Solve the difference equation

y(n+3) —3y(n+ 1)+ 2y(n) =0 given that y(0) = 4,y(1) = 0 and y(2) = 8.

Solution:
Let Z{y(n)} = F(2)
y(n+3)—3y(n+1)+2y(n) =0..(1)
Taking Z-transform on both sides in (1), we get
Z{y(n+3) —3y(n+1) + 2y(n)} = Z{0}
Z{y(n+3)} — 3Z{y(n+ 1)} + 2Z{y(n)} =0...(2)  [By linear property]
Z{y(n+3)} = z°F(2) — 2°y(0) — z*y(1) — zy(2) ... (3)
Z{y(n + 1} = zF (2) — zy(0) ... (4)
Substituting (3) and (4) in (2), we get
23F(2) — 23y(0) — 22y(1) — zy(2) — 3(2F (2) — zy(0)) + 2F(2) = 0
z3F(z) — 423 — z2(0) — 8z — 3(2F(2) — 42z) + 2F(2) = 0
(z° =32+ 2)F(2) — 42° — 82+ 122 =0
(2> =32+ 2)F(2) = 42> — 4z

473 — 4z
F(z) =Z{y(n)} = Z 3,12

3
y(n) = 21 4z° — 4z
z3—3z+2

473 — 4z

Let ) =3 372

E(g) = g1 473 — 4z _Az" (z2-1)
z3—-3z+2 2z3-3z+2

To find poles:
23 -3z4+2=0=2>z=-21,1

The polesare z = —2,1

np(y) = 4z"(z%> — 1) 42" (z+1D)(z-1)
z (Z)_(Z—1)2(2+2)_ z-1D%*(z+2)




4z"(z+ 1)

2" (2) = z-1(z+2)

Residue at the pole z = 1 of order one R;
= lirrll(z - 1Dz"1F(2)
VAd

4z"(z+ 1)

=limGC-De e+

4z"(z+1) _ 4(1)"(1+1) 8

T Z+ T (1+2) 3

Residue at the pole z = —2 of order one R,

= lirllz(z +2)z" 1F(2)

. 4z"(z + 1)
R e )
4z"(z+ 1)

N Zl—1>r112 (Z — 1)

_4EDN (24D 42

(-2-1) 3
3
y(n) =271 u = Sum of all residues
z3—-3z+2
8  4(-2)"
y(n) = 3 + 3

Solve the difference equation
y(n+2)+6y(n+1)+9y(n) = 2" given that y(0) = y(1) =0
Solution:
Let Z{y(n)} = F(2)
yn+2)+6y(n+1)+9y(n) =2"..(1)
Taking Z-transform on both sides in (1), we get

Z{y(n+2)+6y(n+1) +9y(n)} = Z{2"}

Z{y(n+2)}+ 6Z{y(n + 1)} + 9Z{y(n)} = % ..(2)  [Bylinear property]



Z{y(n + 2)} = z°F(2) — z*y(0) — zy(1) ...(3)
Z{y(n+ 1)} = zF(z) — zy(0) ... (4)
Substituting (3) and (4) in (2), we get

z2F(z) — z%y(0) — zy(1) + 6[zF (2) — zy(0)] + 9F (2) = %

2F(2) + 6lzF ()] + 9F(2) =

z
(22 4+ 62+9F(2) =——
z—2

F(z) = Z{y(n)} = (z2+62+9)(z—2)

y(n) =271 -
(z+3)2(z-2)

z
(z+3)2(z-2)

Let F(z) =

Z z"

A = G T Gr =D

To find poles:
(z+3)(z—-2)=0=>z=-3,-3.2

The poles are z = —3,2

Residue at the pole z = —3 of order two R;

d
= lim —(z + 3)%?z" 'F(2)
z>-3dz

n

— 1im Lz 4 3)2 z
AR (z+3)2(z—2)
I d z"

zlrzl3 dz (Z - 2)

_(=3-=2n(=3)""' = (=3)"
B (-3-2)




B —5n(=3)""1 —(=3)" 3 5n(=3)""1 4+ (=3)"
B -5 B 5

Residue at the pole z = 2 of order one R,

= lim2 (z—-2)z""1F(2)

n

(z+3)2(z-2)

=mz-2)

2z 2n 2n
A Z+3)2 (2+3)2 25

=z |22 ] g Il resid
y(n) = A 37,12 um of all residues
() = 5n(=3)""! + (=3)" Lz
YA = 5 25
P ——
(z+1)(z+2)
Solution:
LetF(z) = z
etk = z+1D(z+2)
z z"
n—lF — ,n—1 —
z (2) =z E+D(E+2) @E+D(z+2)
To find poles:
+D(z+2)=0>z=-1,-2
The polesare z = —1,—-2
Residue at the pole z = —1 of order one R,

= lim1 (z+1Dz"1F(2)
z—>—

n

- zler1(Z D (z+1)(z+2)

A
AN z+2) T C1+2

= (-1

Residue at the pole z = —2 of order one R,



= 111112 (z+2)z"1F(2)

n

_ z
- ZIHIIZ(Z +2) z+1D(=z+2)

Zn (z)n .
=T DT 2 1 —(=2)

[M] = Sum of all residues

-1 z ] — n n
— | =" - (-2
[(z+1)(z+2) D" = (=2)
Find 2~ [zz —3z+ 2]
Solution:
Let F _ 10z
etF@) = 3,52
10z 10z™
n—lF — ,n—1 .
z (2) =z z2-3z42 (z—-1(z-2)
To find poles:

z-1)(z—-2)=0=>z=1,2
The polesare z = 1,2
Residue at the pole z = 1 of order one R,
= lirrll(z —1)z""1F(2)
Z—>
10z"
=1 — %
=limz-De— D(z-2)

N (A (€O L
“ -2 1-2

Residue at the pole z = 2 of order one R,
= lirrzl(z —2)z"1F(2)
zZ—

10z™

(z-1D(z-2)

- lin(e - 2)



10z" 10(2)"

— | j— j— n
“lmeon 71 - 10O
771 [L] =5 U resid
Z 3,12 " um of all residues
10z
-1 — n
z [zz — 2] 10 + 10(2)
Find Z7! L
(z—a)(z—b)
Solution:
Let F = 2
R e ey
ZZ Zn+1
n-1p — ,n-1 —
z () =2z (z—a)(z—b) (z—a)(z—Db)
To find poles:

z-a)(z—-b)=0=>2z=ab
The polesarez =a, b

Residue at the pole z = a of order one R;

= lim(z — a)z" " 1F(2)
VARd)

Zn+1
i ll_r)ré(z -a) (z—a)(z-Db)
Zn+1 an+1

= lm = T aob

Residue at the pole z = 2 of order one R,

= lim(z — a)z" " 1F(2)
z-b

Zn+1
= li —b)—m———
zl—%(z )(z—a)(z—b)
Zn+1 bn+1

=1. —
zl—r>rI}(z—a) b—a



71 [(Z—az)ﬂ] = Sum of all residues
n+1 bn+1

abba

[(z a)(z — b)]

Find Z~ [(22 Dz + D using convolution theorem.
Solution:
-1 822 ] _ Z—l 8Z2 _ Z_l
2z -1 4z + 1) 2(2_%)4(“%) (Z_
z z
Let F(z) = — and 6(2) = —<
(2-2) (z+3)
_ R z _ B l n
SRR (7 0
| 7)1
. iy
g) = 27G()] = 27t |—2 ~= (%3
=
[(Zz Dazrn| =2 F@E@] =[x g

- Z FU0g(n— k)
k=0

NGNS I YENCHICH
(-3 "Oef‘ CHIIEH

=(-7) 42+ D24 (-2 44 (-27]

[(22 14z +1)

-(-3) =



(=2t -1) 1 1\P1 2\"
=(- z) = =3(3) ‘5(‘2 (‘_—4)>
1 " 2/1\"
-3(-3) +30)
Find Z7! [(22 — 16)2(232 D using convolution theorem.
Solution:
71 [ 62> ] _ g 62> - z
R T e 1
VA VA
LetF(z)—?%)andG(z)— Z+%)
_ 1 _ |2 | (LY
R )
_ 71 _ 1|2 _ _ Ly
g =27 6@ =2 =) (-3)
[(Zz SGTD| =4 @@ =f@) < g

- Z Fg(n ~ k)
k=0

(-3

[(ZZ 1)(3z+1) (_ 3

(-

-3

2

n+1
_ 1)

3

2

(

)-1




3 n+1

( 1>”<(_7) _1> 2/ 1\ 2( 3,3 1\

) )
(-2)

-3(-3) +36)

~5\73) T52

State and prove second shifting theorem in Z-transform:

Statement:

Let F(z) = Z{f (n)} then

Z{f(n+ 1)} =z [F@) = f(0) =27 f(1) = 272f(2) = -+ = f(k = Dz~¢V)]
Proof:

Z{fin+k)}=Xrof(m+k)z™..(1)

Multiplying and dividing by z* in R.H.S of (1), we get
= zk Z f(n+k)z=(+k)
n=0

=z(F)z=® + flk + Dz=*D 4 fk + 2)z=*+D +...)

= 7" (Z f)z™ = £(0) = fF(Dz7 = f(@D)z7% = = fllk - 1)2—0«—1))
n=0

[Since Z fz=f0)+f(Mz .+ flk—1z7* D+ f(k)z=® + ...
n=0

Z{f(+ 1K)} = 2% [F(2) - £(0) = 27 f(1) = 272f(2) — -+ = f(k — 1)z~ D]
Solve x (y2-2z¥)p + v (2% - x?)q = z(x? - y?).
Solution:
x(22-y)p + y(x*-25)q = z(y* - x?).
The equation is of the form Pp + Qq = R

Here P =x (z%- y?),Q =y (x* - z2),R = z(y? - x?%)



dx _ dy _ dz
x(z2-y%)  y(x?-z2)  z(y?- x?)

1 1
de+§dy ~ dz
72 y2+x2—zz _Z(yZ_xZ)
1 1
}dX‘Fydy_ dz
—(y?-x%)  z(y?- x?)
1 1 dz
—dx+—-dy =——
X y VA

Integrating on both sides, we get
logx + logy = —logz + logc,

logx + logy + logz = logc;

logxyz =logcy =¢; = xyz

xdx + ydy dz

x272 — x2y2 + x2y2 — y222 y Z(yZ _ x2)

xdx + ydy dz

x2z72 — y2Z2 4 Z(yZ _ xZ)

xdx +ydy dz
27— 207 -2

xdx +ydy = —zdz

Integrating on both sides, we get

2 2 2
X y z

— T =— — 4, Dy = x4y 4 72
> ) ) 2 3 y

The general solution is
P(c,c3) =0
d(xyz,x*>+y?> +2%2)=0
Solve (mz —ny)p + (nx —lz)q = (ly — mx).

Solution:



The equation is of the form Pp + Qq = R

Here P=mz—ny,Q =nx —1z,R =ly —mx

de ~ dy  dz
mz—ny nx-—lz ly—mx
ldx + mdy + ndz _ldx +mdy + ndz
Imz — Iny + mnx — lmz + Iny — mnx 0

ldx + mdy + ndz =0
Integrating on both sides, we get
Ix+my+nz=c

xdx + ydy + zdz _ xdx +ydy +zdz
mxz —nxy +nyx — lyz + lzy —mzx 0

xdx +ydy +zdz =0

Integrating on both sides, we get

xZ yZ 2
7+7+

z
S === x2+y? + z2

The general solution is

¢(C1,C3 ) =0

®(Ix + my + nz,x>+y*> +z%2) =0

Solve (D3 —7DD'? — 6D"3)z = sin(2x + y)
Solution:

To find complementary function:
PutD=mandD = 1,

3 _m-6m—-6=0

mi—7Tm—-6=0=>m
mim? -1 -6(m+1)=0=>mm+1D(m-1)-6(m+1)=0

m+1DmM?*-m—-6)=0



m=-1,-2,3
z=fily—x)+ L,y —2x) + f3(y + 3x)
To find Particular Integral:

sin(2x + y)

P.I = 7 7
D3—-7DD?—-6D3

3 sin(2x + y) _ sin(x +y)
~ —4D —7D(-1) — 6(=1)D"  —4D + 7D + 6D’

3 sin(2x + y) B (3D — 6D")sin(2x +y)
~ 3D+6D" (3D +6D)(3D —6D")

_ (3D sin(2x +y) — 6D'sin(2x +y))
B 9D% — 36D'2

_ 6cos(2x +y) — 6sin(2x +y)
- 9(—4) —36(-1)

6 cos(2x + y) — 6sin(2x + y)
X 18D

= 1x_8f(6 cos(2x +y) — 6sin(2x + y))dx

—6x1'(2 +)+1 (2x +y)

= 1g|zSn@x +y) + S cos(2x +y
x

P I'= A [sin(2x + y) + cos(2x + y)]

The general solution is

z=fily—x)+ fo(y —2x) + f3(y + 3x) +§[sin(2x + y) + cos(2x + y)]
Solve (D3 — 2D%D")z = 2e%* + 3x2y
Solution:
To find complementary function:
PutD=mandD = 1,
mP—m?=0=>m?*(m-2)=0
m = 0,0,2

z=f) +xf()+ f:(y + 2x)



To find Particular Integral:

262x 262x zer er
P.I, = ;= = =—
17 p3—_2p2p" " 23 -2(2)2(0) 23 8
i 3x%y 3x2y
Ay = = T
D3 —2D2D' ~ 5 2D
D3 (1-)

D3 D3 - D3

yx®  x®

3 6
_2 2 Doy 2rt A
p3 V) + 57 (%) =T+

The general solution is

e?* yx> «x°
Z_fl(y)"'xfz(y)-|'f3(y+2x)+?-|-E.|.5

Solve (D3 —7DD'2 — 6D'3)z = x%y + e2**¥
Solution:
To find complementary function:
PutD=mandD =1,
m*—Tm—-6=0=>m®-m—-6m—-6=0

mm? -1 —-6(m+1)=0=>mm+1D(m—-1)—-6(m+1) =0

m+1DmM?*-m—-6)=0

m=-1,-2,3
z=fly—x)+ L —2x)+ f(y+3x)

To find Particular Integral:

P ny xzy xzy
A7 = 7 7 = 7 7 =
D3—7DD?—6D3 (. 7D? 6D D2 6D
2 (1T =) o (1- (G +50))

! ’ _1 ’ i

7D'2 6D3 7D'2 6D3
<1 - (TJ’T)) <y (1 + () )y xSy
_ — (42 - _ 7
= D3 = D3 53 (Y =55




62x+y er+y er+y er+y
P. 12 =

D3 —7DDZ2—6D3 2-7(2)(1)2—6(1)3 8—-14—6 12

The general solution is

xSy er+y

szl(y_x)+f2(y—2x)+f3(y+3x)+a -0

Solve (D% — 6DD + 5D'2)z = xy + e* sinhy
Solution:
The auxiliary equationis m? —6m +5 =0
m=1,5
The complementary function CFis z = ¢1(y + x) + ¢,(y + 5x)

To find particular integral:

Xy
D2 —6DD' +5D'*
Xy Xy

- D’ D’Z y D/ DIZ
2(1 gL & |
D<1 6D+5D2> D2<1—<65—5F>>
-1
! /2
(1—(6%—5%—2>> Xy

DZ

P.Il =

= [(I-x)"t=1+x+x%+]

' )
(xy + (6%xy — 5%—2xy>>

DZ




(xy + (6 %)) 1 6

- D2 =pz* X
P _x3y+6x4_x3y+£ ixm_m!x"””
1T 6 247 6 4 hE (m + n)!
Y _ oy
e* sin hy ex(e ze )
P.Izz =

—6DD +5D'* D2—6DD +5D'?
eXty eX~y

~2(D?—6DD +5D%) 2(D?—6DD +5D7)

ex+y ex™V
" 22— 6(D)(D) +5(1)D) 2012 —6(1)(=1) + 5(-1)2)
xe*ty e* ™V

~2@D-6D)  2(11)

if denominator becomes zero then muliply numerator by x
and dif ferentiating denominator partially with respect to D

xex+y ex—y xex+y ex—y
P.I, = — = -
272020 -6(1) 22 -8 22

The general solution is

CF +P.I; + P.1,

R S Y O S e AP A i
z=fH+x)+ fo(y x 6 4 3 52

Two marks:
Define unit impulse step function and its Z transform.

Define convolution of two sequences.

If F(z) =

G 2)( ey find £(0) and lim,_,, f(t)

Form a difference equation by eliminating the arbitrary constants A from y,, = A 3™



Define unit step function and its Z transform.

State Final value theorem for Z transforms.

If F(z) = find £(0).

ZZ
(=22 (3)
Find P.l of (D? + 4DD’)z = e*.
Solve (D? — 4DD’' — 4D?)z = 0.

Solve (D3 +D2D —4DD"* — 4D’3) z=0



