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B.E./B.Tech. DEGREE EXAMINATION, NOVEMBER/DECEMBER 2012
Fifth Semester
Computer Science and Engineering
MA2265 — DISCRETE MATHEMATICS
(Regulation 2008)

Part-A
1. Define Tautology with an example.
Solution:
A Statement that is true for all possible values of its propositional variables is called a tautology.
(PVQ) < (QVP) is a tautology.

2. Define a rule of universal specification.
Answer:
From (x) A(x) one can conclude A(y). If (x) A(x) is true for every element x in the universe, then
A(y) is true.
()AX) = AW)

3. State pigeonhole principle.

Solution:

If k pigeons are assigned to n pigeonholes and n < k then there is at least one pigeonhole containing
more than one pigeons.

4.Solve a;, = 3a;,_4,for k > 1,with ay = 2.
Solution:

Let G(x) = z apx* = ag + a;x + apx? + - (1)
k=0

where G (x) is the generating function for the sequence {a, }.

Givena, = 3a,_1=>3a,_.1—a, =0

Multiplying by xk and summing from 1 to oo, we have

SZak 1xk Zakxk=0

3x Zak 1xk= Zakx =

=1 k=1
3x(ag + ayx + azx® + ) — (a1 x + azx?> ++-) =0
3xG(x) — (G(x) —ay) =0 [from (1)]
GCx)Bx—-1)—-2=0
2 2

(=G =D~ 1o

oo oo . oo
k — _ k ok — n

Zakx = ZZBx [ 1 Zx ]

k=0 k=0 n=0

a, = Coefficient of x* in G (x)
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a, = -2 (3”)

5. Define a regular graph. Can a complete graph be a regular graph?
Ans: A graph is said to be regular if all the vertices are of same degree.
Yes a complete graph is always a regular graph.

6. State the handshaking theorem.
Solution:
If G(V,E) is an undirected graph with e edges, then

Z degv; = 2e.
i

7. Prove that the identity of a subgroup is the same as that of the group.
Solution:
Let e; be the identity element of a group G and H be the subgroup of G.
Let us assume that e, # e; be the identity element of H.
Since H € G, e, € G which is a contradiction since in a group, identity element is unique.
~0ur assumption is wrong.
S e = e).

8. State Lagrange’s theorem in & group theory.
Solution:
An order of a subgroup H of a group G divides the order of the group G.

9. When is a lattice said to be bounded?
Solution:
A lattice having least and greatest element is called a bounded lattice.

10. When is a lattice said to be a Boolean Algebra?
Solution:
A complemented distributive lattice is called a Boolean Algebra.

Part-B
11. a)i) Show that P v (Q AR) and (P vV Q) A (P V R) are logically equivalent.
Solution:

To prove: S: (P V(QAR )) © ((P VQAMPV R)) is a tautology.

PQ|R QAR |[PV(QAR) | PVQ|PVR|(PVQ A(PVR) |S
T|T|T T T T T T T
TIF|T F T T T T T
FIT|T T T T T T T
FIF|T F F F T F T
T|T|F F T T T T T
T|F|F F T T T T T
F|T|F F F T F F T
F|F|F F F F F F T
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Since all the values in last column are true. (P V(QAR )) o ((P VQAPV R)) is a tautology.
~(PV(QAR)) e ((PVQA(PVR))

Y/ [

ii) Show that the hypothesis, “It is not sunny this afternoon and it is colder than yesterday”, “we will
go swimming only if it is sunny”, “If we do not go swimming, then we will take a canoe trip” and “If we
take a canoe trip, then we will be home by sunset” lead to the conclusion “We will be home by
sunset”.

Solution:

Let S represents it is sunny this afternoon.

Let C represents it is colder than yesterday.

Let W represents we will go swimming.

Let T.. represents we will take a canoe trip.

Let H represents we will be home by sunset.

The inferenceis~ SAC,W - S,~W > T., T, > H=>H

1.~SAC Rule P

2. W->S Rule P

3.~W T, Rule P

4. T. - H Rule P

5.~8§ RuleT,1,PANQ = P
6.~W Rule T,5,2, Modus tollens
7. T, Rule T, 6,3, Modus phones
8.H Rule T, 7,4, Modus phones

b) i) Find the principal disjunctive normal form of the statement (qVv (p AT)) A~ ((p V1) A q).
Solution:
letSe (qv(pAr)) A~ ((pVT)AQ).
S (qvian)a(~(vrv~q
e (qv@eAn)A((~pA~T)V~q)
e ((qvpAl@vn)A((~pv~ A (~7TV~Q)
S (QQVpVE)ANEVgVT)A(~pV~qVF)AN(FV~1rV~q)
e (qvpvaa~m)A((@pA~p)VvaVvr)A(~pV~qV @ A~1)A((pA~p)V~TV~q)
e @VvpVvr)A@VpV~r)APVaVTIA(~pVqVT)A(~pV~qVT)
A(~pV~qV~1)APV~1V~q A(~pV~TV~q)
S @VpV~r)A@PVaVr)A(~pVqVr)A(~pV~qVr)
A(~pV~qV~1)A(pV~T1V~Qq)
S @VaV~r)A@PVaVr)A(~pVqVr)A(~pV~qVr)
A(~pV~qV~T1)A(pV~ qV~r1)whichisa PCNF
~ § © remaining max terms in S
~Soe(@EVv~qVr)A(~pVvqV~T)
~~Se~[(pVv~qVr)A(~pVqV~T)]
S (~pAqgA~T1)V(pA~qAT)whichis PDNF.
So~(pVv~qVr)Vv~(~pvqVv~r)

ii) By indirect method prove that (x) (P(x) = Q(x)), @x)P(x) = (Ix)Q(x)
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Solution:

Let us assume that —(3x)Q(x) as additional premise
1.-(3x)Q(x) Additional premise
2.(x)=Q(x) Rule T,1,De Morgan's law
3.-Q(a) RuleT,2,US
4.(3x)P(x) Rule P
5.P(a) RuleT,4,ES
6.P(a)A-Q(a) Rule T, 5,3 and conjuction
7. —|(—|P(a)VQ(a)) Rule T,6,De Morgan's law
8. —|(P(a) - Q(a)) Rule T, 7, Equivalence
9. (x)(P(x) - Q(x)) Rule P
10. P(a) - Q(a) Rule T,9,US
11. —|(P(a) - Q(a)) AP(a) - Q(a) Rule T, 8,10 and conjuction
12. F Rule T, 11 and negation law

12.a)i) Use mathematical induction to prove the inequality n < 2™ for all positive integer n.
Proof:
Let P(n):n < 2" ~ (D
P(1):1<2!
=>1<?2
~ P(1)is true.
Let us assume that P(n) is true. Now we have to prove that P(n + 1) is true.
To prove:
Pn+1:n+1<2nt!
n<2" (from (1))
n+1<2"+1
n+1<2"+2"  [+1<2"]

n+1<22"

n+1<2"!
s~ P(n+ 1) is true.
~ By induction method,

P(n):n < 2" is true for all positive integers.

ii) What is the maximum number of students required in a discrete mathematics class to be sure that
at least six will receive the same grade if there are five possible grades A, B, C, D and F.
Solution:
By Pigeonhole principle, If there are n holes and k pigeons n < k then there is at least one hole contains
k—1 .
at least lTJ + 1 pigeons.
Heren =5
k_1+1—6
5 =
k—1

T=5=>k—1=25:k=26

The maximum number of students required in a discrete mathematics class is 26.

b)i) Suppose that there are 9 faculty members in the mathematics department and 11 in the computer
science department. How many ways are there to select a committee to develop a discrete
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mathematics course at a school if the committee is to consist of three faculty member from
mathematics department and four from the computer science department?

Solution:

The number of ways to select 3 mathematics faculty members from 9 faculty members is

9C5 ways.

The number of ways to select 4 computer Science faculty members from 11 faculty members is

11C4 ways.

The number of ways to select a committee to develop a discrete mathematics course at a school if the
committee is to consist of three faculty member from mathematics department and four from the

computer science department is 9C3.11C,; ways.
9x8x7 11x10x9x%x8

9C3.11C4 = 3l a0 = 27720
ii) Using method of generating function to solve the recurrence relation
a,+3a,_1—4a, , =0;n=>2,giventhatay, = 3and a; = —2.
Solution:
Let G(x) = Z a,x" = ag+ a;x + azx? + - (1)
n=0

where G (x) is the generating function for the sequence {a, }.
Given a, +3a,_1 —4a,_, =0
Multiplying by x,, and summing from 2 to oo, we have

oo

Z a,x" +3 z A, _1x" — 42 a,_x" =0
n=2 n=2

n=2

Z a,x" + BxZ Ap_1x" 1 — 4x? z Ap_2x"2 =0

n=2 n=2 n=2

(azx?® +asx® + agx* + ) + 3x(a;x + azx? + ) —4x?(ag + a1 x + a;x* ++-) =0
G(x) —ay — a;x + 3xG(x) — 3xay — 4x*G(x) =0 [from (1)]

G(x)(14+3x—4x%)—-3+2x—9x =0
G(x)(1+43x —4x%)=3—7x
3—7x 3—7x

() = A3 —ad) - G+ a0 =2

3—7x _ A B
A+40(0-% (+40) =2
3—7x=A(1—x)+B(1+4x) (2)

Putx = — %in(Z)
3 7( 1) A(1+1> 5A 3+7 A 1
— —_ ) = -] = — = e = —
4 4 4 4 5
Putx =1in(2)

3-7=B(1+4)=>5B=—-4=B=-—

SIS
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19 :

5 s
(O =Trm a9

oo

Z n — 195( 4)71 n 42 n . 1 i n
a,x" = 5 X 5 X B 1—x X
n=0 n=0 0

n=0 n=
a,, = Coefficient of x™ in G(x)
19 4
= (—4)" — =
an == (-4 —

13. a)i) How many paths of length four are there from a to d in the simple graph G given below.

a b

c d

Solution: The adjacency matrix for the given graph is

Qa0 T Q

— o R o
OR O R
=0 =R On
O R ORrq

AZ

mm“wa

SnonN®
NONOT
oNOoONO
N O N O

At =

Qa8

S mo xR
oo™
o wo ®o
0o oA

Since the value in the at® row and dt* column in A% is 0.
~ There is no path from a to d of length 4.

ii) Show that the complete graph with n vertices K, has a Hamiltonian circuit whenever n > 3.
Proof:

In a complete graph K,,, every vertex is adjacent to every other vertex in the graph.
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Therefore a path can be formed starting from any vertex and traverse through all the vertices of K,, and
reach the same vertex to form a circuit without traversing through any vertex more than once except
the terminal vertex. This circuit is called the Hamiltonian circuit.

-~ The complete graph with n vertices K,,has a Hamiltonian circuit whenever n > 3.

b) i) Determine whether the graphs G and Hgiven below are isomorphic.

a b p r

G H

Solution:
The two graphs Gand H have same number of vertices and same number of edges.

deg(a) = 2,deg(b) = 3,deg(c) = 2,deg(d) = 3,deg(e) = 2,deg(f) =2

deg(p) = 2,deg(q) = 2,deg(r) = 3,deg(s) = 2,deg(t) = 3,deg(u) =2
Here in both the graphs two vertices are of degree three and remaining vertices are of degree two.
The mapping between two graphsarea - u,b = r,c > s,d > t,e—>pand f - q.
There is one to one correspondence between the adjacency of the vertices between the two graphs.
Therefore the two graphs are isomorphic.

ii) Prove that an undirected graph has an even number of vertices of odd degree.
Proof:

By Handshaking theorem, we know that
If the graph G has n vertices and e edges then

Z deg(v;) = 2e = z deg(v;) = even number

Z deg(v;) + Z deg(v;) = even number

odd even
where Z deg(v;) is sum of vertices with odd degree
odd

Z deg(v;) is sum of vertices with even degree

even

Z deg(v;) + even number = even number
odd
( Since sum of even numbers is an even number)

Z deg(v;) = even number
odd
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Sum of even number of odd numbers is an even number.
~ An undirected graph has an even number of vertices of odd degree.

14.3)i) If = is the operation defined on S = Q X Q, the set of ordered pairs of rational numbers and
givenby (a, b) = (x,y) = (ax,ay + b),show that (S,*)is a semi group. Is it commutative? Also find the
identity element of S.
Solution:
Closure: V(a, b),(x,y) €S
(a,b) * (x,y) = (ax,ay + b) € S [ax€Qanday +b € Q,Va,b,x,y € Q]
= (a,b) * (x,y) €S
V(a,b),(x,y) €S = (a,b) *(x,y) €S
~ Sisclosed under *.
Associative: V(a,b),(x,y), (u,w) € S
(a,b) * ((x, y) * (w,v)) = (a,b) * (xu, xv + y)
= (axu,a(xv +y) + b) = (axu,axv + ay + b) ...(1)
((a, b) * (x, y)) * (u,v) = (ax,ay + b) * (u,v)
= (axu,axv + ay + b) ...(2)
From (1) and (2), we get
(a,b) * ((x,y) * (w,v)) = ((a,b) * (x,y)) * (w,v)
~ S satisfies associative property under *.
Identity: Let (e1,e;) € S be the identity element.
Then (a, b) * (eq,e;) = (eg x ey) * (a,b) = (a,b),V(a,b) € S
(a,b) * (e1,e;) = (a,b)
= (aej,aey, + b) = (a,b)
=ae;=a,ae; +b=>b
e =1ae,=0
>e =1e,=0
= (1,0) =€ S
~ (1,0) € Sis the identity element.
~ S is a semi group under .
v(a,b),(x,y) €S, (a,b) * (x,y) = (ax,ay + b) ...(3)
(x,y) * (a,b) = (xa,xb + ) ...(4)
From (3) and (4), we get
(a,b) * (x,y) # (x,y) * (a,b)
~ S is not commutative under .

ii) Prove that the necessary and sufficient condition for a non empty subset H of a group {G,*} to be a
subgroupisa,b € H=>ax*b ! € H.

Proof:

Necessary condition:

Let us assume that His a subgroup of G.

H itself is a group.
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abeH=>axbeH..(1) [Closure ]
beEH=b1eH..(2) [Inverseproperty]
abeEH=ableH=>axb'e€H [from(1)and (2)]
~a,bEH=a*b'€H.
Sufficient condition:
leta,b € H = a*b~! € Hand H is a subset of G.
Closure property:
fbeEH=>b'leH
abeEH=>ab leH=2ax(b ) 1eH=>axbeH
abeH=>axb€EH
Hence H is closed.
Associative property:
 H is a subset of G. All the elements in H are elements of G. Since G is associative under *.
-~ H is associative under .
Identity property:
a,a€EH=>a*al€eH=>e€H
.. e € H be the identity element.
Inverse property:
e, a€EH=>exa'€eH=>a'l€eH
~ a~! € H be the inverse of a € H.
H itself is a group.
~ H is a subgroup of G.

b) i) Prove that the set Z, = {[0],[1], [2], [3]}is a commutative ring with respect to the binary
operation addition modulo and multiplication modulo +4,X4.

Solution:

The Cayley table for (Z4, +4) and (Z4,X4) is given below

+q | [0] | [2] | [2] | [3] X4 | [0] | [1] | [2] | [3]
[0] | [0] | [1] | 2] | (8] (0] | [0] | [0] | [O] | [0]
[1] | [2] | (2] | [3] | [O] (1] | [0] | [1] | (2] | [3]
[2] | [2] | (3] | [0] | [1] [2] | [0] | [2] | [O] | [2]
[3]1 | (3] ] [0] | [1] | [2] (31 [0] | [3] | (2] ][]

From the above Cayley table, we observe that
All the elements in the table is also an element in Z, under +,4.
=~ Z4 is closed under binary operation +.
It is clear from the table that Z, is associative under +,4.
Here [0] € Z, is the identity element.
The inverse of [0], [1],[2] and [3] are [0], [3], [2] and [1] respectively.
Itis clear from the table that Z, is commutative under +,.
All the elements in the table is also an element in Z, under X4.
~ Z4 is closed under binary operation X.
Itis clear from the table that Z, is associative under X4.
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Itis clear from the table that Z, is commutative under X,.
o (Z4,+4,%4) is a commutative ring.

i) If f: G — G is a group homomorphism from (G,*) to (G , A) then prove that forany a € G,

f(a™) = [f@1.
Solution:
Since f is a group homomorphism.

VYa,b € G, flaxb)=f(a)Af(b)
Since Gisagroup, a €G = a~! €G.
fl@Aaf@)=flaxa™
fl@af@™h) =f(e)
f@Af(a@)=¢ [where e’ is the identity element in G' |

The inverse of f(a) is f(a™1).

~f@]t = f@™h

15. a)i) Draw the Hasse diagram representing the partial ordering {(4, B): A € B} on the power set
P(S) Where S = {a, b, c}. Find the maximal, minimal, greatest and least elements of the Poset.
Solution:

{a,b,c}

The minimal element is ¢

The maximal elementis {a, b, c}
The least element is ¢

The greatest elementis {a, b, c}

ii) In a Boolean algebra, prove that a.(a + b) = a,foralla,b € G.
Solution:
We know from the definition of GLB and LUB
a.b<a..(1)
a+b=>a..(2)
a(a+b)< a..(3) [from(1)]
a.(a+b)=a.a+a.b
a.(a+b)=a+ab=alfrom(2)]
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>a.(a+b)=>a..(4)
From (3) and (4), we get
a.(a+b)=a

b) i) In a distributive Lattice {L,v,A} if an element a € L has a complement then it is unique.
Solution:
Let b and ¢ be the complementof a € L
b=bn1
b=bA(avc) [“aVvc=1]
b=(Aa)Vv(bAc) [Distributivelaw]
b=0v(bAc) [“aAnb=0]
b=bAc ..(1) [vaVv0=a]
c=1Ac
c=(@avb)Ac [“avb=1]
c=(anc)v(bAc) [Distributive law]
c=0v(MbAc) [“anc=0]
c=bAc ..(2) [vaVv0=ad]
From (1) and (2), we get
b=c
= In a distributive Lattice {L,V,A} if an element a € L has a complement then it is unique.

ii) Simplify the Boolean expression a . b .c + a.b'.c + a . b . ¢’ using Boolean algebra identities.
Solution:

a.b.c+ab.c+a.b.c =@@+a)b.cta.b.c [Distributive law]
=1b.c+a.b.c [a +a=1]
=b.c+a.b.c [1.a = da]
=b.c+b.d.c [a.b = b.a]
=b.(c+a.c) [Distributive law]
=b. ((c +a).(c+ c’)) [Distributive law]
=b.((c+a).1) [@ +a=1]
=b.(c+a) [1.a = a]
=b.c+b.d [Distributive law]
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