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B.E./B.Tech. DEGREE EXAMINATION, November/December 2010
Fifth Semester
Computer Science and Engineering
MA2265 — DISCRETE MATHEMATICS
(Regulation 2008)

Part-A
1. When do you say that two compound propositions are equivalent?

Answer:
Let A and B are the two compound propositions. A & B if A & B is a tautology.

2.Provethatp,p>q,q—->1r>r.

Solution:

p Rule P

p—>q RuleP

q—>71 RuleP

p =1 RuleT,2,3, chainrule

r Rule T,1,4, Modus phones

LA o

3. State pigeonhole principle.

Solution:

If k pigeons are assigned to n pigeonholes and n < k then there is at least one pigeonhole containing
more than one pigeons.

4. Find the recurrence relation satisfying the equation y,, = A(3)" + B(—4)™.
Solution: y,, = A(3)™ + B(—4)".

Vg1 = AB + B(—4)" 1 = 343" — 4B(—4)"

Vniz = AB)*2 + B(—4)"? = 943" + 16B(—4)"

Ynt+2 t Ynt1 — 12y, =0

5. Define strongly connected graph.
Answer:
A digraph is said to be strongly connected graph, if there is a path between every pair of vertices in the
digraph.

6. State the necessary and sufficient conditions for the existence of an Eulerian path in a connected
graph.

Answer:

A connected graph has an Euler path but not Euler circuit if and only if it has exactly two vertices of odd

degree.

7. State any two properties of a group.
Answer:

Identity element of a group is unique.
Inverse element of a group is unique.

8. Define a commutative ring.
Answer:
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Aring (R, +,X) is said to be a commutative ring if it satisfies the following condition
Va,b ER,axXxb=bXa

9. Define Boolean algebra.
Answer:
A complemented distributive lattice is called Boolean algebra.

10. Define sub-lattice.
Answer:
A lattice (S, <) is called a sub-lattice of a lattice (L, <) if S € L and S is a lattice.

Part-B
11. a)i) Prove that the premises a — (b - ¢),d — (b A~ ¢) and (a A d) are inconsistent.
Solution:

1. a->Mb-0) Rule P

2. d-(bnr~0) Rule P

3. (and) Rule P

4. a RuleT,3,pAq=>p

5. d RuleT,3,pAqg=¢q

6. (b-o) Rule T,1,4, Modus phones
7. (bA~0) Rule T,2,5, Modus phones
8. ~(~bvo) Rule T,7, Demorgan’s law

9. ~(b-0) RuleT,8,~aVb=a—b
100 (b>c)A~(b—>c) RuleT9,ab=>aAb

11. F RuleT,10,an~a = F

~ The premisesa — (b - ¢),d — (b A~ ¢) and (a A d) are inconsistent.

ii) Obtain the principal disjunctive normal form and principal conjunction form of the statement
PV(~P-(Qv(~Q@-R))

Solution:

letS & Pv(~P - (QV(~Q-R))

A:~P - (QV(~Q->R)

P QR ~P|~Q|~Q—-R|QV(~Q—>R)|A|S| Minterm | Maxterm
T|T|T F F T T TI|T PAQAR

T[F[T] F | T T T T|T] PA~QAR

FITI|T T F T T T|T| ~PAQAR

FIF[T] T[T T T T|T[~PA~QAR

T|T|F F F T T T|T| PAQA~R

T[FIF] F | T F F T|T][PA~QA~R

FIT[F] T [ F T T T|T[~PAQA~R

F|F|F T T F F F|F PVQVR

S (PAQAR)V(PA~QAR)V(~PAQAR)V(~PA~QAR)V(PAQA~R)
V(PA~QA~R)V(~PAQA~R) isaPDNF
S PVQVR isaPCNF
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b) i) Prove that Vx(P(x) - Q(x)),Vx(R(x) -~ Q(x)) = Vx(R(x) >~ P(x))
Solution:

1. Vx(P(x) - Q(x)) Rule P

2. Vx(R(x) >~ Q(x)) RuleP

3. P(a) - Q(a) Rule T,1,US

4. R(a) »~Q(a) Rule T,2,US

5. ~Q(a) »~p(a) RuleT,3,p > q=~q—->~p
6. R(a) »~ P(a) Rule T,4,5, chain rule

7.

Vx(R(x) »~ P(x)) RuleT,6,UG

ii) Without using the truth table, provethat ~ P - (Q > R) =Q -» (P VR).

Proof:

~P-(Q~-R)

S~~PVv(Q » R) [Implicationlaw]
S Pv(Q - R) [negation law]

S PV(~QVR) [Implication law]
< (PVv~Q)VR [Associate law]

S (~QVP)VR [Commutative law]
©~QV(PVR) [Associate law]
©Q->(PVR) [Implication law]

12.a) i) Prove, by mathematical induction, that for all n > 1, n® + 2n is a multiple of 3.
Solution:

Let P(n):n = 1,n® + 2n is a multiple of 3. (1)

P(1):13 +2(1) = 1 + 2 = 3is amultiple of 3.

=~ P(1)is true.

Let us assume that P(n) is true. Now we have to prove that P(n + 1) is true.
To prove:

P(n+ 1):(n+ 1)3 + 2(n + 1) is a multiple of 3
m+1)3+2n+1)=n*+3n+3n*+1+2n+2
=n4+2n+3n+3n%2+3
=n3+2n+3n%*+n+1)
From (1) n® + 2n is a multiple of 3
~(m+ 13+ 2(n+ 1) is a multiple of 3

s P(n+ 1) is true.
~ By induction method,
P(n):n>=1,n3+2nisa multiple of 3, is true for all positive integer n.

ii) Using the generating function, solve the difference equation
Yn+2 = ¥Yn+1 — 6YH = 0»3’1 = 1'Y0 =2

Solution:

Let G(x) = Z ¥ x™" ... (1) where G (x) is the generating function for the sequence {y, }.
n=0

Givenyn+2 = Yn+1 — 6y =0
Multiplying by x,, and summing from 0 to oo, we have
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Z yn+2xn - Z yn+1xn - 62 ynxn =0
n=0 n=0 n=0

1w 1o N
X_ZZ yn+2xn+2 - ;Z yn+1xn+1 - 62 ynxn =0
n=0 n=0 n=0

1 1
3 (G(x) —y1x —yo) — ;(G(x) —¥o) —6G(x) =0 [from (1)]

1 1
6 (Z--6) -2 -2+ 2 -0
X X X X X
1 1 1 2 2 6x%2 —x+1 2 1
G(x)(—z———6>————2+—=0=>6(x) —)=5-=
X X X X X X X X
1—x — 6x2 2 —x
G(x)< 2 >= 2
2—x 2—x
G = =
O =T e U300+ 20
2—x A B

A-300+20) (=30 d+20
2—x=AQ2x+1)+ B —-3x)..(2)

Putx = — %in(z)

LN SRR SR 1
(1-3x) (1420 (1-3% (1-(-2x)

oo oo oo 1 ==}
D yxt =3 34 (2 [ —=> x"]
n=0 n=0 n=0 X n=0

vy, = Coefficient of x™ in G (x)
Yn = 3" + (_Z)n

G(x) =

b) i) How many positive integers n can be formed using the digits 3, 4,4, 5, 5, 6, 7 if n has to exceed
5000000?
Solution:
The positive integer n exceeds 5000000 if the first digit is either 5 or 6 or 7.
If the first digit is 5 then the remaining six digits are 3,4,4,5,6,7.
Then the number of positive integers formed by six digits is
6!

2—; = 360 [Since 4 appears twice]

If the first digit is 6 then the remaining six digits are 3,4,4,5,5,7.
Then the number of positive integers formed by six digits is
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6!

T 180 [Since 4 & 5 appears twice]

If the first digit is 7 then the remaining six digits are 3,4,4,5,6,5.

Then the number of positive integers formed by six digits is
I

T2 180 [Since 4 & 5 appears twice]

~ The number of positive integers n can be formed using the digits 3,4,4,5,5,6,7 if n has to exceed
5000000 is 360 + 180 + 180 = 720.

ii) Find the number of integers between 1 and 250 both inclusive that are divisible by any of the
integers 2,3,5,7.

Solution:

Let A4, B, C and D represents the integer from 1 to 250 that are divisible by 2,3,5 and 7 respectively.

|A|—[250J—125 |3|—[25°J—83 |C|—[250J—50 |D|—[250J—35
N it U ARt 0 el ud l NN BN

|AnB|—lZSOJ—41 |Anc|—[250J—25 |AnD|—[2501—17|BnCI— 250 | _ 16
R T laxsl T 7Y Tlex7l Y " 13x5]
|BnD|—[250J—11|CnD|—[25°J—7|Aanc|—[ 250 1 _

T 13x7l T T T lsx7l T T 12x3x51
|AanD|—l 250 —5|AnCnD|—[ 250 —3|BnCnD|—[ 250 =2
T l2x3x71 7 T l2xsx7l T T 13x5x%x7]

2
|AanCﬁDl:[2><3><5><7J:1

~The number of integers between 1 and 250 both inclusive that are divisible by any of the
integers 2,3,5,7 is
|JAuBUCUD|=I|Al+|B|+ IC|+|D|-|AnB|— |[AnC|-=|AnD|—-|BnC|—|BnD|
—|CnD|+|AnBNnC|+|AnBnNnD|+|AnCNnD|+|BNnCNnD|—|[ANBNCND|
JAUBUCUD|=125+83+50+35—-41—-25-17—-16—-11-7+8+5+3+2—-1
|JAUBUCUD| =193

13. a) i) Draw the complete graph K5 with vertices A, B,C, D and E . Draw all complete sub graph of
K5 with 4 vertices.

Solution:

A complete graph with five vertices Ks is shown below

B

G
E

S C

Complete sub graph of K5 with 4 vertices are
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B
A c
Q O
| ><
O @)
E
S D
E D B
B A
) C
A
B
E 4 c
C/ \.
E D
D

ii) If all the vertices of an undirected graph are each of degree k, show that the number of edges of
the graph is a multiple of k .

Solution:

Let G(V,E) be a graph with n vertices and e edges.

Let vq, vy, ..., U, be the n vertices.

Given that all the vertices of G are each of degree k.

deg(vy) = deg(v,) = deg(v3) = - = deg(vy) = k

By handshaking theorem,
n
Z deg(v;) = 2e

i=1
deg(vy) + deg(v,) + deg(vs) + --- + deg(v,) = 2e
k+k+k+--ntimes = 2e
nk = 2e

e=k()
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~ The number of edges of the graph G is a multiple of k .

b) i) Draw the graph with 5 vertices, A, B, C, D, E such that deg(A) = 3, B is an odd vertex,
deg(C) = 2 and Dand E are adjacent.

A B

C D
ii) The adjacency matrices of two pairs of graph as given below. Examine the isomorphism of G and H

0 0 1 01 1
by finding a permutation matrix. Ag = (0 0 1) ,Ag = (1 0 0)
11 0 1 0 0
Solution:
We know that two simple graphs G; and G, are isomorphic iff their adjacency matrices A; and 4, are

related by
PAlpT - AZ
[A matrix whose rows are the rows of the unit matrix, but not necessarily in their natural order, is called

Permutation matrix.]
0 0 1 0 1 1
AG=<O 0 1>,AH=<1 0 0)
1 1 0 1 0 0
0 0 1
01 0
1 0 0

0 0 1 0 1
)(001)(10)
110 0 0
0
1
0
P

0 1
PA:PT = (o 0
0

0
1
0
1 1 0
~(00 1)
0 0 1

~ The two graphs G and H are isomorphic.

1
100AH
100

14.a) i) If (G,*)is an abelian group, show that (a * b)? = a? * b2.
Proof:

0
0
1

AGT

(a *b)?> =(axb) *(a*b)
=ax(bxa)*b [Associative law]
= a * (a * b) * b [Commutative law]
= (a*a) * (b *b) [Associative law]

(a *b)? =a? *b?

ii) Show that (Z, +,X) is an integral domain where Z is the set of all integers.
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Proof:
Closure:
Vo beEZ=>a+b€eZ
Va,beEZ=>aXxXxbeZ
-~ Z is closed under + and X.
Associative:
Va,b,c€Z=>(a+b)+c=a+ (b+c)
Va,beEZ=>(axb)xc=ax(bxc)
~ Z is associative under 4+ and X.
Identity:
Let e € Z be the identity element.
Vae€Za+e=et+a=a>a+e=a=>e=0
= 0 € Z is the identity element with respect to the binary operation +.
Va€EZaXe=eXa=a>aXe=a=>e=1
~ 1 € Z is the identity element with respect to the binary operation +.
Inverse:
Let b € Z be the inverse elementof a € Z.
a+b=b+a=0>a+b=0>b=—-a€Z
—a € Zistheinverseofa € Z
-~ Every element has its inverse in Z under binary operation +.
Commutative:
Va,beZ,a+b=b+a
Va,b€e€Z,axb=bXa
~ Z is Commutative under + and X.
Distributive:
Va,b,c€Zax(b+c)=axb+axXc
~ X is distributive over +.
Va,beZaxb=0=>a=00rb=0
~ Z has no zero divisors.
~ (Z,+,X) is an integral domain.

b) i) State and Prove Lagrange’s theorem.
Statement:
The order of a subgroup of a finite group is a divisor of the order of the group.
Proof:
Let aH and bH be two left cosets of the subgroup {H,*} in the group {G,*}.
Let the two cosets aH and bH be not disjoint.
Then let ¢ be an element common to aH and bH i.e., c € aH N bH
wc€aH,c=axhy, forsomeh; €H..(1)
“c€E€DbH,c=bx*h,, forsomeh, € H..(2)
From (1) and (2), we have
axhy=bxh,
a=bxh,*hil..(3)
Let x be an elementin aH
x =ax hz, for someh; € H
= b+ hy xhi! * hg,using (3)
Since H is a subgroup, h, * i1 * hy € H
Hence, (3) means x € bH
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Thus, any element in aH is also an elementin bH. .. aH € bH

Similarly, we can prove that bH € aH

Hence aH = bH

Thus, if aH and bH are disjoint, they are identical.

The two cosets aH and bH are disjoint or identical. ...(4)

Now every element a € G belongs to one and only one left coset of H in G,
For,

a=ae € aH,sincee € H=>a € aH

a & bH, since aH and bH are disjointi.e., a belongs to one and only left coset of
HinGi.e., aH ... (5)

From (4) and (5), we see that the set of left cosets of H in G form the partition of
G. Now let the order of H be m.

Let H = {hy, hy, ..., h,, },where h;'s are distinct

Then aH = {ahq,ahy,...,ah,,}

The elements of aH are also distinct, for, ah; = ahj = h;, = hj, which is not

true.

Thus H and aH have the same number of elements, namely m.

In fact every coset of H in G has exactly m elements.

Now let the order of the group {G,*} be n, i.e., there are n elementsin G

Let the number of distinct left cosets of H in G be p.

= The total number of elements of all the left cosets = pm = the total number
of elements of G.i.e., n = pm

i.e., m, the order of H is adivisor of n, the order of G.

ii) If (Z,+) and (E, +) where Z is the set all integers and E is the set all even integers, show

that the two semi groups (Z, +) and (E, +) are isomorphic.

Proof:

Let f: (Z,+) — (E,+) be the mapping between the two semi groups (Z, +) and (E, +) defined by
f(x) =2x,vxeZ

f is one to one:

fG) =7k)
= 2x =2y
>x =y

=~ fis one to one.
f is onto:
letf(x) =y=>y=2x=>x= % € Z [+ yisaneven number]

~ Vx € E thereisa preimage% €Z.

=~ f is onto.
f is homomorphism:
Vx,y€Z flx+y)=2(x+y)=2x+2y = f(x) + f()
fe+y) =)+ fO)
=~ fis homomorphism.
=~ fis isomorphism.
~The two semi groups (Z,+) and (E, +) are isomorphic.

15. a) i) Show that (N, <) is a partially ordered set where N is set of all positive integers and < is
defined by m < niff n — m s a non-negative integer.
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Proof:

Let R be the relation m < n if f n — m s a non-negative integer.

i)Vx € N,(x —x) = 0 is also a non negative integer = (x,x) € R
~ R is reflexive.

ii)Vx,y €N,

(x,y) ER&(y,x) ER

= (x —y) is anonnegative integer & (y — x) is a non negative integer
Itis possibleonlyifx —y=0=>x=y

(x,y) ER&(y,x) ER=>x=Yy

~ R is Anti Symmetric.

iii)vx,y,z € N,(x,y) € R and (y,z) €R

x—z=x—-y)+ -2

Since sum of two non-negative integer is also a non-negative integer.
= (x — z)is also a non — negative integer = (x,z) € R

(x,y) ERand (y,z) ER = (x,z) ER

~ R is Transitive.

~ (N, <) is a partially ordered set.

i) In a Boolean algebra, prove that (a Ab) =a V b'.
Solution: Let a, b € (B,A®, ,0,1)
Toprove (aAb) =a Vb
(@anb)v(a vb)=(av(a vb))A(bv(a Vb))
=(av(a vb))A((a vb) VD)
=((ava)vb)a(a v(b'vbh))
=(1vb)A(@ Vv =1A1
(anb)v(a vb)=1..1)
(@aAb)A(a vb)=((arb)ra’)v((@Ab)AD')
=((bAaa)aad)v((anb)Ab)
=(bA(ana))Vv(an(dAab))
=bA0)V(an0)=0v0
(@aAb)A(a VD) =0..(2)
From (1) and (2) we get, , ,
(anb) =a Vb

b) i) In a Lattice (L, <), provethatxV (yA z) < (xV y)A (xV z).
Proof:
From the definition of LUB,

(xVy)=2x& (xvz)zx=>(xVy)A(xVz)=x..(1)
yAz<y<xVy..(2)
yAz<z<xVz..(3)

From (2) and (3), we get

(xVyYA(xVz)=yAz..(4)
From (1) and (4), we get

xViAz)<(xVyY)A(xV z)

ii) If S4, is the set all divisors of 42 and D is the relation “divisor of” on S, , prove that (§,,, D) isa
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complemented Lattice.
Solution:
S =1{1,2,3,6,7,14,21,42}
The Hasse diagram for (S,,, D) is

1v42=42,1n42=1

2v21=42,2A21=1

3v14=42,3N14=1

7V6=42,7N6=1

The complement of 1is 42, The complement of 42 is 1, The complement of 2 is 21, The complement of
21 is 2, The complement of 3 is 14, The complement of 14 is 3, The complement of 7 is 6, The
complement of 6 is 7. Since all the elements in (Sy4, D) has a complement,
= (834, D) is a complemented lattice.
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