
 

 

B.E./B.Tech. DEGREE EXAMINATION, JUNE 2011 

Common to all B.E./B.Tech 

Second Semester 

181202 – MATHEMATICS – II 

(Regulation 2010) 

Part A 

𝟏. 𝑺𝒐𝒍𝒗𝒆 ∶   𝑫𝟑 + 𝟏 𝒚 =  𝟎 

Solution: 

Auxiliary equation is 𝑚3 + 1 = 0   𝑚 + 1  𝑚2 − 𝑚 + 1 = 0 

𝑚 = −1,
1

2
±

𝑖 3

2
 

The complementary function is  

𝑦 = 𝐴𝑒−𝑥 + 𝑒
𝑥
2  𝐵 cos

 3

2
𝑥 + 𝐶 sin

 3

2
𝑥  

 

𝟐. 𝑹𝒆𝒅𝒖𝒄𝒆 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒙𝟒 𝒚′ ′′ −  𝒙𝟑 𝒚′ ′ +  𝒙𝟐 𝒚′ =  𝟏 𝒊𝒏𝒕𝒐 𝒍𝒊𝒏𝒆𝒂𝒓 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒘𝒊𝒕𝒉  

𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕  coefficients. 

Solution: 

Let 𝑧 = log 𝑥  𝑥 = 𝑒𝑧  

𝑥4 𝑦 ′′′ −  𝑥3 𝑦 ′′ +  𝑥2 𝑦 ′ =  1  𝑥3 𝑦 ′′′ −  𝑥2 𝑦 ′′ +  𝑥𝑦 ′ =
1

𝑥
… (1) 

𝑥
𝑑𝑦

𝑑𝑥
= 𝐷′𝑦          𝑤𝑒𝑟𝑒 𝐷′ =

𝑑

𝑑𝑧
 

𝑥2
𝑑2𝑦

𝑑𝑥2
= 𝐷′ 𝐷′ − 1 𝑦, 𝑥3

𝑑3𝑦

𝑑𝑥3
= 𝐷′ 𝐷′ − 1  𝐷′ − 2 𝑦 

Equation (1) reduces to  

𝐷′ 𝐷′ − 1  𝐷′ − 2 𝑦 − 𝐷′ 𝐷′ − 1 𝑦 + 𝐷′𝑦 = 𝑒−𝑧  

  𝐷′ 3 − 4 𝐷′ 2 + 4𝐷′ 𝑦 = 𝑒−𝑧  

 

 

 



 

 

𝟑. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒖𝒏𝒊𝒕 𝒗𝒆𝒄𝒕𝒐𝒓 𝒏𝒐𝒓𝒎𝒂𝒍 𝒕𝒐 𝒕𝒉𝒆 𝒔𝒖𝒓𝒇𝒂𝒄𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒑𝒉𝒆𝒓𝒆 𝒙𝟐  +  𝒚𝟐  + 𝒛𝟐  =  𝟏 . 

Solution: 

𝐿𝑒𝑡 𝜙 = 𝑥2  +  𝑦2  +  𝑧2 −  1 

Unit normal vector is given by 

𝑛 =
∇ϕ

 ∇ϕ 
=

 2𝑥𝑖 + 2𝑦 𝑗 + 2𝑧 𝑘   

 4𝑥2 + 4𝑦2 + 4𝑧2
=

 𝑥𝑖 + 𝑦 𝑗 + 𝑧 𝑘   

 𝑥2 + 𝑦2 + 𝑧2
 

 

𝟒. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝑭    =  ( 𝒚𝟐 –  𝒛𝟐  +  𝟑 𝒚𝒛 −  𝟐𝒙)𝒊    +  (𝟑𝒙𝒛 +  𝟐𝒙𝒚) 𝒋    +  (𝟑𝒙𝒚 −  𝟐𝒙𝒛 +  𝟐𝒛 )𝒌     

𝒊𝒔 𝒃𝒐𝒕𝒉 𝒔𝒐𝒍𝒆𝒏𝒐𝒊𝒅𝒂𝒍 𝒂𝒏𝒅 𝒊𝒓𝒓𝒐𝒕𝒂𝒕𝒊𝒐𝒏𝒂𝒍. 

Solution: 

∇. 𝐹 =
𝜕

𝜕𝑥
  𝑦2 –  𝑧2  +  3 𝑦𝑧 −  2𝑥 +

𝜕

𝜕𝑦
 3𝑥𝑧 + 2𝑥𝑦 +

𝜕

𝜕𝑧
 3𝑥𝑦 − 2𝑥𝑧 + 2𝑧  

= −2 + 2𝑥 − 2𝑥 + 2 = 0 

𝛻. 𝐹 = 0 

𝛻 ×  𝐹 =  
 

𝑖 𝑗 𝑘  

𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

𝑦2 –  𝑧2  +  3 𝑦𝑧 −  2𝑥 3𝑥𝑧 + 2𝑥𝑦 3𝑥𝑦 − 2𝑥𝑧 + 2𝑧

 
  

= 𝑖  
𝜕

𝜕𝑦
 3𝑥𝑦 − 2𝑥𝑧 + 2𝑧 −

𝜕

𝜕𝑧
 3𝑥𝑧 + 2𝑥𝑦   

− 𝑗  
𝜕

𝜕𝑥
 3𝑥𝑦 − 2𝑥𝑧 + 2𝑧 −

𝜕

𝜕𝑧
  𝑦2 –  𝑧2  +  3 𝑦𝑧 −  2𝑥   

+ 𝑘   
𝜕

𝜕𝑥
 3𝑥𝑧 + 2𝑥𝑦 −

𝜕

𝜕𝑦
  𝑦2 –  𝑧2  +  3 𝑦𝑧 −  2𝑥   

= 𝑖  3𝑥 − 3𝑥 + 𝑗  3𝑦 − 2𝑧 + 2𝑧 − 3𝑦 + 𝑘   3𝑧 + 2𝑦 − 2𝑦 − 3𝑧  

= 0 𝑖 + 0 𝑗 + 0 𝑘  = 0    

∴ 𝐹  is both solenoidal and irrotational. 

 

 

 



 

 

𝟓. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒂𝒏𝒂𝒍𝒚𝒕𝒊𝒄 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒘 =  𝒖 +  𝒊𝒗 𝒘𝒉𝒐𝒔𝒆 𝒊𝒎𝒂𝒈𝒊𝒏𝒂𝒓𝒚 𝒑𝒂𝒓𝒕 𝒊𝒔 𝒈𝒊𝒗𝒆𝒏 𝒃𝒚 

𝒗 =  𝒆𝒙 ( 𝒙 𝒔𝒊𝒏 𝒚 +  𝒚 𝒄𝒐𝒔 𝒚) . 

Solution: 

𝑣 =  𝑒𝑥  ( 𝑥 𝑠𝑖𝑛 𝑦 +  𝑦 𝑐𝑜𝑠 𝑦) . 

𝑣𝑥 = 𝑒𝑥𝑠𝑖𝑛𝑦 + 𝑒𝑥  ( 𝑥 𝑠𝑖𝑛 𝑦 +  𝑦 𝑐𝑜𝑠 𝑦)  

𝑣𝑥 𝑧, 0 = 𝑒𝑧 sin 0 + 𝑒𝑧    𝑧 𝑠𝑖𝑛 0 +  0 𝑐𝑜𝑠 0 = 0 

𝑣𝑦 = 𝑒𝑥  ( 𝑥 𝑐𝑜𝑠 𝑦 +   𝑐𝑜𝑠 𝑦 − 𝑦 sin 𝑦)  

𝑣𝑦  𝑧, 0 = 𝑒𝑧    𝑧 𝑐𝑜𝑠 0 +   𝑐𝑜𝑠 0 − 0 sin 0 = 𝑒𝑧    𝑧 +  1   

𝑓 𝑧 =   𝑣𝑦 𝑧, 0 + 𝑖𝑣𝑥 𝑧, 0  𝑑𝑧 + 𝐶 =  𝑒𝑧    𝑧 +  1 𝑑𝑧 + 𝐶 

=   𝑧 +  1 𝑒𝑧 − 𝑒𝑧 + 𝐶 

𝑓 𝑧 = 𝑧𝑒𝑧 + 𝐶 

𝟔. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒊𝒎𝒂𝒈𝒆 𝒐𝒇 |𝒛 + 𝟏|  =  𝟏 𝒖𝒏𝒅𝒆𝒓 𝒕𝒉𝒆 𝒎𝒂𝒑𝒑𝒊𝒏𝒈 𝒘 =
𝟏

𝒛
. 

Solution: 

 

𝑤 =
1

𝑧
 𝑧 =

1

𝑤
 

 𝑧 + 1 =  1   
1

𝑤
+ 1 = 1   

1 + 𝑤

𝑤
 = 1  

 1 + 𝑤 

 𝑤 
= 1   1 + 𝑤 = |𝑤| 

 (𝑢 + 1) + 𝑖𝑣 =  𝑢 + 𝑖𝑣   𝑢 + 1 2 + 𝑣2 = 𝑢2 + 𝑣2   𝑢 + 1 2 = 𝑢2  

𝑢2 + 2𝑢 + 1 = 𝑢2  2𝑢 + 1 = 0  𝑢 = −
1

2
 

𝑇𝑒 𝑖𝑚𝑎𝑔𝑒 𝑜𝑓  𝑧 + 1 =  1 𝑢𝑛𝑑𝑒𝑟 𝑡𝑒 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑤 =
1

𝑧
𝑖𝑠 𝑢 = −

1

2
 

𝟕. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒓𝒆𝒔𝒊𝒅𝒖𝒆 𝒐𝒇
 𝟏 − 𝒆𝟐𝒛 

𝒛𝟒
𝒂𝒕 𝒊𝒕𝒔 𝒑𝒐𝒍𝒆. 

Solution: 

Here 𝑧 = 0 is a simple pole of order 4. 

𝑅𝑒𝑠𝑖𝑑𝑢𝑒 =
1

 4 − 1 !
 lim
𝑧 0

𝑑4−1

𝑑𝑧4−1
𝑧4

 1 − 𝑒2𝑧 

𝑧4
=

1

3!
 lim
𝑧 0

𝑑3

𝑑𝑧3
 1 − 𝑒2𝑧 =

1

6
 lim
𝑧 0

 −8𝑒2𝑧 = −  
8

6
 

𝑅𝑒𝑠𝑖𝑑𝑢𝑒 = −  
4

3
 



 

 

 

𝟖. 𝑬𝒙𝒑𝒂𝒏𝒅 
𝟏

𝒛 +  𝟐
 𝒂𝒕 𝒛 =  𝟏 𝒂𝒔 𝒂 𝑻𝒂𝒚𝒍𝒐𝒓’𝒔 𝒔𝒆𝒓𝒊𝒆𝒔. 

Solution: 

𝑓 𝑧 =
1

𝑧 +  2
 𝑓 1 =

1

1 +  2
=

1

3
 

𝑓′ 𝑧 = −
1

 𝑧 + 2 2
 𝑓′ 1 = −  

1

 1 + 2 2
= −  

1

9
 

𝑓′ ′ 𝑧 =
2

 𝑧 + 2 3
 𝑓′ ′  1 =

2

 1 + 2 3
=

2

27
 

𝑓′ ′ ′  𝑧 =
−6

 𝑧 + 2 4
 𝑓′ ′ ′  1 =

−6

 1 + 2 4
= −

2

27
 

𝑓′𝑣 𝑧 =
24

 𝑧 + 2 5
 𝑓′𝑣 𝑧 =

24

 1 + 2 5
=

8

81
 

The Taylor’s series is  

𝑓 𝑧 = 𝑓 𝑎 +  𝑧 − 𝑎 𝑓′ 𝑎 +
 𝑧 − 𝑎 2

2!
 𝑓′ ′ 𝑧 +

 𝑧 − 𝑎 3

3!
 𝑓′ ′ ′  𝑧 + ⋯ 

𝑓 𝑧 = 𝑓 1 +  𝑧 − 1 𝑓′ 1 +
 𝑧 − 1 2

2!
 𝑓′ ′ 1 +

 𝑧 − 1 3

3!
 𝑓′ ′ ′ 1 +

 𝑧 − 1 4

4!
 𝑓′𝑣 1 + ⋯ 

𝑓 𝑧 =
1

3
 −  

1

9
 𝑧 − 1 +

1

27
 𝑧 − 1 2 −

1

81
 𝑧 − 1 3 +

1

243
 𝑧 − 1 4 + ⋯ 

 

𝟗. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒊𝒏𝒗𝒆𝒓𝒔𝒆 𝑳𝒂𝒑𝒍𝒂𝒄𝒆 𝒕𝒓𝒂𝒏𝒔𝒇𝒐𝒓𝒎 𝒐𝒇 
𝒆−𝟐𝒔

𝒔 − 𝟑
. 

 

Solution:  

𝐿−1  
𝑒−2𝑠

𝑠 − 3
 =  𝐿−1  

1

𝑠 − 3
  

𝑡 𝑡−2
 

=  𝑒3𝑡 𝑡 𝑡−2 = 𝑒3(𝑡−2) 

𝐿−1  
𝑒−2𝑠

𝑠 − 3
 = 𝑒3 𝑡−2  



 

 

𝟏𝟎.  𝑰𝒇 𝑳 𝒇(𝒕) =
𝟏

𝒔 𝒔𝟐 + 𝒂𝟐 
, 𝒇𝒊𝒏𝒅 𝐥𝐢𝐦

𝒕 𝟎
𝒇(𝒕)  𝒂𝒏𝒅 𝐥𝐢𝐦

𝒕 ∞
𝒇 𝒕 . 

Solution: 

𝜙 𝑠 = 𝐿 𝑓(𝑡) =
1

𝑠 𝑠2 + 𝑎2 
 

By initial value theorem, 

lim
𝑡 0

𝑓(𝑡) = lim
𝑠 ∞

𝑠𝜙 𝑠 = lim
𝑠 ∞

𝑠
1

𝑠 𝑠2 + 𝑎2 
= lim

𝑠 ∞

1

 𝑠2 + 𝑎2 
= 0 

By Final value theorem, 

lim
𝑡 ∞

𝑓(𝑡) = lim
𝑠 0

𝑠𝜙 𝑠 = lim
𝑠 0

𝑠
1

𝑠 𝑠2 + 𝑎2 
= lim

𝑠 0

1

 𝑠2 + 𝑎2 
=

1

𝑎2
 

 

PART B − ( 5 x 16 = 80 marks ) 

11. (a) (i) Solve : (𝑫𝟐  +  𝟑𝑫 +  𝟐) 𝒚 =  𝒔𝒊𝒏 𝒙 +  𝒙𝟐 .  

Solution: 

The Auxiliary Equation is 𝑚2 + 3𝑚 + 2 = 0  

𝑚 = −2, −1 

The complementary function is 𝑦 = 𝐴𝑒−2𝑥 + 𝐵𝑒− 𝑥  

𝑃. 𝐼1 =
𝑠𝑖𝑛 𝑥

𝐷2  +  3𝐷 +  2
=

𝑠𝑖𝑛 𝑥

−12  +  3𝐷 +  2
=

𝑠𝑖𝑛 𝑥

 3𝐷 +  1
=

 3𝐷 −  1 𝑠𝑖𝑛 𝑥

 3𝐷 −  1 (3𝐷 +  1)
 

𝑃. 𝐼1 =
3 cos 𝑥 − 𝑠𝑖𝑛 𝑥

 9𝐷2 −  1 
=

3 cos 𝑥 − 𝑠𝑖𝑛 𝑥

 9(−12) −  1 

= −
1

10
 3 cos 𝑥 − 𝑠𝑖𝑛 𝑥                                                               

𝑃. 𝐼2 =
𝑥2

𝐷2  +  3𝐷 +  2
=

𝑥2

2  1 +  
𝐷2 + 3𝐷

2   

=

 1 +  
𝐷2 + 3𝐷

2   

−1

𝑥2

2
 

=
1

2
 1 −  

𝐷2 + 3𝐷

2
 +  

𝐷2 + 3𝐷

2
 

2

 𝑥2 =
1

2
 𝑥2 −  

𝐷2

2
𝑥2 +

3𝐷

2
𝑥2 +

9𝐷2

4
𝑥2  

𝑃. 𝐼2 =
1

2
 𝑥2 −  1 + 3𝑥 +

9

2
 =

1

2
 𝑥2 − 3𝑥 +

7

2
  



 

 

The general solution is 𝐶𝑜𝑚𝑝𝑙𝑒𝑚𝑒𝑛𝑡𝑎𝑟𝑦 𝐹𝑢𝑛𝑐𝑡𝑖𝑜𝑛 +  𝑃𝑎𝑟𝑡𝑖𝑐𝑢𝑙𝑎𝑟 𝐼𝑛𝑡𝑒𝑔𝑟𝑎𝑙 

𝑦 = 𝐴𝑒−2𝑥 + 𝐵𝑒− 𝑥 −
1

10
 3 cos 𝑥 − 𝑠𝑖𝑛 𝑥 +

1

2
 𝑥2 − 3𝑥 +

7

2
  

 

(ii) Solve for 𝒙 from the equations  𝑫𝟐 𝒙 +  𝒚 =  𝟑𝒆𝟐𝒕  , 𝑫𝒙 −  𝑫𝒚 = 𝟑𝒆𝟐𝒕 . 

Solution: 

 𝐷2  𝑥 +  𝑦 =  3𝑒2𝑡 … (1)  

𝐷𝑥 −  𝐷𝑦 = 3𝑒2𝑡 … 2  𝑤𝑒𝑟𝑒 𝐷 =
𝑑

𝑑𝑡
 

 2 × 𝐷  𝐷2𝑥 –  𝐷2𝑦 = 3𝐷𝑒2𝑡  𝐷2𝑥 –  𝐷2𝑦 = 6𝑒2𝑡 … (3) 

 1 −  3   𝐷2 + 1 𝑦 = −3𝑒2𝑡  

The Auxiliary Equation is 𝑚2 + 1 = 0  

𝑚 = ±𝑖 

The complementary function is 𝑦 = 𝐴 cos 𝑡 + 𝐵 sin 𝑡 

𝑃. 𝐼 =
−3𝑒2𝑡

𝐷2 + 1
=

−3𝑒2𝑡

22 + 1
= −  

3

5
𝑒2𝑡  

The general solution is 𝐶𝑜𝑚𝑝𝑙𝑒𝑚𝑒𝑛𝑡𝑎𝑟𝑦 𝐹𝑢𝑛𝑐𝑡𝑖𝑜𝑛 +  𝑃𝑎𝑟𝑡𝑖𝑐𝑢𝑙𝑎𝑟 𝐼𝑛𝑡𝑒𝑔𝑟𝑎𝑙 

𝑦 = 𝐴 cos 𝑡 + 𝐵 sin 𝑡 −  
3

5
𝑒2𝑡  

𝐷𝑦 = −𝐴 sin 𝑡 + 𝐵 cos 𝑡 −
6

5
𝑒2𝑡  

𝐷𝑥 −  𝐷𝑦 = 3𝑒2𝑡  𝐷𝑥 +  𝐴 sin 𝑡 − 𝐵 cos 𝑡 +
6

5
𝑒2𝑡 = 3𝑒2𝑡  

𝐷𝑥 = − 𝐴 sin 𝑡 + 𝐵 cos 𝑡 −
6

5
𝑒2𝑡 + 3𝑒2𝑡 = − 𝐴 sin 𝑡 + 𝐵 cos 𝑡 +

9

5
𝑒2𝑡  

𝑥 =   − 𝐴 sin 𝑡 + 𝐵 cos 𝑡 +
9

5
𝑒2𝑡 𝑑𝑡 

𝑥 = 𝐴 cos 𝑡 + 𝐵 sin 𝑡 +
9

10
𝑒2𝑡  

 

 

 

 



 

 

(b) Solve, by the method of variation of parameters, the equation 

𝒅𝟐𝒚

𝒅𝒙𝟐
+ 𝒂𝟐𝒚 = 𝐭𝐚𝐧 𝒂𝒙 

Solution: 

The Auxiliary Equation is 𝑚2 + 𝑎2 = 0  

𝑚 = ±𝑎𝑖 

The complementary function is 𝑦 = 𝐴 𝑐𝑜𝑠 𝑎𝑥 + 𝐵 𝑠𝑖𝑛 𝑎𝑥 

Here 𝑓1 = cos 𝑎𝑥 , 𝑓2 = sin 𝑎𝑥 

𝑓1
′ = −𝑎  sin 𝑎𝑥 , 𝑓2 ′ = 𝑎 cos 𝑎𝑥 

𝑃. 𝐼 = 𝑃𝑓1 + 𝑄𝑓2  

𝑤𝑒𝑟𝑒          𝑃 = − 
𝑓2𝑓 𝑥  𝑑𝑥

𝑓1𝑓2
′ − 𝑓1

′𝑓2
 ,    𝑄 =  

𝑓1𝑓 𝑥  𝑑𝑥

𝑓1𝑓2
′ − 𝑓1

′𝑓2
 

𝑃 = −  
sin 𝑎𝑥  tan 𝑎𝑥  𝑑𝑥

cos 𝑎𝑥  𝑎 cos 𝑎𝑥 −  −a sin 𝑎𝑥 sin 𝑎𝑥
=  −  

sin 𝑎𝑥  tan 𝑎𝑥  𝑑𝑥

𝑎 cos2 𝑎𝑥 + sin2 𝑎𝑥 

=  −  
sin2 𝑎𝑥  𝑑𝑥

𝑎 cos 𝑎𝑥
 

𝑃 = − 
1 − cos2 𝑎𝑥  𝑑𝑥

𝑎 cos 𝑎𝑥
= −

1

𝑎
  sec 𝑎𝑥 − cos 𝑎𝑥  𝑑𝑥 

= −
1

𝑎
 
1

𝑎
log sec 𝑎𝑥 + tan 𝑎𝑥 −

sin 𝑎𝑥

𝑎
  

𝑃 = −
1

𝑎2
 log sec 𝑎𝑥 + tan 𝑎𝑥 − sin 𝑎𝑥  

𝑄 =  
cos 𝑎𝑥  tan 𝑎𝑥  𝑑𝑥

cos 𝑎𝑥  𝑎 cos 𝑎𝑥 −  −a sin 𝑎𝑥 sin 𝑎𝑥
=  

sin 𝑎𝑥  𝑑𝑥

𝑎 cos2 𝑎𝑥 + sin2 𝑎𝑥 
=

1

𝑎
 sin 𝑎𝑥 𝑑𝑥 

𝑄 = −  
1

𝑎2
cos 𝑎𝑥 

𝑃. 𝐼 = 𝑃𝑓1 + 𝑄𝑓2 = −
1

𝑎2
 log sec 𝑎𝑥 + tan 𝑎𝑥 − sin 𝑎𝑥 cos 𝑎𝑥 −  

1

𝑎2
cos 𝑎𝑥 sin 𝑎𝑥 

𝑃. 𝐼 =  −
log sec 𝑎𝑥 + tan 𝑎𝑥 

𝑎2
 cos 𝑎𝑥 

The general solution is 𝐶𝑜𝑚𝑝𝑙𝑒𝑚𝑒𝑛𝑡𝑎𝑟𝑦 𝐹𝑢𝑛𝑐𝑡𝑖𝑜𝑛 +  𝑃𝑎𝑟𝑡𝑖𝑐𝑢𝑙𝑎𝑟 𝐼𝑛𝑡𝑒𝑔𝑟𝑎𝑙 

𝑦 = 𝐴 𝑐𝑜𝑠 𝑎𝑥 + 𝐵 𝑠𝑖𝑛 𝑎𝑥 −  
log sec 𝑎𝑥 + tan 𝑎𝑥 

𝑎2
 cos 𝑎𝑥 

 



 

 

12. (a) Verify Green’s theorem in the plane for  

  𝟑𝒙𝟐 − 𝟖𝒚𝟐 𝒅𝒙 +  𝟒𝒚 − 𝟔𝒙𝒚 𝒅𝒚 

𝑪

 

where C is the boundary of the region define by 𝒙 =  𝟎, 𝒚 =  𝟎, 𝒙 +  𝒚 =  𝟏. 

Solution: 

The Green’s theorem is given by 

 𝑃𝑑𝑥 + 𝑄𝑑𝑦

𝐶

=   
𝜕𝑄

𝜕𝑥
−  

𝜕𝑃

𝜕𝑦
   𝑑𝑥𝑑𝑦 … (1)

𝑅

 

𝑃 = 3𝑥2 − 8𝑦2, 𝑄 = 4𝑦 − 6𝑥𝑦 

 

𝜕𝑃

𝜕𝑦
= −16𝑦,

𝜕𝑄

𝜕𝑥
= −6𝑦 

R.H.S: 

  
𝜕𝑄

𝜕𝑥
−  

𝜕𝑃

𝜕𝑦
   𝑑𝑥𝑑𝑦 

𝑅

=   (−6𝑦 + 16𝑦

1−𝑦

0

)

1

0

𝑑𝑥 𝑑𝑦 = 10   𝑦

1−𝑦

0

1

0

𝑑𝑥 𝑑𝑦 

= 10  𝑦

1

0

 𝑥 
0
(1−𝑦)

 𝑑𝑦 = 10  𝑦

1

0

 1 − 𝑦  𝑑𝑦 = 10  
𝑦2

2
 −  

𝑦3

3
 

0

1

= 10  
1

2
−

1

3
 =

5

3
 

L.H.S: 

 

 𝑃𝑑𝑥 + 𝑄𝑑𝑦

𝐶

=  

𝐴𝐵

+  

𝐵𝐶

+  

𝐶𝐴

 

 

𝑥 + 𝑦 = 1 

𝑦 = 0 

𝑥 = 0 

𝐴(0,0) 𝐵(1,0) 

𝐶(0,1) 



 

 

On the line AB, 𝑦 = 0  𝑑𝑦 = 0 

  3𝑥2 − 8𝑦2 𝑑𝑥 +  4𝑦 − 6𝑥𝑦 𝑑𝑦

𝐴𝐵

=   3𝑥2 𝑑𝑥

1

0

= 3  
𝑥3

3
 

0

1

= 1 

On the line BC, 𝑥 + 𝑦 = 1, 𝑦 = 1 − 𝑥  𝑑𝑦 = −𝑑𝑥 

  3𝑥2 − 8𝑦2 𝑑𝑥 +  4𝑦 − 6𝑥𝑦 𝑑𝑦

𝐵𝐶

=   3𝑥2 − 8 1 − 𝑥 2 𝑑𝑥 +  4(1 − 𝑥) − 6𝑥(1 − 𝑥)  −𝑑𝑥 

0

1

 

= −  −3𝑥2 + 8 + 8𝑥2 − 16𝑥 + 4 − 4𝑥 − 6𝑥 + 6𝑥2 𝑑𝑥

0

1

=   11𝑥2 + 6𝑥 − 4 𝑑𝑥

1

0

 

=  11
𝑥3

3
− 26

𝑥2

2
+ 12𝑥 

0

1

=
11

3
− 13 + 12 =

8

3
 

On the line CA, 𝑥 = 0  𝑑𝑥 = 0 

  3𝑥2 − 8𝑦2 𝑑𝑥 +  4𝑦 − 6𝑥𝑦 𝑑𝑦

𝐶𝐴

=  4𝑦𝑑𝑥

0

1

= 4  
𝑦2

2
 

1

0

= −2 

 

  3𝑥2 − 8𝑦2 𝑑𝑥 +  4𝑦 − 6𝑥𝑦 𝑑𝑦 =

𝐶

 1 +
8

3
− 2 =

5

3
 

L.H.S of  (1) =R.H.S of (1) 

Therefore Green’s theorem is verified. 

 

12.(b) (i) Using Stoke’s theorem prove that 𝒄𝒖𝒓𝒍 (𝒈𝒓𝒂𝒅 𝝓)  =  𝟎. 

Solution: 

Stoke’s theorem is  

 𝑐𝑢𝑟𝑙 𝐹 . 𝑛  𝑑𝑠

𝑆

=  𝐹 . 𝑑𝑟 

𝐶

 

Taking 𝐹 = 𝑔𝑟𝑎𝑑 𝜙, we get 



 

 

 

 𝑐𝑢𝑟𝑙 (𝑔𝑟𝑎𝑑 𝜙) . 𝑛  𝑑𝑠

𝑆

=  𝑔𝑟𝑎𝑑 𝜙. 𝑑𝑟 

𝐶

 

=  𝑑𝜙

𝐶

= 0 

The above result is true for any open two sided surface 𝑆, provided it is bounded by the same 

simple closed curve 𝐶. 

∴ 𝑐𝑢𝑟𝑙  𝑔𝑟𝑎𝑑 𝜙 . 𝑛  𝑑𝑠 = 0 

∴ 𝑐𝑢𝑟𝑙  𝑔𝑟𝑎𝑑 𝜙 = 0 

𝟏𝟐.  𝐛  𝐢𝐢  𝐄𝐯𝐚𝐥𝐮𝐚𝐭𝐞   𝑭   . 𝒏  𝒅𝒔

𝑺

 𝒘𝒉𝒆𝒓𝒆 𝑭   = 𝟐𝒙𝒚𝒊 + 𝒚𝒛𝟐𝒋 + 𝒙𝒛𝒌    𝐚𝐧𝐝 𝑺 𝐢𝐬 𝐭𝐡𝐞 𝐬𝐮𝐫𝐟𝐚𝐜𝐞  

𝒐𝒇 𝒕𝒉𝒆 𝑷𝒂𝒓𝒂𝒍𝒍𝒆𝒍𝒆𝒑𝒊𝒑𝒆𝒅 𝒃𝒐𝒖𝒏𝒅𝒆𝒅 𝒃𝒚 𝒙 = 𝟎, 𝒚 = 𝟎, 𝒛 = 𝟎, 𝒙 = 𝟐, 𝒚 = 𝟏𝑎𝑛𝑑 𝒛 = 𝟑. 

Solution: 

By Gauss divergence theorem, 

  𝐹 . 𝑛  𝑑𝑠

𝑆

=  𝑑𝑖𝑣 𝐹  𝑑𝑣

𝑉

 

𝑑𝑖𝑣 𝐹 =
𝜕

𝜕𝑥
 2𝑥𝑦 +

𝜕

𝜕𝑦
 𝑦𝑧2 +

𝜕

𝜕𝑧
 𝑥𝑧 = 2𝑦 + 𝑧2 + 𝑥 

 𝑑𝑖𝑣 𝐹  𝑑𝑣

𝑉

=      2𝑦 + 𝑧2 + 𝑥 𝑑𝑥𝑑𝑦𝑑𝑧

2

0

=

1

0

3

0

   2𝑦𝑥 + 𝑧2𝑥 +
𝑥2

2
 

0

2

𝑑𝑦𝑑𝑧

1

0

3

0

 

=    4𝑦 + 2𝑧2 + 2 𝑑𝑦𝑑𝑧

1

0

3

0

=   4
𝑦2

2
+ 2𝑧2𝑦 + 2𝑦 

0

1

𝑑𝑧

3

0

=   2 + 2𝑧2 + 2 𝑑𝑧

3

0

 

=   4 + 2𝑧2 𝑑𝑧

3

0

=  4𝑧 + 2
𝑧3

3
 

0

3

= 12 + 18 = 30 

∴   𝐹 . 𝑛  𝑑𝑠

𝑆

= 30 

 



 

 

13. (a) (i) Prove that 𝒖 =  𝒆−𝒚 𝒄𝒐𝒔 𝒙 and 𝒗 =  𝒆−𝒙 𝒔𝒊𝒏 𝒚 satisfy Laplace equations, but that 

𝒖 +  𝒊𝒗 is not an analytic function of 𝒛 . 

Solution: 

𝑢 =  𝑒−𝑦  𝑐𝑜𝑠 𝑥, 𝑣 =  𝑒−𝑥  𝑠𝑖𝑛 𝑦 

𝑢𝑥 = −𝑒−𝑦  𝑠𝑖𝑛 𝑥, 𝑢𝑦 = −𝑒−𝑦 cos 𝑥 , 𝑢𝑥𝑥 = −𝑒−𝑦 cos 𝑥 , 𝑢𝑦𝑦 = 𝑒−𝑦 cos 𝑥 

𝑣𝑥 = −𝑒−𝑥  𝑠𝑖𝑛 𝑦, 𝑣𝑦 = 𝑒−𝑥  𝑐𝑜𝑠 𝑦, 𝑣𝑥𝑥 = 𝑒−𝑥  𝑠𝑖𝑛 𝑦, 𝑢𝑦𝑦 = −𝑒−𝑥  𝑠𝑖𝑛 𝑦 

𝑢𝑥𝑥 + 𝑢𝑦𝑦 = −𝑒−𝑦 cos 𝑥 + 𝑒−𝑦 cos 𝑥 = 0 

𝑣𝑥𝑥 + 𝑣𝑦𝑦 = 𝑒−𝑥  𝑠𝑖𝑛 𝑦 − 𝑒−𝑥  𝑠𝑖𝑛 𝑦 = 0 

∴ 𝑢 and 𝑣 satisfies Laplace equation. 

Here 𝑢𝑥 ≠ 𝑣𝑦  and 𝑢𝑦 ≠ −𝑣𝑥  

∴CR equation is not satisfied. 

∴ 𝑢 +  𝑖𝑣 is not an analytic function of 𝑧 

 

13. (a) (ii) Show that the families of curves 𝒓𝒏  =  𝒂 𝒔𝒆𝒄 𝒏𝜽 and 𝒓𝒏 =  𝒃 𝒄𝒐𝒔𝒆𝒄 𝒏𝜽 cut 

orthogonally. 

Solution: 

𝑟𝑛  =  𝑎 𝑠𝑒𝑐 𝑛𝜃  𝑟𝑛 cos 𝑛𝜃 = 𝑎 … (1) 

𝑟𝑛 =  𝑏 𝑐𝑜𝑠𝑒𝑐 𝑛𝜃  𝑟𝑛 sin 𝑛𝜃 = 𝑏 … (2) 

Let 𝑢 𝑟, 𝜃 = 𝑎 and 𝑣 𝑟, 𝜃 = 𝑏 

𝑤 = 𝑢 𝑟, 𝜃 + 𝑖𝑣 𝑟, 𝜃 = 𝑎 + 𝑖𝑏 = 𝑟𝑛 cos 𝑛𝜃 + 𝑖𝑟𝑛 sin 𝑛𝜃 

𝑤 = 𝑟𝑛 cos 𝑛𝜃 + 𝑖 sin 𝑛𝜃 = 𝑟𝑛𝑒𝑖𝑛𝜃 =  𝑟𝑒𝑖𝜃 
𝑛

= 𝑧𝑛  

We know that 𝑤 = 𝑧𝑛  is an analytic function. 

Then by the property if 𝑤 = 𝑢 𝑟, 𝜃 + 𝑖𝑣(𝑟, 𝜃) is an analytic function then the family of curves  

𝑢 𝑟, 𝜃 = 𝑎 and 𝑣 𝑟, 𝜃 = 𝑏 cuts orthogonally where 𝑎 and 𝑏 are constants.  

Applying this property to this problem we get, 

The families of curves 𝑟𝑛  =  𝑎 𝑠𝑒𝑐 𝑛𝜃 and 𝑟𝑛 =  𝑏 𝑐𝑜𝑠𝑒𝑐 𝑛𝜃 cut orthogonally. 

 

 

 



 

 

13. (b) Find the bilinear transformation which maps the points 𝒛 =  𝟏, 𝒊, −𝟏 into the points 

𝒘 =  𝒊, 𝟎, −𝒊 . Hence find the image of |𝒛|  <  𝟏. 

Solution:  

The cross-ratio for bilinear transformation is given by 

 𝑤1 − 𝑤2  𝑤3 − 𝑤4 

 𝑤1 − 𝑤4  𝑤3 − 𝑤2 
=

 𝑧1 − 𝑧2  𝑧3 − 𝑧4 

 𝑧1 − 𝑧4  𝑧3 − 𝑧2 
 

Here 𝑤1 = 𝑤, 𝑤2 = 𝑖, 𝑤3 = 0, 𝑤4 = −𝑖, 𝑧1 = 𝑧, 𝑧2 = 1, 𝑧3 = 𝑖, 𝑧4 = −1 

 𝑤 − 𝑖  0 + 𝑖 

 𝑤 + 𝑖  0 − 𝑖 
=

 𝑧 − 1  𝑖 + 1 

 𝑧 + 1  𝑖 − 1 
 

−  
 𝑤 − 𝑖 

 𝑤 + 𝑖 
=

 𝑧 − 1  𝑖 + 1 

 𝑧 + 1  𝑖 − 1 
 

−  
 𝑤 − 𝑖 +  𝑤 + 𝑖 

 𝑤 + 𝑖 −  𝑤 − 𝑖 
=

 𝑧 − 1  𝑖 + 1 +  𝑧 + 1  𝑖 − 1 

 𝑧 + 1  𝑖 − 1 −  𝑧 − 1  𝑖 + 1 
                                     =

𝑁𝑟 + 𝐷𝑟

𝐷𝑟 − 𝑁𝑟
  

−  
2𝑤

2𝑖
=

𝑧𝑖 − 𝑖 + 𝑧 − 1 + 𝑧𝑖 + 𝑖 − 𝑧 − 1

𝑧𝑖 + 𝑖 − 𝑧 − 1 −  𝑧𝑖 − 𝑖 + 𝑧 − 1 
 

−  
𝑤

𝑖
=

2𝑧𝑖 − 2

2𝑖 − 2𝑧
 𝑤 =

−𝑖 2𝑧𝑖 − 2 

2𝑖 − 2𝑧
=

2𝑧 + 2𝑖

2𝑖 − 2𝑧
 

𝑤 =
𝑧 + 𝑖

𝑖 − 𝑧
 

𝑤𝑖 − 𝑤𝑧 = 𝑧 + 𝑖  𝑤𝑖 − 𝑖 = 𝑧 + 𝑤𝑧  𝑧 =
𝑖 𝑤 − 1 

𝑤 + 1
… (1) 

 𝑧 < 1   
𝑖 𝑤 − 1 

𝑤 + 1
 < 1   𝑤 − 1 <  𝑤 + 1  

 𝑢 + 𝑖𝑣 − 1 <  𝑢 + 𝑖𝑣 + 1   𝑢 − 1 2 + 𝑣2 <  𝑢 + 1 2 + 𝑣2   𝑢 − 1 2 <  𝑢 + 1 2 

 

𝑢2 − 2𝑢 + 1 < 𝑢2 + 2𝑢 + 1  −2𝑢 < 2𝑢  4𝑢 > 0  𝑢 > 0 

i.e., the right half of the 𝑤-plane. 

∴  The image of |𝑧|  <  1 is right half of the w-plane. 

𝟏𝟒.  𝒂  𝒊 𝑼𝒔𝒊𝒏𝒈 𝑪𝒂𝒖𝒄𝒉𝒚’𝒔 𝒊𝒏𝒕𝒆𝒈𝒓𝒂𝒍 𝒇𝒐𝒓𝒎𝒖𝒍𝒂 𝒆𝒗𝒂𝒍𝒖𝒂𝒕𝒆  
𝒛

𝒛𝟐 + 𝟏
𝒅𝒛

𝑪

 , 𝒘𝒉𝒆𝒓𝒆 𝑪 𝒊𝒔 𝒕𝒉𝒆 𝒄𝒊𝒓𝒄𝒍𝒆 

 |𝒛 +  𝒊 | =  𝟏 . 

Solution: 



 

 

 
𝑧

𝑧2 + 1
𝑑𝑧

𝐶

=  
𝑧

 𝑧 + 𝑖  𝑧 − 𝑖 
𝑑𝑧

𝐶

 

|𝑧 +  𝑖 | =  1 is a circle with centre at  0, −1  and radius 1. 

The point  𝑧 = −𝑖 lies inside the circle  𝑧 + 𝑖 = 1 and the point 𝑧 = 𝑖 lies ouside the circle 

 𝑧 + 𝑖 = 1. 

 
𝑧

𝑧2 + 1
𝑑𝑧

𝐶

=  
 

𝑧
𝑧 − 𝑖 

 𝑧 + 𝑖 
𝑑𝑧

𝐶

=  
𝑓(𝑧)

 𝑧 + 𝑖 
𝑑𝑧

𝐶

                              where 𝑓 𝑧 =
𝑧

𝑧 − 𝑖
 

By Cauchy’s integral formula 

 
𝑧

𝑧2 + 1
𝑑𝑧

𝐶

= 2𝜋𝑖 𝑓 −𝑖 = 2𝜋𝑖  
– 𝑖

−𝑖 − 𝑖
 = 2𝜋𝑖  

– 𝑖

−2𝑖
 = 𝜋𝑖 

𝟏𝟒.  𝒂  𝒊𝒊 𝑬𝒙𝒑𝒂𝒏𝒅 𝒕𝒉𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒇 𝒛 =
𝒛𝟐 − 𝟏

 𝒛 + 𝟐  𝒛 + 𝟑 
𝒊𝒏 𝑳𝒂𝒖𝒓𝒆𝒏𝒕’𝒔 𝒔𝒆𝒓𝒊𝒆𝒔 𝒇𝒐𝒓 𝒕𝒉𝒆  

𝒓𝒆𝒈𝒊𝒐𝒏  |𝒛|  >  𝟑. 

Solution: 

𝑓 𝑧 =
𝑧2 − 1

 𝑧 + 2  𝑧 + 3 
=

𝑧2 − 1

𝑧2 + 5𝑧 + 6
= 1 −

 5𝑧 + 7 

 𝑧 + 2  𝑧 + 3 
… (1) 

 5𝑧 + 7 

 𝑧 + 2  𝑧 + 3 
=

𝐴

𝑧 + 2
+

𝐵

𝑧 + 3
… (2) 

 5𝑧 + 7 = 𝐴 𝑧 + 3 + 𝐵 𝑧 + 2 …  3  

Put 𝑧 = −3 in (3) 

−8 = −𝐵  𝐵 = 8 

Put 𝑧 = −2 in (3) 

𝐴 = −3 

𝑓 𝑧 =
𝑧2 − 1

 𝑧 + 2  𝑧 + 3 
= 1 −  

𝐴

𝑧 + 2
+

𝐵

𝑧 + 3
 = 1 +

3

𝑧 + 2
−

8

𝑧 + 3
 

Since the region of convergence is  𝑧 > 3 

 

𝑓 𝑧 = 1 +
3

𝑧 + 2
−

8

𝑧 + 3
= 1 +

3

𝑧  1 +
2
𝑧 

−
8

𝑧  1 +
3
𝑧 

 



 

 

= 1 +
3

𝑧
 1 +

2

𝑧
 

−1

−
8

𝑧
 1 +

3

𝑧
 

−1

= 1 +
3

𝑧
  −1 𝑛  

2

𝑧
 

𝑛∞

𝑛=0

−
8

𝑧
  −1 𝑛  

3

𝑧
 

𝑛∞

𝑛=0

 

𝑓 𝑧 = 1 +  
 −1 𝑛

𝑧𝑛+1

∞

𝑛=0

 3 2 𝑛 − 8 3 𝑛  …  4  

The Laurent’s series (4)  is valid if  

 
1

𝑧
 < 2 𝑎𝑛𝑑  

1

𝑧
 < 3   𝑧 > 2 𝑎𝑛𝑑  𝑧 > 3 

 

 𝒃 𝑬𝒗𝒂𝒍𝒖𝒂𝒕𝒆, 𝒃𝒚 𝒄𝒐𝒏𝒕𝒐𝒖𝒓 𝒊𝒏𝒕𝒆𝒈𝒓𝒂𝒕𝒊𝒐𝒏, 𝒕𝒉𝒆 𝒊𝒏𝒕𝒆𝒈𝒓𝒂𝒍  
𝒅𝜽

𝟏 − 𝟐𝒂 𝒔𝒊𝒏 𝜽 + 𝒂𝟐
, 𝟎 < 𝑎 < 1.

𝟐𝝅

𝟎

 

Solution: 

On the circle  𝑧 = 1, 𝑧 = 𝑒𝑖𝜃 , 𝑑𝑧 = 𝑖𝑒𝑖𝜃 𝑑𝜃  𝑑𝜃 =
𝑑𝑧

𝑖𝑧
 and sin 𝜃 =

𝑧 −
1
𝑧

2𝑖
=

𝑧2 − 1

2𝑖𝑧
 

 
𝑑𝜃

1 − 2𝑎 𝑠𝑖𝑛 𝜃 + 𝑎2
=

2𝜋

0

 

𝑑𝑧
𝑖𝑧

1 − 2𝑎  
𝑧2 − 1

2𝑖𝑧  + 𝑎2

, 𝑤𝑒𝑟𝑒 𝐶 𝑖𝑠  𝑧 = 1

𝐶

 

=  
𝑑𝑧

𝑖𝑧 − 𝑎  𝑧2 − 1 + 𝑖𝑧𝑎2

𝐶

=  
𝑑𝑧

𝑖𝑧 − 𝑎 𝑧2 + 𝑎 + 𝑖𝑧𝑎2

𝐶

= −
1

𝑎
 

𝑑𝑧

𝑧2 − 𝑖  𝑎 +
1
𝑎
 𝑧 − 1𝐶

 

= −
1

𝑎
 

𝑑𝑧

 𝑧 − 𝑖𝑎  𝑧 −
𝑖
𝑎 𝐶

 

To find poles: 

 

 𝑧 − 𝑖𝑎  𝑧 −
𝑖

𝑎
 = 0  𝑧 = 𝑖𝑎,

𝑖

𝑎
  

which are simple poles.  

𝑇𝑒 𝑝𝑜𝑙𝑒 𝑧 = 𝑖𝑎 𝑙𝑖𝑒𝑠 𝑖𝑛𝑠𝑖𝑑𝑒 𝐶, 𝑏𝑢𝑡 𝑧 =
𝑖

𝑎
 𝑙𝑖𝑒𝑠 𝑜𝑢𝑡𝑠𝑖𝑑𝑒 𝐶. 

Residue at 𝑧 = 𝑖𝑎 is 



 

 

= lim
𝑧 𝑖𝑎

 𝑧 − 𝑖𝑎 

 𝑧 − 𝑖𝑎  𝑧 −
𝑖
𝑎 

=
1

𝑖𝑎 −
𝑖
𝑎

=
𝑎𝑖

1 − 𝑎2
 

By Cauchy’s residue theorem, 

 
𝑑𝜃

1 − 2𝑎 𝑠𝑖𝑛 𝜃 + 𝑎2
=

2𝜋

0

−
1

𝑎
2𝜋𝑖  

𝑎𝑖

1 − 𝑎2
 =

2𝜋

1 − 𝑎2
 

 

 

15. (a) Using convolution theorem, find the inverse Laplace transform of 

𝒔𝟐

 𝒔𝟐 + 𝒂𝟐  𝒔𝟐 + 𝒃𝟐 
 

Solution: 

𝐿−1  
𝑠2

 𝑠2 + 𝑎2  𝑠2 + 𝑏2 
 = 𝐿−1  

𝑠

𝑠2 + 𝑎2
 ∗ 𝐿−1  

𝑠

𝑠2 + 𝑏2
 =  cos 𝑎𝑡 ∗  cos 𝑏𝑡  

=  cos 𝑎𝑢 cos 𝑎 𝑡 − 𝑢 𝑑𝑢

𝑡

0

 

=
1

2
  cos 𝑎𝑡 + cos 𝑎 2𝑢 − 𝑡  

𝑡

0

𝑑𝑢 

=
1

2
cos 𝑎𝑡  𝑑𝑢

𝑡

0

+
1

2
 cos 𝑎 2𝑢 − 𝑡 

𝑡

0

𝑑𝑢 

=
1

2
cos 𝑎𝑡  𝑢 0

𝑡 +
1

2
 
sin 𝑎 2𝑢 − 𝑡 

2𝑎
 

0

𝑡

 

=
1

2
 𝑡 cos 𝑎𝑡  +

1

4𝑎
 sin 𝑎𝑡 − sin 𝑎(−𝑡) =

1

2
 𝑡 cos 𝑎𝑡  +

1

4𝑎
 sin 𝑎𝑡 + sin 𝑎𝑡  

𝐿−1  
𝑠2

 𝑠2 + 𝑎2  𝑠2 + 𝑏2 
 =

1

2
 𝑡 cos 𝑎𝑡  +

1

2𝑎
 sin 𝑎𝑡  

 

15. (b) Solve, by Laplace transform method, the equation 

𝒅𝟐𝒚

𝒅𝒕𝟐
+ 𝟐

𝒅𝒚

𝒅𝒕
+ 𝟓𝒚 = 𝒆−𝒕𝒔𝒊𝒏 𝒕, 𝒚 𝟎 = 𝟎, 𝒚′ 𝟎 = 𝟏 

Solution: 



 

 

𝑑2𝑦

𝑑𝑡2
+ 2

𝑑𝑦

𝑑𝑡
+ 5𝑦 = 𝑒−𝑡𝑠𝑖𝑛 𝑡 … (1) 

Taking Laplace transforms on both sides of (1) we get, 

𝐿  
𝑑2𝑦

𝑑𝑡2
+ 2

𝑑𝑦

𝑑𝑡
+ 5𝑦 = 𝐿 𝑒−𝑡𝑠𝑖𝑛 𝑡  

𝐿  
𝑑2𝑦

𝑑𝑡2
 + 2𝐿  

𝑑𝑦

𝑑𝑡
 + 5𝐿 𝑦 =  𝐿 𝑠𝑖𝑛 𝑡  𝑠 𝑠+1 

𝑠2𝐿 𝑦 − 𝑠𝑦 0 − 𝑦 ′ 0 + 2 𝑠𝐿 𝑦 − 𝑦(0) + 5𝐿 𝑦 =  
1

𝑠2 + 1
 
𝑠 𝑠+1

 

 𝑠2 + 2𝑠 + 5 𝐿 𝑦 − 1 =  
1

𝑠2 + 1
 
𝑠 𝑠+1

 

 𝑠2 + 2𝑠 + 5 𝐿 𝑦 = 1 +
1

 𝑠 + 1 2 + 1
= 1 +

1

𝑠2 + 2𝑠 + 2
 

 𝑠2 + 2𝑠 + 5 𝐿 𝑦 =
𝑠2 + 2𝑠 + 3

𝑠2 + 2𝑠 + 2
 

𝐿 𝑦 =
𝑠2 + 2𝑠 + 3

 𝑠2 + 2𝑠 + 2  𝑠2 + 2𝑠 + 5 
 

𝑦 = 𝐿−1  
𝑠2 + 2𝑠 + 3

 𝑠2 + 2𝑠 + 2  𝑠2 + 2𝑠 + 5 
  

𝑠2 + 2𝑠 + 3

 𝑠2 + 2𝑠 + 2  𝑠2 + 2𝑠 + 5 
=

𝐴𝑠 + 𝐵

 𝑠2 + 2𝑠 + 2 
+

𝐶𝑠 + 𝐷

 𝑠2 + 2𝑠 + 5 
 

𝑠2 + 2𝑠 + 3 =  𝐴𝑠 + 𝐵  𝑠2 + 2𝑠 + 5 +  𝐶𝑠 + 𝐷  𝑠2 + 2𝑠 + 2  

Equating the coefficients of 𝑠3 , 𝑠2 , 𝑠 and constant terms on both sides, we get 

𝐴 + 𝐶 = 0  𝐴 = −𝐶 … 1  

2𝐴 + 𝐵 + 2𝐶 + 𝐷 = 1 … 2  

5𝐴 + 2𝐵 + 2𝐶 + 2𝐷 = 2 … 3  

5𝐵 + 2𝐷 = 3 … 4  

Substituting (1) in (2) we get 

𝐵 + 𝐷 = 1 … 5  

 4 − 2 ∗  5  3𝐵 = 1  𝐵 =
1

3
 

𝐵 + 𝐷 = 1  𝐷 = 1 − 𝐵 = 1 −
1

3
=

2

3
 



 

 

5𝐴 + 2𝐵 + 2𝐶 + 2𝐷 = 2  −5𝐶 +
2

3
+ 2𝐶 +

4

3
= 2  𝐶 = 0 

𝐴 = 0 

𝑠2 + 2𝑠 + 3

 𝑠2 + 2𝑠 + 2  𝑠2 + 2𝑠 + 5 
=

1
3

 𝑠2 + 2𝑠 + 2 
+

2
3

 𝑠2 + 2𝑠 + 5 
 

𝑦 = 𝐿−1  
𝑠2 + 2𝑠 + 3

 𝑠2 + 2𝑠 + 2  𝑠2 + 2𝑠 + 5 
 = 𝐿−1  

1
3

 𝑠2 + 2𝑠 + 2 
+

2
3

 𝑠2 + 2𝑠 + 5 
  

=
1

3
𝐿−1  

1

 𝑠2 + 2𝑠 + 2 
 +

2

3
𝐿−1  

1

 𝑠2 + 2𝑠 + 5 
  

=
1

3
𝐿−1  

1

 𝑠 + 1 2 + 1
 +

2

3
𝐿−1  

1

 𝑠 + 1 2 + 22
  

=
1

3
𝑒−𝑡𝐿−1  

1

𝑠2 + 1
 +

1

3
𝑒−𝑡𝐿−1  

2

𝑠2 + 22
  

𝑦 =
1

3
𝑒−𝑡 sin 𝑡 +

1

3
𝑒−𝑡 sin 2𝑡 =

1

3
𝑒−𝑡 sin 𝑡 + sin 2𝑡  

 


