chennai Nov / Dec 2010, Q.no 11. (b). (ii)

12. (a). (i). Find the Fourier Transfor nction
_ 1-|x|, |x|<1 . o (sin*t _ T
f(x)= { 0, |x| > and hence find the value of fo ( = ) dt = T

Solution:

Refer Chennai Nov / Dec 2011, Q.no 12. (a). (ii)

XZ S2
12. (a). (ii). Show that the Fourier transform of e 2is e 2.

Solution:

Refer Chennai Nov / Dec 2011, Q.no 12. (a). (i)

sinx, 0<x<a

12.(b).(i) Find the Fourier sine transform of f(x) = {O x> a

Solution:

The Fourier sine transform of f(x) is



El[f(x)] = \/gf f(x)sinsx dx = \/gf sinx sinsx dx +0
0 0

B z f (cos(s +1)x —cos(s —1)x) Ay = 1 [sin(s +1)x 3 sin(s — 1)x
= ) ¥ = =

a

2 s+1 s—1 0

1 |sin(s+1)a sin(s—1)a
 72r s+1 s—1

. . . © d
12. (b). (ii). using Fourier cosine transform method, evaluate fo W&hbz) .

Ans:
Refer Chennai Nov / Dec 2010, Q.no 12. (b). (ii)
13 (a)(i). Solve (x% —yz)p + (y? —xz)q = (2% — xy)

The subsidiary equations are

Choosing the multipliers as x, y, z

xdx zdz ~ dx+dy+dz

- 2(z2 —xy) 1

x(x?—yz

dx|# ydy +zdz dx+dy+dz
x+y+z 1

xy+yz+zx =c¢

dx —dy _ ddz
(x2—yz)— (y2—2zx)2  (y%—2zx)— (22 —xy)

log(x — y) = log(y — z) + logc,

_x=y
Cz_y—z

The required solution is ¢p(u,v) = 0

' ¢( +yz+ x_y) 0
ie., g =
xy+yz+ zx =z



13.(a) (i) Solve p(1+q) = qz.
This is of the form F(z,p,q) = 0
Given p(1+q)=qz————(1)
Let z = f(x + ay) be the solution of (1)
nz=f(u)

Partially differentiation with respectto x and y ,

_dz d o= dz

p_du an q_adu

d2(1+ dZ)_ dz

du adu _aduz

(1+ dz)_ - dz_az—l N dz _d
Y)Y du  a z—l_ “

a

dz d ) 1 1

f _l_f U ie., og(z—a =

274

1
log(z—a)=x+ay+b

13. (b) (i) Find the partiasl differential equatio

Il planes which are at a constant distance a,; from
the origin.

The equation of a plane which is a istance a, from originis x cos a + ycosf§ + zcosy = a,

Letcosa=a cosfp=b cosy=c Thenax+by+cz=a, andx*+y*+z>=1

ax+by+J1—a?—->b? . z=qa,

Differentiating with respectto x and y,

a+V1l—a?—-bh? . p=0 and b+V1—a?—-b%2.q=0

=—yJ1—a?—-b>=1 = a=plandb=>bA

—\/1—p212—q2/12 =1 = 1-p22—g?2% =1

1 1
1-2(p*+¢)) =2 = FP=—"— = 1=

= = S
1+ p? +q* [1+pZ+q2

a
plx+gly — Az = a, =>Z=px+qy—71 = z=px+qy—a/1+p?+q?



13.(b). (ii). Solve ~ (D?+2DD’ + D'* — 2D — 2D")z = sin(x + 2y)

D%+ 2DD'+D'* —=2D —2D' = (D +D")(D + D' — 2)
The auxiliary equationis (m+1)(m—1)=0
~.the Complementary function is

C.F=/—-x)+fa(y+x)

1

P L= DD+ =2

sin(x + 2y)

1 1

i(x+2y) — I.P. ix+i2y
(D+DYD+D' —2)° of T¥IatT =2

=1.P.of

i (3i+2)

_ ix+i2y
3 (3i—2)(3i+2)

=1.P.of e*+2y = [ p.of —

3i (3i— 2)
(=3 + 2i)
9

=1.P.of 3

(cos(x + 2y) +isin(x + 2y))

3 2
~P.I.= —Esin(x +2y) + ﬁcos('x + 2y)

3 2
.'.z=f1(y—x)+f2(y+x)—Esin( +@cos(x+2y)

14. (a). A tightly stretched string of length [ stened at both ends. The midpoint of the string
is displaced by a distance 'b' tra d the string is released from rest in this position. Find
an expression for the transverse ement of the string at any time during the subsequent

motion.
Ans:

Refer Chennai Nov / Dec 2010, Q.no 14. (a).

13. (a). Arectangular plate with insulated surface is 10cm wide and so long compared to its width

that it may be considered infinite in length without introducing appreciable error. The temperature at
20x for0<x<5

20(10—x) for5<x<10
at 0°C. Find the steady state temperature at any point in the plate.

short edge y = 0 is given by u = { and all the other three edges are kept
Solution:

. . .. 9%u  d%*u
The two dimensional heat flow equation is Fox + 22y = 0

The boundary conditions are

i. w(0,y)=0forally



i. u(10,y)=0forally

ii.  u(x,0)=00<x<10

. ( 0)_{ZOX foro<x<5
Voo WS = 120010 %) for5<x< 10

The most general solution after applying the (i), (ii), (i) boundary conditions is
nmwy

- . nmx _nmy
u(x,y) = Z b, sin—-e 10
n=1

: _ . nnx  (20x for0<x<5
(iv) = u(x, 0) = Z by sin—5- = {20(10 —x) for5<x <10
n=1
Using half range sine series

5 10
2 . nmx
b, = —Of 20 xsm— dx +f 20(10 — x) sin—— dx
0

10
5

800 sin—-

b, = gz ,nisodd
0, nis even

( )_i 800 @ nm . nnx _%
u(x,y) = oy sin > sin 1o e

n=13,5

15.(a). (i) Solve by Z-transform u,, +u, =2" with uy =2 and u, =1.

Given Upyyr —2Upyq Hu, =28

Taking Z- transform, we get
ZUpy2) — 22 Upyr 1+ Z[uy = Z[27]

VA
z—72

2 2

Z4U — z2%ug —z2uy — 2z(W—up) + U =

z
=272 —z7—-2zu+4z+4+ U = ——
z—2

Z

Z
u(z2—2z+1)—22*+3z2=——
u(z z+1)—2z z=——5

Z
ﬂ(2—1)2=m+222—32

z+ 22%(z—2)—32(z—2)

]
Il

(z=2)(z—-1)?
_z(1+ 22(z—2)—3(z—2))
. (z—2)(z—1)2

10



C(z-2)(z—1)?

227247 _ A B ¢
(z=2)(z-1)2 z-2 z—-1 (z-1)?

u 222 —-T7z+7
z

222 —7z+7=A4(z—1)*+B(z—2)(z—-1)+ C(z—2)
z=1 => C=-2

z=2 => A=1

Equating coefficient of z2, B=1
222 —T7z+7 1 1 -2
= + +
(z=2)(z—-1)2 z-2 z—-1 (z—1)2
g1 1 =2
Yz z-2 z—-1 (z-1)?
Z Z VA .

= —2
ZLun] z—2+z—1 (z—1)2

Taking Z~! on both sides, we get

VA
z—1

= =

u,=2"+1"-2n
z

the inverse Z — transform of (—4)

15. (a) (ii). Using convolution the "

Z N3 73 42 , 2 .
Z_l[(z_4) ]:Z_l[m] :Z‘l[(z_4)2 '2—4] :Z‘l[(z_4)2]*z_1[ —4

n n
= (n+ 14" « 4" = Z(r +1)47 47 = 4"Z(r+ 1)=4" [14+ 243+ -+ (n+1)]

r=0 r=0

_ z \3 L+ 1(n+2)
z 1[(2—4) ]=4 2

A _1[ z(z%-z+2) - z
15. (b) (). Find 24 [Z222L ] ana z-1 [ 2]

2(z2—z+2)
(z+1)(z—1)2

F(z) (z2—z+2)
z (z+1)(z—1)?

(i) Let F(z)=

11



(2-2+2) A LB C
(z+1)(z-1)2 z+1 z—-1 (z—-1)?

(z2—z+2)=A(z-1)?B(z+1)(z—-1)+C(z+ 1)
z=1 => (€=1
z=—1=> A=1
z=0 => B=0

F(z)  (z*-z+2) A B C
z _(z+1)(z—1)2_Z+1+Z—1+(z—1)2

Z N z
z+1 (z—1)2

F(z) =
Taking Z~! on both sides
z z
ZNF(@2)) =27 |— Z-l[—]
[F(2)] [z + 1] * (z—1)?

| 2Z2-z+2) ] N
N ereyemyr Il w

e _ Z
(ii) LetF(z)= —(z D=2

F(z) 1
z (z=1)(z—-2
(z—1)(z-2) z- z—2

1=A4A(z-2)+B(z—-1)

z=2 => B=1

z=1 => A=-1

F(z) 1 _ A, B _ -1 1

z (z-1DE-2) z-1 z-2 z—-1 z-2
-1 1

F(z) =——

(2) z—1+z—2

Taking Z~1 on both sides

1
z—2

77\ F(2)] = 27! %]w-l[ | =12

12



|a=ne=al=2 1

15(b) (ii). Find Z(na™ sinn®)
d
Z(na"sinnf) = —z — (a" sinn0)
dz

d azsino
[22 — ]

7 dz 2azcos O + a?

_ (z% — 2azcos0)a sinf — a zsin@ (2z — 2acos )
- (z%2 — 2azcos O + a?)?

az sin @ (z°> — a?)
(z2 — 2azcos 0O + a?)2

Z(na™sinn@) =

13



B.E./B.TECH. DEGREE EXAMINATION, CHENNAI-NOVEMBER/DECEMBER 2009.
TRANSFORMS AND PARTIAL DIFFERENTIAL EQUATIONS(COMMON TO ALL BRANCHES)
1. State the conditions for a function f(x) to be expressed as a Fourier series.

iv.  f(x)is defined, single valued and finite
v.  f(x)and f'(x) are piecewise continuous and f(x) has finite number of finite discontinuities
vi.  f(x) has at most finite number of maxima and minima.

2. Obtain the first term of the Fourier series for the function f(x) = x%, - < x <.

T Vs T
1 1 5 2 [x3 2 [n?
av=y [ Feode= [atar=210 =TI =2
0
-1 -

ekx a<x<b .

3. Find the Fourier transform of{
0 ,x<aandx>b

F(f(x) = f f(x)e™* dx

b
Fre) = 7= [ e

F(f(x)) \/_[l(k+s)

F(f(x) =

[ei(k +s)b __ ei(k+s)a]

1
i(k+s)V2m
4. Find the Fourier sine transform of i

The Fourier Cosine transform of f(x) is

Fs(f(x))=\/%ff(x)sinsxdxz\/%f% 1nsxdx—\/g% =
0 0

5. Find the partial differential equation of all planes cutting equal intercepts from the x and y axes.
; XYz
Equation of plane is - + " + = 1

Partially differentiating with respect to x and y,

14



1 p p
4850 = ==&
a+b a b
1 q 1 g¢q
—_ —=0 => — —=—
a+b a b
b _1a
b b
6. Solve (D —2D?D')z = 0.
AE.ism®—=2m?=0 => m=0,02

The solutionis z = f1(y) + x fo(¥) + f3(y + 2x)

7. Classify the partial differential equation 4 =

. 3y 9y _
Given4—-—2 ——=0

HereA=4,B=0,C =0
The given equation is parabolic.
8. Write down all possible solutions of one dimensi

iv.  y(x,t) = (AeP* + Be P*)(CeP™ +
v. u(x,y)= (Acospx+ Bsinpx)(Cc
vi. u(x,y)=(Ax+ B)(Ct+ D)

9. |fF(Z) ZW ,f'

2

GivenZ[f(n)] = F(z) =

2y _ 9y

axz ot

and B*—-4AC =0

(2-2)(==2)(2)

By initial value theorem, f(0) = lim,_,, F(z)

2 ZZ

= lim

Z—00
Z —

~f(0)=0

10. Find the Z- transform of x(n) = { n!

o063 e 00003

a'l
— ,formn =0

0 ,otherwise

co
() " (az—l)n a
z = = ez
! n!
n=0

nl n!
n=0

15



PART-B

11(a) (i). Obtain the Fourier series of the periodic function defined by

_(—min—nt<x<0
f(x)—{ x in0<x<m

2

1,1 1
DeducethatF+3—2+5—2+ =

a
flx) = ?0 + E(Q" cosnx + b, sinnx)
n=1

Here f(x)is neither even nor odd.

r 1 x2) 1 T
—ﬂdx+fx dx|= =[-nx]’ + |=| t=={—72+—=¢=
T 2], T 2
0

0

aoziff(x)dle f

Vs
-7
1 T 1 0 T
an =~ ff(x)cosnxdxz; f—ﬂcosnx dx+fx cosnx dx
- -1 0

-l o S

_ l (cosnx)” _ 1

T 0 T
1 1
b, = - ff(x) sinnx dx = - f —nsinnx dx + fx sinnx dx
-1 | —TT 0

=l CZ)] oo () - oo (3]

B l [E B ﬂ(_l)n B ﬂ(_l)n]

wTn n n
1

b, =—[1-2(-1)"

w=—[1-2(-1)"

The Fourier series is given by

T 2 © 1
f(x) = _Z+ Z —Wcosnx+ 2;[1 —2(-1)"sinnx — —- (1)
n=1,3,5 n=1

16



Deduction :

Here x = 0, mid point is a point of discontinuity. Putx = 0in (1)

FOR+fO0-) n 2 1
2 T4 = Z n2

(T P L 1.1 .

2 4 2 12 32 52
1+1+1+ _m?
12 52 8

11.(a).(ii). Compute upto first harmonics of the Fourier series of f(x) given by the following table.

X o |T/6 | T/3 |T/2| 2T/3 | 5T/6 T
f(x)198| 1.3 |1.05| 1.3 | —-0.88| —0.25| 1.98
Refer Chennai-Nov./Dec.2011, Q.No. 11 (b) (ii)

11.(b)(i). Expand f(x) = x — x? as a Fourier series in - L < x < L and using this series find the root
mean square value of f(x) in the interval.

The Fourier series of f(x) in (0,20) is given by

fx) = ? z (an
f(x) is neither even nor odd.

ot fo Dt -5

nnx

ff(x) cosﬂi dx = f(x xz)cos— dx

NIX nIx 11534
_1 , 2 sin—— (1—2%) —Cos—— +(<2) sin—=
=7 (x /1 X 22 /(2 3033
-1
[ 1
nmx
_1 (1-2x) cosTT— 1 (1=2D(-1)" (14 2D8(-1D*
=1 X N2Tr2 ~1 a2 —
[2 .
_412(_1)n
L P

17



1
b, = ff(x) sm— dx = f(x —x?) sin? dx
1

[ nmx . NMX nnx
_ 1 ) —COST L 5 ) —SIHT +( 2) COST
=7|* =N =20\ Tz 3 /13

| -1
el I [ {

|~ = = IERCYTE

| -1
L[ A=BU-Dr 283(-1)" (=== 2B(-D"
1 nm n3t3 nm n3t3

21
b, = ——(-1)"
== (-1

() = ? N = —42(-1)" nnx 21 Dnsi nmx
f(x)= 3 oy sin ]

n=1
11.(b)(ii). Find the complex form of the Fourier serie =e*in—1<x<1.

The complex form of the Fourier series of f(x) is

[e)

flo) =

—inmx 1 ) 1 )
T dx = E e~ X o~ INTX ] — E fe—(nm+1)x dx

1
1
%=ﬁlﬂ@e

21 21
_(mrr+1)x 1 e—(inn:+1) e(inrr+1) 1 [ 1 i N . “m]
(lTLT[ +1)]| ., 2|-(inr+1) —(inmr+1) 2(mﬂ +1) ee
m[ e~1(cosnm — i sinnm) + el (cosnm + i sinnm)]
1 (—=1)"sinh1l
R JR | 1 _\— -/ SR~
2+ D) [—e~'(cosnm) + e'(cosnm)] G+ D)
(=1)"sinh1 .

f(x):n B (ink+ 1)

12.(a)(i). Find the Fourier transform of

— 1- |x|; le <1 sint
f(x) = {O, x> 1 And hence find the value off ( ) dt

18



Refer Chennai-April/May.2010, Q.No. 12 (a) (ii)

12.(a)(ii). Evaluate fooo using transforms.

(4+x2)(25+x2)

and

. . .2 2
We know that Fourier cosine transform of f(x) = e~%**is \/;32+4

. . sx. |2
Fourier cosine transform of f(x) = e~>*is |=
T s2+25

Felf GO ELg(x)] ds = f £x) g(x) dx

0

(2 2 [2 s . _f P
ms?2+4 |ms?+25 s=)e ¢ *
0 0

zf 10 ) _f
7l sZ+a)s2+25) 7
0 0

(o)

f 10 ds = T
2+ D) xZ+25) 7 140
0

12(b)(i). Find the Fourier cosine transform of e~

The Fourier sine transform of f(x) is

2 2 17 .,
E.[f(x)] =\/:@ossx dx=R.P.ofj: 2 —fe‘x e"* dx
T T 2
0 0
R.P 1 r x? isxd 1 R.P f x2 isx —i id
=R.P.o e e x=——=R.P.o e elS*¥e™d o4 dx
f\/2n . V21 f_oo
s2 0 52 IS
¢ *Rp ff % gisx o dy = L R.P ff (-5 4
= o e X e o4 dx=——=—R.P.0 e X
V2m . V21 .
is
putx ——=yanddx =dy
s2 I 52 IS 52
¢t Rp ff > ay=2"pRp fzf -7 g * R.P.of2
= — o e = — (0] e = — (0] -
\2m s Y \2m . Y \2m 2
1 s
Fele|=
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12(b)(ii). Prove that \/1_E is self reciprocal under Fourier sine and cosine transforms.

From Gamma function
r, = f e x"ldx, n>0
0
Putx =at, dx=adt

co

co
Fn — f e—at (at)n—l dx — anf e—at tn—l dx
0

Puta = is, then

co
. I I,
- n— n n
elsxxn 1dx— : = — —
(is)n  ingn
0

[ee)

i
(cosi

f(cos sx —isinsx) x"1dx =
0

Equating the real and imaginary pafts,

e nm
COS7 n
cossx x" 1dx= -———(1)
Sn
0
o . NI
sin—- L,
sinsx x" ! dx = -———(2
sn
0

2 cos% I,
s

(0]

f cossx x" ldx =
s'n.

0

COs—- I,

sn

2

s
nm

2

AL
y) . 2 sin=t T
From (1), E,f sinsx x"ldy= |=—2 "

T sn
0
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2 sin2F T
- 2
F[x"1] = /; o

Puttingn = %, we get

b4 1
F[;_l] 20057 1(3) _ [2 va
o R e e e 1
A s2 ﬂ\/isf
[51=7
“Wxl Vs
LT 1
Ly f2snzr(@) 2 vm
oot - G
52 V2s2
1 1
w4
Vxl Vs .

and x =l is initially at rest in its
a initial velocity 3x (I — x), find the

14(a). A tightly stretched string with fixed end poin
equilibrium position. If it is set vibrating giving each
displacement.

92 92
y=a2 y

Th vernin ion i
e gove g equation is P pye;

The boundary conditions are

i. y(O,t)zOforallt>0®
i. y(,t)=0forallt>0
i.  v(x,0)=0 forallxin(0,l)
iv. % =3x(l —x)forallxin (0,0)

The correct solution is u(x,y) = (Acospx + Bsin px )(C cos pat + Bsin pat )

Applying the first three boundary conditions, the solution becomes

t
y(x,t) = ( )sin# sinm;a

The most general solution is

nmx nmrat

y(x,t) = z( )sinT sin 7
n=1

Partially differentiating with respect to ¢,
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co
0y (x,t) nma _ nmx _ nmat
3 =>() sin sin
X

l l l

n=1

Putting t= 0,

0y(x,0 . t
y(x,0) _ Z( )mra Sinnﬂx sinmm — 3x(l—x)
0x — l l l

From half-range sine series,

nix

3x(l—x)=f(x) = z b, sm—)
= nmwa _ nm nwat  ~ nix
Z( ) ] sin in Z sin—
n=1 1=1
nma [ .

( )T=bn => ( )=bn_

nma

2 . nmx
b, = Tf 3x(l—x) sin—— dx

6 5 —sin# cosnlﬂ
= 7| (Blx—3x%) 22 | T (0| —5
2 3 0
1
nwx
_6 6 COST 12[2 - ( 1)n
Tl (=6) n3m3 " n3ne g ]
2412 )
bn= W, nis odd
0 , niseven
2412 1
( )= ,whennis odd
n3m3nwa’
. - 248\ @ nmx _ nmat
~y(xt) = z it | SN sin—;

n=13,5

13(b). A rod, 30 cm long has its ends A and B kept at 20°C and 80°C respectively, until steady state
conditions prevail. The temperature at each end is then suddenly reduced to 0°C and kept so. Find
the resulting temperature distribution function u(x, t) taking x = 0 at A.
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du 82u
The governing equation is —- 2 =

] dz
In steady state, Z=0and==0
ot dx?

The steady state solution is u(x) = Ax + B
Boundary conditions:
(Hu(0)=20 (iHDu(l)=80,l=30cm

Applying condition (i), u(0) = B = 20 and u(x) = Bx + 20

Applying (ii) condition, u(l) = Al+20=80 => A= %

60x

The temperature distribution reached at the steady state becomes initial temperature distribution for
the unsteady state.

ou 0%u
ot

Boundary condition:

i. w(0,t)=0forallt>0
i. ull,t)=0forallt>0

i.  u(x,0)= &C + 20 for a®

The most general solution is

_ nmx _(aznzzn'zt)
u(x,t) = B, sin—— e !

n=1

= . nmx  60x
u(x,0) = B, SlnT:T+20

n=1
From the half- range sine series

co

nnx  60x
zb" sm z , Sin—— =T+20 =>B,=b,

n=

1
2 60x nim
7 — + 20 sm— dx

n—
0
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nmx . NITX
_ 2 (6036 4 20) - COST (60) - SIHT
l l n?m?

l 12

40 n
b, =B, = E [1-4(-1)"]
— 40 nwx _(a’znzﬂzt)
u(x,t) = Z —[1—-4(—1)"] sin— e 1
nm l
n=1
14(a)(i).To find the inverse Z- transform of 7z _I:ZZ+2
. -1 10z
To find Z [22_3“2 ]
10z B F(2) B 1

F(Z)=Zz_3z+2 => 10z (z—-1)(z—2)

1 A B A(z:;g}ALB(z—n

(z—1)(z—2) :z—1+z—2w1)(z—2)

2 1)

z=1 z=2 => B=1
F(z) _ B -1 1
10z (z z—2 z—1 z-2

—10z L
z—1 z-2

F(z)=

Z-F(z)] = 771 [;ioﬂ +7°1 [%] = —10(1") +10(2")

10z

— | =-10(1" 102"
z2—32+2] (%) +10(2%)

~271|
14(a)(ii).Solve by Z-transform u,, , , + 6 U, ; +9u, = 2™ withuy = u, = 0.
Givenuy o + 6 Uy +9u, = 2%

Taking Z- transform, we get

Zlupyo] + 6Z[ un+1] + 9Z[uy,] = Z[2"]

z
z%U — z%uy — zuy + 62(0 —uy) +9u = p—
Z—

Z
U 2 6 9 = —
u(z°+6z+9) p—
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Z

U= Dzt 37
i 1
7z (z—2)(z+3)?
1 A B c

Z—2z+372 z-27z+3 Z+37
1=A4(z+3)?+B(z-2)(z+3)+C(z+3)

=2 => A= ! d 3 => (€= !
zZ = - 25 ana zZ = = = 5
Equating coefficient of z2, A+B=0 =>B= ;_5
1 -1 _1
1 _ 75 25 5

Z—2z+3)2 2-2 743 (z+3)°
11 11 1 1
.Z

T 25z—-2 25z+3 5( )?

_1 A 1 =z A
2l T 25z-2 2 5(z + 3)2

Taking Z~1 on both sides, we get

252 257 + 3 -7 g(z+3)2]

un®2"—i( 3)"—1n( -3)n-1

14(b)(i). Using convolution theorem, find the Z~1 [—(2_52_3)]

_ z L z
1[(z—4)<z—3)]‘z o=z a3l

| R e REARES

n n
— 2 4T31’1—1 — 3112 41” 3—1
r=0 r=0
3

SRR HORORSE

n
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4n+1 _ 3n+1
oa[F]

3n+1

4n+1 _ 3n+1

Z—l Z2 —
[(z— 4)(z - 3)] B

R . z3-20z
14(b)(ii). Find the inverse Z-transform Of(z—T(z—ﬂ

z3 =20z
(z—2)%(z—4)

F(z) =

F(z)  z*-20
z  (z2—2)3z-4)

z% =20 A B D

Z—20%(z-4% 7-2 -1 @22 7-a

22 —-20=A(z—4)(z— 2)*+B(z— )+ C(z—4)+D(z—2)3

=-16A+8B—-4C—-8D => B=2

F(z)  z2-20 1 1 L, 2 . 8 1 1
z  (z—-2)32z-4) 2z-2 (z2-2)% (z-2)3 2z-4
F()-l A + z . z 1 =z
02 =22 (z=2% 2z-4
11 z z z 1 =z
ZUF(2)]=27"1= | — z-l[ ]Z-l[ ]—z-l[—
[F(z)] 2[2—2]+ CEE B (TR 27—4
1 272% + 4z z 1 Z
Z-UF(z)] ==zt [=——= Z-l[ —Zz1
[F@)] =3 [2—2]+ (z—2)3 " 2 [2—4
1 73 —20z 1 o 4 2 on 14n
P23 @—n| 2" 2

15(a)(i). Solve z = px + qy + p?q>

This is of the formz = px + qy + f(p,q)

26



The complete integral is z = ax + by + a?b?

To find singular integral:

0z
—=x+2ab?’=0 => x=-—2ab?
da
O oyt 2ba?=0 => y=—2ba?
T
inga = ———= = _(2Y = _(2Y
Puttinga = e we get b = (Zy) and hence a = (Zx)
1 1 1
y2\3 x2\3  [x2y?\3 341 2 2
= —v(Z=) —v[— =—— 43 x3 y3
z="2\5%) “2\2zy) *\ 716 g Y
27
3__20 2.2
Z 16xy

27x*’y? +16z3 =0

AE.ism?+2m+1=0

1 1 e™+y — g~ +y)
P.j.=——si =
v= Dy oz Skt y) (D+D’)2< 2 )

1( 1 1

— _{—exﬂz _ —e—x—y}
2l + D)2 (D +D')?
1( 1 1

— _{—ex+y _ —e—x—y}
21+ 1)2 (—1-1)2

= 1 [eX+Y — e—(x+y)]

1
P.I.= Zsinh(x +y)

— 2
P.IZ.—me’“' y
— 1 eX+2y :1 eXt+2y
(1+ 4+ 4)? 9
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The complete solutionisz = C.F.+P.I.
1. 1 .,
z= fi(y —x) +xfo(y —x) +[—lsmh(x +y)+ 5 ex+2y

15(b)(i). Solve (y —xz2)p + (yz—x)q=(x+ y)(x —y)
The subsidiary equations are

dx dy dz

y—xzzyz—x:xz—y

2

Choosing the multipliers as x, y, z

xdx ydy zdz xdx + ydy + zdz

x(y — xz) - y(yz —x) - z(x% —y?) - xy —x?z+ y?z—xy+ zx? — zy?
xdx+ydy+zdz=0 => u=x>+y?>+z2=¢
Choosing the multipliers as y, x, 1, each ratios is equal to .

ydx + xdy +%Z~

V? —xyz+ xyz @ x? »cy—yz

The required solution is ¢ (u,v) =
elp(x+y?+22,xy+2)=0
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