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MATHEMATICS -1

PART-A
-1 0 O
1.Given A=| 2 -3 0|. Find the eigenvalues of 4%
1 4 2

Since A is a triangular matrix, the eigenvalues are -1,—-3 , 2.

= The eigenvalues of A% are 1,9, 4.

2. CanA = [(1) (1)] be diagonalized? Why?

A= [(1) 2] can be diagonalized, since A is symmetric and pnon-si

3. Find the equation of the sphere concentric with
and passing through the point (1, 2, 3).
The equation of the concentric circle is x% + y? + z x+6y—8z+k=0
Since it passes through (1,2,3),1+4+9—4 —24+k=0 =k=2

ax?4+yi+z2—4x+6y—8z

4. Find the equation of the cone vertex is the origin and guiding curve is
P .

—+—+—=1,x+

4 9 1

The vertex of the cone is origin.

-~ The equation of the cone will be homogeneous of second degree in x, y, z.
2 2 2
Given%+%+%= 1,x+y+z=1

x2 y2 ZZ
2t etT= 1(x +y+2)? = 27x*+32y*+72xy+72yz+72xz =0
5.

Find the curvature of the curve 2x* + 2y* + 5x — 2y + 1 = 0.

5 1
2x2+2y* +5x—2y+1=0 =>x2+y2+5x—y+§=0

51 V21
~ centre (—Z,E) and radius = T and - curvature =

9| =
—_



6. Find the envelope of the family of straight line y = mx + ﬁ m being the parameter.

+a m?x +a X N 0
= mx+— = =— S mx—-m a=
Y m Y m Y

~ The envelopeis B2 —4AC =0 = y?’—4ax=0 = y?=4ax.

7. Find% if u=sin (g),where x=ely=t%~
. . (X
Givenu = sm(;)x =el,y = t?

du Ou ax+au dy (x)(l) ‘4 (x)( x)Zt—l (x) . X (x)Zt
i~ ox ot " ay 3¢ = Cos AL e’ + cos ; e —ycos ; e yzcos ;

PR o ST (CL)
8. Ifu—Zx,v— -~ ,fmda(x'y). .
Ju oty
a(unv)_ dx 0y _ 252 x y
o(x,y) [ov Ov|  |x*—y? y '
ox 0y 2x2  x

9. Evaluate fonfosinerdr de.

b4

7 sin 0 T . ,asinf . -
ff P dQ—f r 1 9_[1—005290[ _1[ 51n29] o
/) rer ~z], - 4 ~ 2 2 1,4
it du bati

0 0
10. Change the order 0@&3 for the double integral fol f: flx,y)dx dy
X

fff(x,J’) dxdy=f1ff(x,y) dy dx=fff(x,y) dx dy
0 0 o b 5

PART -B
2 -1 1
11. (a). (i). Verify Cayley Hamilton theorem and hence find A~ forA= [-1 2 -1
1 -1 2

The characteristic equation is A> — a;A% + a,A —a; = 0
Herea; =6 a,=9 a;=4.
The characteristic equation is 2> — 61> + 91 —4 =0

By Cayley Hamilton theorem , A% — 64 + 94 — 41 = 0



6 -5 5
A>=]-1 6 -5

5 -5 6

22 =21 21
AP =1-21 22 -21
21 =21 22
& A% — 6A% + 94 — 41 = 0 and hence Cayley Hamilton theorem is verified.

To find A~
1 13 1 -1
A3 —6A24+94A—-41=0 = A 1=-(A?-6A+9D)==-(1 3 1
4 4
-1 1 3
-2 2 -3
(ii). Find the eigenvalues and eigenvectors of 4 = | 2 1 -6
-1 -2 0
The characteristic equation is A*> — a; 1> + a,A —a; = 0
Herea; = —1 a,=—-21 a;=45 and 2>+ A1 —211—45="
s~ A= —-3isaroot. AndA2—21—-15=0
The eigenvalues are —3, —3, 5.
To find eigen vectors:
-2-2
A-2Dx=0 = 2
-1
= (-2—-MDx+2y—-3z=0, A-VDy—-6z=0,—x—2y—2z=0 ———(1)
Case(i): When A = =3 -
x+2y—3z=0, 2x+ z=0,—x—2y+3z=0
3 -2
On solving, X; = 0] and X, = | 1 ]
1 0

Case(ii): When 1 = 5

—7x+2y—3z=0, 2x—4y—6z=0 ,—x—2y—5z=0

1
2
-1

11.(b). Reduce the Quadratic form 10x% + 2x3 + 5x5 + 6x,x3 — 10x,X3 — 4x,X, to a
canonical form through an orthogonal transformation and hence find rank, index,
signature and also no-zero set of values for x;, x5, x3(if they exist), that will make the
quadratic form zero.

On solving, X; =




The matrix of the quadratic formis A =|-2 2 3

-5 3 5

10 -2 —5]

The characteristic equation is A*> — a; 1> + a,A —a; = 0

Here a; =17 a, =42 a;=0.

The eigenvalues are A = 0, 3, 14

To find eigen vectors:

The characteristic equation is A3 — 1722 + 421 =0
10—-4 =2
A-ADX=0 = -2 2—2

0
-5 3 5-2 0
(10—-MDx—2y—5z=0,—2x+2—-A)y+32z=0 ,-5x+ 3y"

5-0)z=0 ———(1)

Case(i): When 1 =0

10x—2y—5z=0,—2x+2y+3z=0 ,-5x+3

1
_5]
4

Case(ii): When A = 3

On solving, X; =

7x—2y—5z2=0,—2x— y+3

] )

Case(iii): When 4 = 14

—5x+3y+2z=0

On solving, X, =

—4x —2y—5z=0,—-2x—12y+3z=0 ,-5x+3y—9z2=0

-3
Onsolving, X; = | 1 ‘
2

1 1 -3
The modal matrixis M =|-5 1 1
4 1 2
1 _ 3 1 _5 4
a2z V3 V14 Nrv) 4z 42
-5 1 1 T_| L 2 1
The normalized modal matrix is N = = 5 3 and N* = 7 7 7
4 1z _3 1 2
Vaz \3 NG V14 V14 14

IS



NTAN=|0 3 0

0 0 14

000]

The quadratic formis Q = Y(INTAN)YT = (y; v, ¥3)

0 0 141l

Rank = 2, Index = 2, Signature = 2, Nature = Positive definite
12.(a) (i). Find the centre, radius and area of the circle given by

X2 +y2+2°+2x—-2y—4z—-19=0, x+2y+2z+7=0

The centre of the sphere is €(—1,1,2) and radius =+v1+1+4+19=75

Let Q(x,y,z) be the centre of the circle. Then Q is the foot of the perpendicular from
C(—1,1,2)totheplane x + 2y +2z+7 =0

Thed.r’'sof CQare (x + 1,y — 1,z — 2)
The d.r’s of the normal to the plane are 1,2,2.

x+1 y—1 z=2
Then—=—=—
1 2

Any pointon CQis (r — 1,2r + 1,2r + 2)

If this point lies on x + 2y + 2z + 7 =\, th

4
r—1D+2@r+1)+2Qr+2 0=>r=—§

~ The coordinates of Q afe ,_?2) and length of CQ = 4

Radius of the circle is QP = \/CP2 —CQ2 =1 and Area=n(1?>)=n

(ii). Find the equation of the cone formed by rotating the line 2x + 3y = 6,z =
0 about y — axis.

Given 2x+3y =6, z=0. Andony — axis,x = 0andz = 0.

The vertex is at the point (0,2,0).

x—0 y—2 z—0
Then— =7—=—
3 -2 0

Let P(x,y,z) be any point on the cone. Then the d.c’s of AP are
x y-=2 z

Jx2+(y-2)2+2z2" \[x2+(y-2)2+22 " [x2+(y—2)2 +22

0 0 07
0 3 0]|[y2] =0v2+3y2+ 1492



The direction cosines of y-axis are 0,1,0 .

- y=2 -3 =2 - =2
cosQ—\/m. But cos 0 mx0+mxl+0 e
y—2 -2

= 4x? —9y?+4z% + 36y —36=0.

Jx2+(y — 2)? + 72 - V13

12 (b)(i). Find the two tangent planes to the sphere x> + y> + z> —4x — 2y — 6z +5 = 0,
which are parallel to the plane x + 4y + 8z = 0. Find their point of contact.

Centre of the sphere is (2,1,3) and radius = 3
The equation of the plane parallelit x + 4y +8z=0isx+4y+8z+k =0

Length of the 1" from (2,1,3) to the plane x + 4y + 8z + k = 0 is

r_ |, 2+4+24+k | 30k
Length of the 1"= i—m =

= 5x%2+5y?+ 822 —8xy + 4xZ + 4z — 6x = 42y — 96z + 225 =0
u

13.(a)(i). Find the radi curvature at (a,0) on y? ==

3_,3

X
Given y% = a® — x3

Differentiating with respect to x,

dy dy 3x2+4y? dy dx
2.2y 24 y?t=-3x2 = ZL=-_ZTF 4 (—’) =00 - (—) =0
dx dx 2xy dx/ (q,0) dy (a,0)

d d
dzx_ —2(3x2+y2)(x+y %)+2xy(6x %+2y) ﬂ 2
dy? B (Bx2 + y?2)2 ’ dy? (@.0) B

1 3a_3a

(dz_x) T2 2
dy?

(ii). Find the equation of circle of curvature of the rectangular hyperbola

p=



xy =12 at (3,4).

. _ ay = y__2 - =3
Given xy=12 =x—+y=0 = x and( )(3,4)

d

d?y X _dz +y d?x 8

dx? x? = dy? "9
(3,4)

3

3 16\2
_a+yy:_ (1+5) 125
yuz 8 24

)?=x—&(1+y12)=3— =
Y2

_ 1
Y=x+—1+y) =4+
V2

The circle of curvature is (x — X)? + (y — Y)? = p?

( 43)2 +( 57)2 (125 2
T Y7g) T\ 24
13.(b)(i). Show that the evolute of arabola y? = 4ax is the curve 27y? = 4(x — 2a)3.

The parametric equations of the/parabolaly? = 4ax are x = at?,y = 2at.
u

dx_2 . dy_2
T s
d
_d_y_Za_l
NTde T2 ¢
dt
Cdry  tde . 111
yz_dxz_ t2dx  t22at  2at3
_ 1/t 1
X =at?- 1 (1+1/t2):at2+2at2(1+t—2)=3at2+2a———(1)
" 2at?3
_ 1 1
V=x+—7 (1+1/t2)=2at—2at3(1+t—2)=—2at3———(2)
" 2at?

The centre of curvature is (3at? + 2a, —2at?)



Evolute of the curve is the locus of its centre of curvature.

X —2a X —2a\°
From (1), t? = —— =>¢° =( )

3a 3a
Y Y \?
F 2), t3=—— =>t6=(——)
rom (2) a 2a
X — 2a\3 Y \?
( ) :<‘_) => 4(X - 2a)® = 27ay?
3a 2a

4(x — 2a)3® = 27ay? is the required evolute of the parabola.

(ii) Find the envelope of the straight line f; + % = 1, where a and b are connected by the

relation ab = c?, c is a constant.

) x Y _ 2 _c?
Given—+==1 and ab=c* = b=—
a b a u

2
X c . . . .
—+—= 1 = a’y —ac?+ xc? = 0, which is a quadrati nin a.

Solution:

Given z = f(x,y)

= 2—2=>a—x—2 da—x——z
xX=u"—-v 5, = U 5, = v
dy y
y = 2uv :%—Zv and%—Zu
6z_azax+626y_azz +622 da_ ) +62
du O0x 0u Oy du Ox “ ay v.oan du Ox u dy v
9’z 6(62)_(6 oy 4 0 ) )(622 +822 )_4 262Z+8 azz+4 ,0%z
ouz  oul\ow)  \ax “* oy V)\ox “H oy V)T axz uvaxy v oy?
Oz_azax+azay_az ) +622 da_a 5 +6 )
ov  dx Ov ayav_ax( v) oy woan 6v_6x( v) dy “

622_6(62)_(6 5 +62)(62 ) +622)
ovz  ov\ov) ax( v) oy “ ax( V) oy v



0%z 0%z 0%z 0%z

W_LLV F—Buv@+4u W

0%z 0%z 0%z 0%z
N T 2
. 6u2+6 > (4u? +4v)< 63})

(ii). Find the Taylor’s series expansion of x>y + 2x%y + 3xy? in powers of (x + 2) and
(y — 1) up to third degree terms.

Solution: Here x = =2,y = 1.

Let f(x,y) = x%y? + 2x%y + 3xy?

flx,y)=x%y?+2x%y+3xy? | f(-2,1)=6

fx = 2xy? + 4xy + 3y? f.(=2,1) = -9

fy = 2x%y + 2x* + 6xy f(=21)=4 -
fox = 2y% + 4y fx(=2,1) =6

fry = 4x + 4x + 6y fxy(—z,l) =—-10

foy = 2x2 + 6x fry(=2,1) = _Q

faxx =0

fyyy =0

By Taylor’s series

f(ny)=f(a;b)+(x_a x+(y_ )f} [(x_a)zfxx+2(x_a)(y b)fx)

[ =6-9G+2D+ (= Da+; [(x+2)26 20(x + 2)(y — 1) — 4(y — 1)?

14(b)(@). If x+y+z=u,y + z = uv,z = uvw, prove that ——= Ixy2) _ 2

www) .

Givenz=uvw, y=ur—zZ=uv—uvw, X=U—Z—y = U — UV + UVW — UVW = U — UV

S Z = uvw Y =Uv — UuvWw X=uU-—uv
0x Ox O0Ox
5 ou Jv ow 1—p _u 0
X, ¥,z dy 0dy 0
a(_Y): YW w u—uw —uw = (A — )W) + w@r?) = uPv
(w,v,w) gg 3127 %‘Z W uw uv
ou v ow



(ii). Find the extreme values of the function f(x,y) = x> + y3 — 3x — 12y + 20.
Given f(x,y) =x3+y3—3x— 12y + 20

of ., of , o2 f 02 f 02 f
=3T3 g =i o12 s Asgns6r 0= oo = B

For maxima and minima,

of of
—=3x?2-3=0 = x=241 and —=3y?—-12=0 = y=42
ox ay

The points at which the maximum or minimum occurs is (1,2), (1, —2), (—=1,2), (—1,—-2).
At (1,2), AC—B?=72>0 and A= 6 > 0. .. The point (1,2) is a minimum point.
And the minimum value = 1

At (1,-2) & (—1,2), AC— B*=—-72 <0 .. The points (—1,2 ,—2) are saddle points.

At (—1,-2), AC—B*=72>0andA=-6<0._.
point. And the maximum value = 38.

15(a)(i). Evaluate fooo fooo e~ +") dx dy using oordinates.

+vy2=7r% and dx dy = r dr do

4

2 o

f f e™" (=2r) dr do
0 0

In polar coordinates x =r cos@, y =rsin6

/

0%8

A

(ii) Change the order of integration in the integral fol [2*xy dx dy.

X

12-x 1Vy 22-y
ff xydxdy=ffxydxdy+ffxydxdy=ffxydxdy+ff xy dx dy
0 x2 Ry R, 00 10

10



2 2 4 24
10 1
12-x 1y 2 2=y
” dd—” dd+” dvdy = 24— =2
Xy ax ady = Xy ax dy Xy ax dy 624 8
0 x2 00 10

15(b)(i). Find, by double integration, the area enclosed by the curves
y? = 4ax and x* = 4ay.

Given y? =4ax, x* =4ay = y*=16a*x*=16a*(4day) =y =4aand x = 4a

2
Limits: x: z—a to 2 Jay y: 0 to4da

4q 2+Jay 4a 2\ay 4a h )
Area=ﬂ.dxdy=f f dxdy=f[x] dy=f Edy
0 vy 0 ﬁ 0

4a

3 4a
2 1 y3

2ay
"3 4a3
2

0

x2 \/ .X'2 y2 x2
b\/l—FC I—F—bz b 1—? . .

a a N
V=8f f f dzdydx—8f f [z],)Y b% dy dx
0 0 0

11



12

x3

B 4mabc

3a?

I



