
 

 

Solve the difference equation   

              𝑦 𝑛 + 3 − 3𝑦 𝑛 + 1 + 2𝑦 𝑛 = 0 𝑔𝑖𝑣𝑒𝑛 𝑡𝑎𝑡 𝑦 0 = 4,𝑦 1 = 0 𝑎𝑛𝑑 𝑦 2 = 8.  

Solution: 

Let 𝑍{𝑦(𝑛)} = 𝐹(𝑧) 

𝑦 𝑛 + 3 − 3𝑦 𝑛 + 1 + 2𝑦 𝑛 = 0 … (1) 

Taking Z-transform on both sides in (1), we get 

𝑍 𝑦 𝑛 + 3 − 3𝑦 𝑛 + 1 + 2𝑦 𝑛  = 𝑍 0  

𝑍 𝑦 𝑛 + 3   −  3𝑍 𝑦 𝑛 + 1  + 2𝑍 𝑦 𝑛  = 0 … (2)         𝐵𝑦 𝑙𝑖𝑛𝑒𝑎𝑟 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦  

𝑍 𝑦 𝑛 + 3  = 𝑧3𝐹 𝑧 − 𝑧3𝑦 0 − 𝑧2𝑦 1 − 𝑧𝑦 2 … (3) 

𝑍 𝑦 𝑛 + 1  = 𝑧𝐹 𝑧 − 𝑧𝑦 0 … (4) 

Substituting (3) and (4) in (2), we get 

𝑧3𝐹 𝑧 − 𝑧3𝑦 0 − 𝑧2𝑦 1 − 𝑧𝑦 2 − 3 𝑧𝐹 𝑧 − 𝑧𝑦 0  + 2𝐹 𝑧 = 0 

𝑧3𝐹 𝑧 − 4𝑧3 − 𝑧2(0) − 8𝑧 − 3 𝑧𝐹 𝑧 − 4𝑧 + 2𝐹 𝑧 = 0 

 𝑧3 − 3𝑧 + 2 𝐹 𝑧 − 4𝑧3 − 8𝑧 + 12𝑧 = 0 

 𝑧3 − 3𝑧 + 2 𝐹 𝑧 = 4𝑧3 − 4𝑧 

𝐹 𝑧 = 𝑍{𝑦(𝑛)} =
4𝑧3 − 4𝑧

𝑧3 − 3𝑧 + 2
 

𝑦(𝑛) = 𝑍−1  
4𝑧3 − 4𝑧

𝑧3 − 3𝑧 + 2
  

𝐿𝑒𝑡 𝐹(𝑧) =
4𝑧3 − 4𝑧

𝑧3 − 3𝑧 + 2
 

𝑧𝑛−1𝐹 𝑧 = 𝑧𝑛−1
4𝑧3 − 4𝑧

𝑧3 − 3𝑧 + 2
=

4𝑧𝑛  𝑧2 − 1 

𝑧3 − 3𝑧 + 2
 

To find poles: 

𝑧3 − 3𝑧 + 2 = 0 ⇒ 𝑧 = −2,1,1 

The poles are 𝑧 = −2,1  

𝑧𝑛−1𝐹 𝑧 =
4𝑧𝑛  𝑧2 − 1 

 𝑧 − 1 2(𝑧 + 2)
=

4𝑧𝑛  𝑧 + 1  𝑧 − 1 

 𝑧 − 1 2(𝑧 + 2)
 



 

 

𝑧𝑛−1𝐹 𝑧 =
4𝑧𝑛  𝑧 + 1 

 𝑧 − 1 (𝑧 + 2)
 

Residue at the pole 𝑧 = 1 of order one 𝑅1  

= lim
𝑧 1

(𝑧 − 1)𝑧𝑛−1𝐹 𝑧  

= lim
𝑧 1

(𝑧 − 1)
4𝑧𝑛  𝑧 + 1 

 𝑧 − 1 (𝑧 + 2)
 

= lim
𝑧 1

4𝑧𝑛  𝑧 + 1 

(𝑧 + 2)
=

4(1)𝑛  1 + 1 

(1 + 2)
=

8

3
 

Residue at the pole 𝑧 = −2 of order one 𝑅2  

= lim
𝑧  − 2

 𝑧 + 2 𝑧𝑛−1𝐹 𝑧  

= lim
𝑧  − 2

 𝑧 + 2 
4𝑧𝑛  𝑧 + 1 

 𝑧 − 1  𝑧 + 2 
 

= lim
𝑧  − 2

4𝑧𝑛  𝑧 + 1 

 𝑧 − 1 
 

=
4(−2)𝑛 −2 + 1 

 −2 − 1 
=

4(−2)𝑛

3
 

𝑦 𝑛 = 𝑍−1  
4𝑧3 − 4𝑧

𝑧3 − 3𝑧 + 2
 = 𝑆𝑢𝑚 𝑜𝑓 𝑎𝑙𝑙 𝑟𝑒𝑠𝑖𝑑𝑢𝑒𝑠 

𝑦 𝑛 =
8

3
+ 

4(−2)𝑛

3
 

Solve the difference equation   

              𝑦 𝑛 + 2 + 6𝑦 𝑛 + 1 + 9𝑦 𝑛 = 2𝑛  𝑔𝑖𝑣𝑒𝑛 𝑡𝑎𝑡 𝑦 0 =  𝑦 1 = 0   

Solution: 

Let 𝑍{𝑦(𝑛)} = 𝐹(𝑧) 

𝑦 𝑛 + 2 + 6𝑦 𝑛 + 1 + 9𝑦 𝑛 = 2𝑛 … (1) 

Taking Z-transform on both sides in (1), we get 

𝑍 𝑦 𝑛 + 2 + 6𝑦 𝑛 + 1 + 9𝑦 𝑛  = 𝑍 2𝑛  

𝑍 𝑦 𝑛 + 2  + 6𝑍 𝑦 𝑛 + 1  + 9𝑍 𝑦 𝑛  =
𝑧

𝑧 − 2
… (2)         𝐵𝑦 𝑙𝑖𝑛𝑒𝑎𝑟 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦  



 

 

𝑍 𝑦 𝑛 + 2  = 𝑧2𝐹 𝑧 − 𝑧2𝑦 0 − 𝑧𝑦 1 … (3) 

𝑍 𝑦 𝑛 + 1  = 𝑧𝐹 𝑧 − 𝑧𝑦 0 … (4) 

Substituting (3) and (4) in (2), we get 

𝑧2𝐹 𝑧 − 𝑧2𝑦 0 − 𝑧𝑦 1 + 6 𝑧𝐹 𝑧 − 𝑧𝑦 0  + 9𝐹(𝑧) =
𝑧

𝑧 − 2
 

𝑧2𝐹 𝑧 + 6 𝑧𝐹 𝑧  + 9𝐹(𝑧) =
𝑧

𝑧 − 2
 

 𝑧2 + 6𝑧 + 9 𝐹 𝑧 =
𝑧

𝑧 − 2
 

𝐹 𝑧 = 𝑍{𝑦(𝑛)} =
𝑧

 𝑧2 + 6𝑧 + 9  𝑧 − 2 
 

𝑦(𝑛) = 𝑍−1  
𝑧

 𝑧 + 3 2 𝑧 − 2 
  

𝐿𝑒𝑡 𝐹(𝑧) =
𝑧

 𝑧 + 3 2 𝑧 − 2 
 

𝑧𝑛−1𝐹 𝑧 = 𝑧𝑛−1
𝑧

 𝑧 + 3 2 𝑧 − 2 
=

𝑧𝑛

 𝑧 + 3 2 𝑧 − 2 
 

To find poles: 

 𝑧 + 3 2 𝑧 − 2 = 0 ⇒ 𝑧 = −3, −3,2 

The poles are 𝑧 = −3,2  

Residue at the pole 𝑧 = −3 of order two 𝑅1  

= lim
𝑧 −3

𝑑

𝑑𝑧
 𝑧 + 3 2𝑧𝑛−1𝐹 𝑧  

= lim
𝑧 −3

𝑑

𝑑𝑧
 𝑧 + 3 2

𝑧𝑛

 𝑧 + 3 2 𝑧 − 2 
 

= lim
𝑧 −3

𝑑

𝑑𝑧

𝑧𝑛

 𝑧 − 2 
 

= lim
𝑧 −3

 𝑧 − 2 𝑛𝑧𝑛−1 − 𝑧𝑛

 𝑧 − 2 
 

=
 −3 − 2 𝑛 −3 𝑛−1 −  −3 𝑛

 −3 − 2 
 



 

 

=
−5𝑛 −3 𝑛−1 −  −3 𝑛

−5
=

5𝑛 −3 𝑛−1 +  −3 𝑛

5
 

Residue at the pole 𝑧 = 2 of order one 𝑅2  

= lim
𝑧   2

 𝑧 − 2 𝑧𝑛−1𝐹 𝑧  

= lim
𝑧   2

 𝑧 − 2 
𝑧𝑛

 𝑧 + 3 2 𝑧 − 2 
 

= lim
𝑧   2

𝑧𝑛

 𝑧 + 3 2
=

2𝑛

 2 + 3 2
=

2𝑛

25
 

𝑦 𝑛 = 𝑍−1  
4𝑧3 − 4𝑧

𝑧3 − 3𝑧 + 2
 = 𝑆𝑢𝑚 𝑜𝑓 𝑎𝑙𝑙 𝑟𝑒𝑠𝑖𝑑𝑢𝑒𝑠 

𝑦 𝑛 =
5𝑛 −3 𝑛−1 +  −3 𝑛

5
+  

2𝑛

25
 

𝐹𝑖𝑛𝑑 𝑍−1  
𝑧

 𝑧 + 1)(𝑧 + 2 
  

Solution: 

𝐿𝑒𝑡 𝐹(𝑧) =
𝑧

 𝑧 + 1)(𝑧 + 2 
 

𝑧𝑛−1𝐹 𝑧 = 𝑧𝑛−1
𝑧

 𝑧 + 1)(𝑧 + 2 
=

𝑧𝑛

 𝑧 + 1)(𝑧 + 2 
 

To find poles: 

 𝑧 + 1)(𝑧 + 2 = 0 ⇒ 𝑧 = −1, −2 

The poles are 𝑧 = −1, −2  

Residue at the pole 𝑧 = −1 of order one 𝑅1  

= lim
𝑧 −1

 𝑧 + 1 𝑧𝑛−1𝐹 𝑧  

= lim
𝑧 −1

 𝑧 + 1 
𝑧𝑛

 𝑧 + 1)(𝑧 + 2 
 

= lim
𝑧 −1

𝑧𝑛

(𝑧 + 2)
=

 −1 𝑛

−1 + 2
=  −1 𝑛  

Residue at the pole 𝑧 = −2 of order one 𝑅2  



 

 

= lim
𝑧 −2

 𝑧 + 2 𝑧𝑛−1𝐹 𝑧  

= lim
𝑧 −2

 𝑧 + 2 
𝑧𝑛

 𝑧 + 1)(𝑧 + 2 
 

= lim
𝑧 −2

𝑧𝑛

(𝑧 + 1)
=

 −2 𝑛

−2 + 1
= − −2 𝑛  

𝑍−1  
𝑧

 𝑧 + 1)(𝑧 + 2 
 = 𝑆𝑢𝑚 𝑜𝑓 𝑎𝑙𝑙 𝑟𝑒𝑠𝑖𝑑𝑢𝑒𝑠 

𝑍−1  
𝑧

 𝑧 + 1)(𝑧 + 2 
 =  −1 𝑛 −  −2 𝑛  

𝐹𝑖𝑛𝑑 𝑍−1  
10𝑧

𝑧2 − 3𝑧 + 2
  

Solution: 

𝐿𝑒𝑡 𝐹(𝑧) =
10𝑧

𝑧2 − 3𝑧 + 2
 

𝑧𝑛−1𝐹 𝑧 = 𝑧𝑛−1
10𝑧

𝑧2 − 3𝑧 + 2
=

10𝑧𝑛

 𝑧 − 1)(𝑧 − 2 
 

To find poles: 

 𝑧 − 1)(𝑧 − 2 = 0 ⇒ 𝑧 = 1,2 

The poles are 𝑧 = 1,2  

Residue at the pole 𝑧 = 1 of order one 𝑅1  

= lim
𝑧 1

 𝑧 − 1 𝑧𝑛−1𝐹 𝑧  

= lim
𝑧 1

 𝑧 − 1 
10𝑧𝑛

 𝑧 − 1)(𝑧 − 2 
 

= lim
𝑧 1

10𝑧𝑛

 𝑧 − 2 
=

10 1 𝑛

1 − 2
= −10 

Residue at the pole 𝑧 = 2 of order one 𝑅2  

= lim
𝑧 2

 𝑧 − 2 𝑧𝑛−1𝐹 𝑧  

= lim
𝑧 2

 𝑧 − 2 
10𝑧𝑛

 𝑧 − 1)(𝑧 − 2 
 



 

 

= lim
𝑧 1

10𝑧𝑛

 𝑧 − 1 
=

10 2 𝑛

2 − 1
= 10 2 𝑛  

𝑍−1  
10𝑧

𝑧2 − 3𝑧 + 2
 = 𝑆𝑢𝑚 𝑜𝑓 𝑎𝑙𝑙 𝑟𝑒𝑠𝑖𝑑𝑢𝑒𝑠 

𝑍−1  
10𝑧

𝑧2 − 3𝑧 + 2
 = −10 + 10 2 𝑛  

𝐹𝑖𝑛𝑑 𝑍−1  
𝑧2 

 𝑧 − 𝑎)(𝑧 − 𝑏 
  

Solution: 

𝐿𝑒𝑡 𝐹(𝑧) =
𝑧2 

 𝑧 − 𝑎)(𝑧 − 𝑏 
 

𝑧𝑛−1𝐹 𝑧 = 𝑧𝑛−1
𝑧2 

 𝑧 − 𝑎)(𝑧 − 𝑏 
=

𝑧𝑛+1

 𝑧 − 𝑎)(𝑧 − 𝑏 
 

To find poles: 

 𝑧 − 𝑎)(𝑧 − 𝑏 = 0 ⇒ 𝑧 = 𝑎, 𝑏 

The poles are 𝑧 = 𝑎, 𝑏  

Residue at the pole 𝑧 = 𝑎 of order one 𝑅1  

= lim
𝑧 𝑎

 𝑧 − 𝑎 𝑧𝑛−1𝐹 𝑧  

= lim
𝑧 𝑎

 𝑧 − 𝑎 
𝑧𝑛+1

 𝑧 − 𝑎)(𝑧 − 𝑏 
 

= lim
𝑧 𝑎

𝑧𝑛+1

 𝑧 − 𝑏 
=

𝑎𝑛+1

𝑎 − 𝑏
 

Residue at the pole 𝑧 = 2 of order one 𝑅2  

= lim
𝑧 𝑏

 𝑧 − 𝑎 𝑧𝑛−1𝐹 𝑧  

= lim
𝑧 𝑏

 𝑧 − 𝑏 
𝑧𝑛+1

 𝑧 − 𝑎)(𝑧 − 𝑏 
 

= lim
𝑧 𝑏

𝑧𝑛+1

 𝑧 − 𝑎 
=

𝑏𝑛+1

𝑏 − 𝑎
 



 

 

𝑍−1  
𝑧2  

 𝑧 − 𝑎)(𝑧 − 𝑏 
 = 𝑆𝑢𝑚 𝑜𝑓 𝑎𝑙𝑙 𝑟𝑒𝑠𝑖𝑑𝑢𝑒𝑠 

𝑍−1  
𝑧2 

 𝑧 − 𝑎)(𝑧 − 𝑏 
 =

𝑎𝑛+1

𝑎 − 𝑏
+

𝑏𝑛+1

𝑏 − 𝑎
 

𝐹𝑖𝑛𝑑 𝑍−1  
8𝑧2

 2𝑧 − 1)(4𝑧 + 1 
  𝑢𝑠𝑖𝑛𝑔 𝑐𝑜𝑛𝑣𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑡𝑒𝑜𝑟𝑒𝑚. 

Solution: 

𝑍−1  
8𝑧2

 2𝑧 − 1)(4𝑧 + 1 
 = 𝑍−1  

8𝑧2

2  𝑧 −
1
2
 4  𝑧 +

1
4
 
 = 𝑍−1  

𝑧2

 𝑧 −
1
2
  𝑧 +

1
4
 
  

𝐿𝑒𝑡 𝐹 𝑧 =
𝑧

 𝑧 −
1
2
 

 𝑎𝑛𝑑 𝐺 𝑧 =
𝑧

 𝑧 +
1
4
 

  

𝑓 𝑛 = 𝑍−1 𝐹 𝑧  = 𝑍−1  
𝑧

 𝑧 −
1
2
 
 =  

1

2
 
𝑛

 

𝑔 𝑛 = 𝑍−1 𝐺 𝑧  = 𝑍−1  
𝑧

 𝑧 +
1
4
 
 =  −  

1

4
 
𝑛

 

𝑍−1  
8𝑧2

 2𝑧 − 1)(4𝑧 + 1 
 = 𝑍−1 𝐹 𝑧 𝐺 𝑧  = 𝑓 𝑛 ∗ 𝑔 𝑛  

=  𝑓 𝑘 𝑔(𝑛 − 𝑘)

𝑛

𝑘=0

 

=   
1

2
 
𝑘

 − 
1

4
 
𝑛−𝑘𝑛

𝑘=0

=   
1

2
 
𝑘

 −  
1

4
 
𝑛

 − 
1

4
 
−𝑘𝑛

𝑘=0

 

=  −  
1

4
 
𝑛

  
1

2
 
𝑘

 −  
1

4
 
−𝑘𝑛

𝑘=0

=  − 
1

4
 
𝑛

  
1

2
 −4  

𝑘𝑛

𝑘=0

=  −  
1

4
 
𝑛

  −2 𝑘
𝑛

𝑘=0

 

𝑍−1  
8𝑧2

 2𝑧 − 1)(4𝑧 + 1 
 =  − 

1

4
 
𝑛

 1 +  −2 +  −2 2 +  −2 3 + ⋯ +  −2 𝑛   

=  −  
1

4
 
𝑛   −2 𝑛+1 − 1 

−2 − 1
 



 

 

=  −  
1

4
 
𝑛   −2 𝑛+1 − 1 

−3
=

1

3
 −

1

4
 
𝑛

−
1

3
 −2  −

2

−4
 
𝑛

  

=
1

3
 −

1

4
 
𝑛

+
2

3
 

1

2
 
𝑛

 

𝐹𝑖𝑛𝑑 𝑍−1  
6𝑧2

 2𝑧 − 1)(3𝑧 + 1 
  𝑢𝑠𝑖𝑛𝑔 𝑐𝑜𝑛𝑣𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑡𝑒𝑜𝑟𝑒𝑚. 

Solution: 

𝑍−1  
6𝑧2

 2𝑧 − 1)(3𝑧 + 1 
 = 𝑍−1  

6𝑧2

2  𝑧 −
1
2
 3  𝑧 +

1
3
 
 = 𝑍−1  

𝑧2

 𝑧 −
1
2
  𝑧 +

1
3
 
  

𝐿𝑒𝑡 𝐹 𝑧 =
𝑧

 𝑧 −
1
2
 

 𝑎𝑛𝑑 𝐺 𝑧 =
𝑧

 𝑧 +
1
3
 

  

𝑓 𝑛 = 𝑍−1 𝐹 𝑧  = 𝑍−1  
𝑧

 𝑧 −
1
2
 
 =  

1

2
 
𝑛

 

𝑔 𝑛 = 𝑍−1 𝐺 𝑧  = 𝑍−1  
𝑧

 𝑧 +
1
3
 
 =  −  

1

3
 
𝑛

 

𝑍−1  
6𝑧2

 2𝑧 − 1)(3𝑧 + 1 
 = 𝑍−1 𝐹 𝑧 𝐺 𝑧  = 𝑓 𝑛 ∗ 𝑔 𝑛  

=  𝑓 𝑘 𝑔(𝑛 − 𝑘)

𝑛

𝑘=0

 

=   
1

2
 
𝑘

 − 
1

3
 
𝑛−𝑘𝑛

𝑘=0

=   
1

2
 
𝑘

 −  
1

3
 
𝑛

 − 
1

3
 
−𝑘𝑛

𝑘=0

 

=  −  
1

3
 
𝑛

  
1

2
 
𝑘

 −  
1

3
 
−𝑘𝑛

𝑘=0

=  − 
1

3
 
𝑛

  
1

2
 −3  

𝑘𝑛

𝑘=0

=  −  
1

4
 
𝑛

  −
3

2
 
𝑘𝑛

𝑘=0

 

𝑍−1  
6𝑧2

 2𝑧 − 1)(3𝑧 + 1 
 =  − 

1

3
 
𝑛

 1 +  −
3

2
 +  −

3

2
 

2

+  −
3

2
 

3

+ ⋯+  −
3

2
 
𝑛

  

=  −  
1

3
 
𝑛   −

3
2
 
𝑛+1

− 1 

 −
3
2
 − 1

 



 

 

=  −  
1

3
 
𝑛   −

3
2
 
𝑛+1

− 1 

 −
5
2
 

=
2

5
 −

1

3
 
𝑛

−
2

5
 −

3

2
  −

3

2
× −

1

3
 
𝑛

  

=
2

5
 −

1

3
 
𝑛

+
3

5
 

1

2
 
𝑛

 

State and prove second shifting theorem in Z-transform: 

Statement: 

𝐿𝑒𝑡 𝐹 𝑧 = 𝑍 𝑓(𝑛)   then  

𝑍 𝑓(𝑛 + 𝑘) = 𝑧𝑘   𝐹 𝑧 − 𝑓 0 − 𝑧−1𝑓 1 − 𝑧−2𝑓 2 − ⋯− 𝑓 𝑘 − 1 𝑧− 𝑘−1   

Proof: 

𝑍 𝑓(𝑛 + 𝑘) =  𝑓(𝑛 + 𝑘)∞
𝑛=0 𝑧−𝑛 ...(1) 

Multiplying and dividing by 𝑧𝑘  in R.H.S of (1), we get 

= 𝑧𝑘  𝑓(𝑛 + 𝑘)

∞

𝑛=0

𝑧−(𝑛+𝑘) 

= 𝑧𝑘 𝑓 𝑘 𝑧− 𝑘 + 𝑓 𝑘 + 1 𝑧− 𝑘+1 + 𝑓 𝑘 + 2 𝑧− 𝑘+2 + ⋯  

= 𝑧𝑘   𝑓(𝑛)

∞

𝑛=0

𝑧−𝑛 − 𝑓 0 − 𝑓 1 𝑧−1 − 𝑓 2 𝑧−2 − ⋯− 𝑓 𝑘 − 1 𝑧− 𝑘−1   

 𝑆𝑖𝑛𝑐𝑒  𝑓(𝑛)

∞

𝑛=0

𝑧−𝑛 = 𝑓 0 + 𝑓 1 𝑧−1 … + 𝑓 𝑘 − 1 𝑧− 𝑘−1 + 𝑓 𝑘 𝑧− 𝑘 + ⋯  

𝑍 𝑓(𝑛 + 𝑘) = 𝑧𝑘   𝐹 𝑧 − 𝑓 0 − 𝑧−1𝑓 1 − 𝑧−2𝑓 2 − ⋯− 𝑓 𝑘 − 1 𝑧− 𝑘−1   

Solve 𝑥 ( 𝑦2 –  𝑧2) 𝑝 +  𝑦 (𝑧2 –  𝑥2)𝑞 =  𝑧(𝑥2 –  𝑦2). 

Solution: 

𝑥 ( 𝑧2 –  𝑦2) 𝑝 +  𝑦 (𝑥2 –  𝑧2)𝑞 =  𝑧(𝑦2 –  𝑥2). 

The equation is of the form 𝑃𝑝 + 𝑄𝑞 = 𝑅 

Here 𝑃 = 𝑥 ( 𝑧2 –  𝑦2) , 𝑄 = 𝑦 (𝑥2 –  𝑧2), 𝑅 = 𝑧(𝑦2 –  𝑥2) 



 

 

𝑑𝑥

𝑥 ( 𝑧2 –  𝑦2) 
=

𝑑𝑦

𝑦 (𝑥2 – 𝑧2)
=

𝑑𝑧

𝑧(𝑦2 –  𝑥2)
 

1
𝑥 𝑑𝑥 +

1
𝑦 𝑑𝑦

𝑧2 −  𝑦2 + 𝑥2 − 𝑧2 
=

𝑑𝑧

𝑧(𝑦2 –  𝑥2)
 

1
𝑥 𝑑𝑥 +

1
𝑦 𝑑𝑦

−(𝑦2 –  𝑥2) 
=

𝑑𝑧

𝑧(𝑦2 –  𝑥2)
 

1

𝑥
𝑑𝑥 +

1

𝑦
𝑑𝑦 = −

𝑑𝑧

𝑧
 

Integrating on both sides, we get 

log𝑥 + log𝑦 = − log 𝑧 + log 𝑐1 

log𝑥 + log𝑦 + log 𝑧 = log 𝑐1 

log𝑥𝑦𝑧 = log 𝑐1 ⇒𝑐1 = 𝑥𝑦𝑧 

𝑥𝑑𝑥 + 𝑦𝑑𝑦

𝑥2𝑧2 −  𝑥2𝑦2 + 𝑥2𝑦2 − 𝑦2𝑧2 
=

𝑑𝑧

𝑧(𝑦2 –  𝑥2)
 

𝑥𝑑𝑥 + 𝑦𝑑𝑦

𝑥2𝑧2 − 𝑦2𝑧2 
=

𝑑𝑧

𝑧(𝑦2 –  𝑥2)
 

𝑥𝑑𝑥 + 𝑦𝑑𝑦

−𝑧2(𝑦2 –  𝑥2) 
=

𝑑𝑧

𝑧(𝑦2 –  𝑥2)
 

𝑥𝑑𝑥 + 𝑦𝑑𝑦 = −𝑧𝑑𝑧 

Integrating on both sides, we get 

𝑥2

2
+

𝑦2

2
= −  

𝑧2

2
+ 𝑐2 ⇒ 𝑐3 = 𝑥2+𝑦2 + 𝑧2 

The general solution is  

Φ 𝑐1, 𝑐3   = 0 

Φ 𝑥𝑦𝑧,𝑥2+𝑦2 + 𝑧2  = 0 

Solve  𝑚𝑧 − 𝑛𝑦  𝑝 +  (𝑛𝑥 − 𝑙𝑧)𝑞 =  (𝑙𝑦 − 𝑚𝑥). 

Solution: 



 

 

The equation is of the form 𝑃𝑝 + 𝑄𝑞 = 𝑅 

Here 𝑃 = 𝑚𝑧 − 𝑛𝑦 , 𝑄 = 𝑛𝑥 − 𝑙𝑧, 𝑅 = 𝑙𝑦 − 𝑚𝑥 

𝑑𝑥

𝑚𝑧 − 𝑛𝑦 
=

𝑑𝑦

𝑛𝑥 − 𝑙𝑧
=

𝑑𝑧

𝑙𝑦 − 𝑚𝑥
 

𝑙𝑑𝑥 + 𝑚𝑑𝑦 + 𝑛𝑑𝑧

𝑙𝑚𝑧 − 𝑙𝑛𝑦 + 𝑚𝑛𝑥 − 𝑙𝑚𝑧 + 𝑙𝑛𝑦 − 𝑚𝑛𝑥 
=

𝑙𝑑𝑥 + 𝑚𝑑𝑦 + 𝑛𝑑𝑧

0
 

𝑙𝑑𝑥 + 𝑚𝑑𝑦 + 𝑛𝑑𝑧 = 0 

Integrating on both sides, we get 

𝑙𝑥 + 𝑚𝑦 + 𝑛𝑧 = 𝑐1 

𝑥𝑑𝑥 + 𝑦𝑑𝑦 + 𝑧𝑑𝑧

𝑚𝑥𝑧 − 𝑛𝑥𝑦 + 𝑛𝑦𝑥 − 𝑙𝑦𝑧 + 𝑙𝑧𝑦 − 𝑚𝑧𝑥 
=

𝑥𝑑𝑥 + 𝑦𝑑𝑦 + 𝑧𝑑𝑧

0
 

𝑥𝑑𝑥 + 𝑦𝑑𝑦 + 𝑧𝑑𝑧 = 0 

Integrating on both sides, we get 

𝑥2

2
+

𝑦2

2
+ 

𝑧2

2
= 𝑐2 ⇒ 𝑐3 = 𝑥2+𝑦2 + 𝑧2 

The general solution is  

Φ 𝑐1, 𝑐3   = 0 

Φ 𝑙𝑥 + 𝑚𝑦 + 𝑛𝑧,𝑥2+𝑦2 + 𝑧2  = 0 

 

Solve  𝐷3 − 7𝐷𝐷′2 − 6𝐷′3 𝑧 = sin 2𝑥 + 𝑦  

Solution: 

To find complementary function: 

Put 𝐷 = 𝑚 𝑎𝑛𝑑 𝐷′ = 1,  

𝑚3 − 7𝑚 − 6 = 0 ⇒ 𝑚3 − 𝑚 − 6𝑚 − 6 = 0 

𝑚 𝑚2 − 1 − 6 𝑚 + 1 = 0 ⇒ 𝑚 𝑚 + 1  𝑚 − 1 − 6 𝑚 + 1 = 0 

 𝑚 + 1  𝑚2 − 𝑚 − 6 = 0 



 

 

𝑚 = −1, −2,3 

𝑧 = 𝑓1 𝑦 − 𝑥 + 𝑓2 𝑦 − 2𝑥 + 𝑓3 𝑦 + 3𝑥  

To find Particular Integral: 

𝑃. 𝐼 =
sin 2𝑥 + 𝑦 

𝐷3 − 7𝐷𝐷′2 − 6𝐷′3
 

=
sin 2𝑥 + 𝑦 

−4𝐷 − 7𝐷(−1) − 6 −1 𝐷′
=

sin 2𝑥 + 𝑦 

−4𝐷 + 7𝐷 + 6𝐷′
 

=
sin 2𝑥 + 𝑦 

3𝐷 + 6𝐷′
=

 3𝐷 − 6𝐷′ sin 2𝑥 + 𝑦 

(3𝐷 + 6𝐷′) 3𝐷 − 6𝐷′ 
 

=
 3𝐷 sin 2𝑥 + 𝑦 − 6𝐷′ sin 2𝑥 + 𝑦  

9𝐷2 − 36𝐷′2
 

=
6 cos 2𝑥 + 𝑦 − 6 sin 2𝑥 + 𝑦 

9(−4) − 36(−1)
 

= 𝑥
6 cos 2𝑥 + 𝑦 − 6 sin 2𝑥 + 𝑦 

18𝐷
 

=
𝑥

18
 (6 cos 2𝑥 + 𝑦 − 6 sin 2𝑥 + 𝑦 )𝑑𝑥 

=
6𝑥

18
 
1

2
sin 2𝑥 + 𝑦 +

1

2
cos 2𝑥 + 𝑦   

𝑃. 𝐼 =
𝑥

6
 sin 2𝑥 + 𝑦 + cos 2𝑥 + 𝑦   

The general solution is  

𝑧 = 𝑓1 𝑦 − 𝑥 + 𝑓2 𝑦 − 2𝑥 + 𝑓3 𝑦 + 3𝑥 +
𝑥

6
 sin 2𝑥 + 𝑦 + cos 2𝑥 + 𝑦   

Solve  𝐷3 − 2𝐷2𝐷′ 𝑧 = 2𝑒2𝑥 + 3𝑥2𝑦 

Solution: 

To find complementary function: 

Put 𝐷 = 𝑚 𝑎𝑛𝑑 𝐷′ = 1,  

𝑚3 − 𝑚2 = 0 ⇒ 𝑚2 𝑚 − 2 = 0 

𝑚 = 0,0,2 

𝑧 = 𝑓1 𝑦 + 𝑥𝑓2 𝑦 + 𝑓3 𝑦 + 2𝑥  



 

 

To find Particular Integral: 

𝑃. 𝐼1 =
2𝑒2𝑥

𝐷3 − 2𝐷2𝐷′
=

2𝑒2𝑥

23 − 2(2)2(0)
=

2𝑒2𝑥

23
=

𝑒2𝑥

8
 

𝑃. 𝐼2 =
3𝑥2𝑦

𝐷3 − 2𝐷2𝐷′
=

3𝑥2𝑦

𝐷3  1 −
2𝐷′

𝐷
 

 

=
3  1 −

2𝐷′

𝐷
 
−1

𝑥2𝑦

𝐷3
=

3  1 +
2𝐷′

𝐷
 𝑥2𝑦

𝐷3
=

3𝑥2𝑦 +
6
𝐷

𝑥2

𝐷3
 

=
3

𝐷3
 𝑥2𝑦 +

6

𝐷4
 𝑥2 =

𝑦𝑥5

20
+

𝑥6

60
 

The general solution is  

𝑧 = 𝑓1 𝑦 + 𝑥𝑓2 𝑦 + 𝑓3 𝑦 + 2𝑥 +
𝑒2𝑥

8
+

𝑦𝑥5

20
+

𝑥6

60
 

Solve  𝐷3 − 7𝐷𝐷′2 − 6𝐷′3 𝑧 = 𝑥2𝑦 + 𝑒2𝑥+𝑦  

Solution: 

To find complementary function: 

Put 𝐷 = 𝑚 𝑎𝑛𝑑 𝐷′ = 1,  

𝑚3 − 7𝑚 − 6 = 0 ⇒ 𝑚3 − 𝑚 − 6𝑚 − 6 = 0 

𝑚 𝑚2 − 1 − 6 𝑚 + 1 = 0 ⇒ 𝑚 𝑚 + 1  𝑚 − 1 − 6 𝑚 + 1 = 0 

 𝑚 + 1  𝑚2 − 𝑚 − 6 = 0 

𝑚 = −1, −2,3 

𝑧 = 𝑓1 𝑦 − 𝑥 + 𝑓2 𝑦 − 2𝑥 + 𝑓3 𝑦 + 3𝑥  

To find Particular Integral: 

𝑃. 𝐼1 =
𝑥2𝑦

𝐷3 − 7𝐷𝐷′2 − 6𝐷′3
=

𝑥2𝑦

𝐷3  1 −
7𝐷′2

𝐷2 −
6𝐷′3

𝐷3  
=

𝑥2𝑦

𝐷3  1 −  
7𝐷′2

𝐷2 +
6𝐷′3

𝐷3   

 

=

 1 −  
7𝐷′2

𝐷2 +
6𝐷′3

𝐷3   

−1

𝑥2𝑦

𝐷3
=

 1 +  
7𝐷′2

𝐷2 +
6𝐷′3

𝐷3   𝑥2𝑦

𝐷3
=

1

𝐷3
 𝑥2𝑦 =

𝑥5𝑦

60
 



 

 

𝑃. 𝐼2 =
𝑒2𝑥+𝑦

𝐷3 − 7𝐷𝐷′2 − 6𝐷′3
=

𝑒2𝑥+𝑦

23 − 7 2  1 2 − 6 1 3
=

𝑒2𝑥+𝑦

8 − 14 − 6
= −  

𝑒2𝑥+𝑦

12
 

The general solution is  

𝑧 = 𝑓1 𝑦 − 𝑥 + 𝑓2 𝑦 − 2𝑥 + 𝑓3 𝑦 + 3𝑥 +
𝑥5𝑦

60
 −  

𝑒2𝑥+𝑦

12
 

 Solve  𝐷2 − 6𝐷𝐷′ + 5𝐷′ 2
 𝑧 = 𝑥𝑦 + 𝑒𝑥 sin 𝑦 

Solution: 

The auxiliary equation is  𝑚2 − 6𝑚 + 5 = 0 

𝑚 = 1,5 

The complementary function CF is 𝑧 = 𝜙1 𝑦 + 𝑥 + 𝜙2 𝑦 + 5𝑥  

To find particular integral: 

𝑃. 𝐼1 =
𝑥𝑦

𝐷2 − 6𝐷𝐷′ + 5𝐷′ 2 

=
𝑥𝑦

𝐷2  1 − 6
𝐷′

𝐷
+ 5

𝐷′2

𝐷2  

=
𝑥𝑦

𝐷2  1 −  6
𝐷′

𝐷
− 5

𝐷′ 2

𝐷2   

 

=

 1 −  6
𝐷′

𝐷
− 5

𝐷′2

𝐷2   

−1

𝑥𝑦

𝐷2
 

=

 1 +  6
𝐷′

𝐷
− 5

𝐷′2

𝐷2   𝑥𝑦

𝐷2            1 − 𝑥 −1 = 1 + 𝑥 + 𝑥2 + ⋯  

=

 𝑥𝑦 +  6
𝐷′

𝐷
𝑥𝑦 − 5

𝐷′ 2

𝐷2 𝑥𝑦  

𝐷2  



 

 

=
 𝑥𝑦 +  6

𝑥
𝐷
  

𝐷2
=

1

𝐷2
𝑥𝑦 +

6

𝐷3
𝑥 

𝑃. 𝐼1 =
𝑥3𝑦

6
+

6𝑥4

24
=

𝑥3𝑦

6
+

𝑥4

4
                     

1

𝐷𝑛 𝑥𝑚 =
𝑚! 𝑥𝑚+𝑛

 𝑚 + 𝑛 !
  

𝑃. 𝐼2 =
𝑒𝑥 sin 𝑦

𝐷2 − 6𝐷𝐷′ + 5𝐷′ 2 =
𝑒𝑥  

𝑒𝑦 − 𝑒−𝑦

2
 

𝐷2 − 6𝐷𝐷′ + 5𝐷′2 

=
𝑒𝑥+𝑦

2 𝐷2 − 6𝐷𝐷′ + 5𝐷′2 
−

𝑒𝑥−𝑦

2 𝐷2 − 6𝐷𝐷′ + 5𝐷′2 
 

=
𝑒𝑥+𝑦

2 12 − 6 1 (1) + 5(1)2 
−

𝑒𝑥−𝑦

2 12 − 6 1 (−1) + 5 −1 2 
 

=
𝑥𝑒𝑥+𝑦

2 2𝐷 − 6𝐷′ 
−

𝑒𝑥−𝑦

2 11 
      

  
𝑖𝑓 𝑑𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑡𝑜𝑟 𝑏𝑒𝑐𝑜𝑚𝑒𝑠 𝑧𝑒𝑟𝑜 𝑡𝑒𝑛 𝑚𝑢𝑙𝑖𝑝𝑙𝑦 𝑛𝑢𝑚𝑒𝑟𝑎𝑡𝑜𝑟 𝑏𝑦 𝑥 

𝑎𝑛𝑑 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑖𝑛𝑔 𝑑𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑡𝑜𝑟 𝑝𝑎𝑟𝑡𝑖𝑎𝑙𝑙𝑦 𝑤𝑖𝑡 𝑟𝑒𝑠𝑝𝑒𝑐𝑡 𝑡𝑜 𝐷
  

𝑃. 𝐼2 =
𝑥𝑒𝑥+𝑦

2 2(1) − 6(1) 
−

𝑒𝑥−𝑦

22
=

𝑥𝑒𝑥+𝑦

−8
−

𝑒𝑥−𝑦

22
     

The general solution is  

𝐶𝐹 + 𝑃. 𝐼1 + 𝑃. 𝐼2 

𝑧 = 𝑓1 𝑦 + 𝑥 + 𝑓2 𝑦 + 5𝑥 +
𝑥3𝑦

6
+

𝑥4

4
 −

𝑥𝑒𝑥+𝑦

8
−

𝑒𝑥−𝑦

22
 

Two marks: 

Define unit impulse step function and its Z transform. 

Define convolution of two sequences. 

If 𝐹 𝑧 =
5𝑧

 𝑧−2  𝑧−3 
 find 𝑓 0  and lim𝑡 ∞ 𝑓(𝑡) 

Form a difference equation by eliminating the arbitrary constants A from 𝑦𝑛 = 𝐴 3𝑛  



 

 

Define unit step function and its Z transform. 

State Final value theorem for Z transforms. 

If 𝐹 𝑧 =
𝑧2

 𝑧−
1

2
  𝑧−

1

4
  𝑧−

3

4
 
 find 𝑓 0 . 

Find P.I of  D2 + 4DD′ z = ex . 

Solve  D2 − 4DD′ − 4D′2 z = 0. 

Solve  D3 + D2D′ − 4DD′2 − 4D′3 z = 0 

 


