Unit 2 Combinatorics
State pigeonhole principle.
Solution:
If k pigeons are assigned to n pigeonholes and n < k then there is at least one pigeonhole containing
more than one pigeons.

Find the recurrence relation satisfying the equation y,, = A(3)" + B(—4)™.
Solution: y,, = A(3)™ + B(—4)™.
Vnp1 = ABL + B(—4)" 1 = 343" — 4B(—4)"
Vniz = AR + B(—4)"*2 = 943" + 16B(—4)"
Yn+z + Yn+1 — 12y, =0

Solve a;, = 3a;,_q,for k > 1,with a, = 2.
Solution:

Let G(x) = Z apx* = ag + a;x + ax? + - (D
k=0

where G (x) is the generating function for the sequence {a, }.

Givena, =3a,_1 = 3a,_1—a;, =0

Multiplying by xk and summing from 1 to oo, we have

BZak 1xk Z
BxZak 1xk= z axk =

k=1
3x(a0 +a;x+azx? + ) —(x + ax? ++-+-) =0
3xG(x) — (G(x) —ay) =0 [from (1)]
Gx)Bx—-1)—2=0
2 2

() =Gy~ 1o

oo oo 1 (==}
Z _ z oy [ -y xn]
— 1—x

ay =

(494

n=0
= Coefﬁcnent ofx inG(x)
=-2(3")

If seven colours are used to paint 50 bicycles, then show that at least 8 bicycles will be the same
colour.

Solution:

By Pigeon principle,

. . i k-1 .
If there are n pigeons and k holes, then there is at least one hole contains at least lTJ + 1 pigeons.

Herek =50,n=7
k—1 50—-1 49
l J+1=[ J+1=[—J+1=7+1=8
n 7 7

~There is at least 8 bicycles will be the same colour.
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Solve the recurrence relation y(n) — 8y(n — 1) + 16y(n — 2) = 0 forn > 2, where
y(2) = 16 and y(3) = 80.
Solution:
y(n) —8y(n—1) +16y(n—2) =0...(1)
Let y, = r" be the solution of (1).
W =r" -8t +16r" 2 =0

T
[ —8r+16=0]

The characteristic equation is 72 — 8r + 16 = 0
r—4)?%?=0>r=44
Hence the solution to this recurrence relation is
Vo = 14" + aynd™ ... (2)
Yo = 16:>a1 +2a2 = 1(3)

y3 = 80 = o + 3a2 =—.. (4)

S o

Solving (3) and (4), we get

N 1 1,
Substituting a; = 2,2 =7in (2),

il
Yn = 2 4n

Find the number of non-negative integer solutions of the equation x; + x, + x; = 11.
Solution:
If there are r unknowns and their sum is n, then the number of non-negative integer solution for the
problemis (n +r —1)C,_;
Here there are 3 unknowns and the sumis 7
- The number of non-negative integer solutions of the equation x; + x, + x3= 11is

(11+3-1)C;_, =13C, =78

Find the recurrence relation for the Fibonacci sequence.
Solution:

fn N fn—l +fn—2'n = 2and fO = O'fl =1

Use Mathematical induction show that
n

B nn+1)2n+1)

kZ

k=1 6
Solution:

nn+1)2n+1
Let P(n): 12 + 22 +3%2 + -+ n? = ( )6( ) (D)

10+1D)2+1
P(1): 12 = ( )( )
6
1 6 1=1
= - =
6

~ P(1)is true.
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Let us assume that P(n) is true. Now we have to prove that P(n + 1) is true.
To prove:
m+1DMNn+2)2n+3)

6
2+22 432+ +n?+(m+1)? = +(n+1)° (from (1))
_nn+1DC2n+1) +6(n+ 1)?

Pn+1):12+22+32+- -+ (n+1)? =
nn+1)2n+1)

6
_ n+1DMN2n+1)+6(Mn+1)]

6
_(n+1)[2n2+n+6n+6]

6
_(n+ 1[2n? + 7n + 6]

n+1)(n+2)2n+3
12+22+32+---+n2+(n+1)2=( X ¢ )

6
s~ P(n+ 1) is true.
~ By induction method,
nn+1)2n+1
P(n):12+22+3%2+.-+n? = ( ) ) is true for all positive integers.

6

There are 2500 students in a college, of these 1700 have taken a course in C, 1000 have taken a course
in Pascal and 550 have taken a course in Networking. Further 750 have taken courses in both C and
Pascal. 400 have taken courses in both C and Networking, and 275 have taken courses in both Pascal
and Networking. If 200 of these students have taken courses in C, Pascal and Networking.

(1) How many of these 2500 students have taken a course in any of these three courses C, Pascal and
Networking?

(2) How many of these 2500 students have not taken a course in any of these three courses C, Pascal
and Networking?

Solution:

Let U denote the number of students in a college.

Let A denote the number of students taken a course in C.

Let B denote the number of students taken a course in PASCAL.

Let C denote the number of students taken a course in Networking.

|U| = 2500, |A|] = 1700, |B| = 1000, |C| = 550,|A n B| = 750, |4 n C| = 400,
|IBnC|=275,|[A nBnC|=200

(1) The number of students has taken a course in any of these three courses C, Pascal and
Networking

We know that

JAUBUC| =|Al+|B|+ICl—|AnB|—|ANnC|—|BNnC|+|AnBNC|

= 1700 + 1000 + 550 — 750 — 400 — 275 + 200

|AUBUC| = 2025.

(2) The number of students has not taken a course in any of these three courses C, Pascal and
Networking is

[(AUBUC) | =|Ul-1(AUuBuUC)|=2500—2025 =475

Using generating function solve y,,.» — 5y,41 + 6y, = 0,n = 0 withy, = 1 and
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Y1 =1.
Solution:

Let G(x) = Z ¥, x™ ... (1) where G (x) is the generating function for the sequence {y, }.

Giveny, 4 — 5yn+1 + 6yn =0
Multiplying by xn and summing from 0 to o, we have

Zyn+2x —5Z)’n+1x +6Z)’n =0
xz Z yn+2xn+2 - _Z yn+1xn+1 + 62 YnX x"=0

x_z (G(x) —y1x —yo) — ;(G(x) —¥o) +6G(x) =0 [from (1)]

1 5 5
G(x)(—z—— )_&_y_g Y _0
X X X X
1 5 1 1 6x%2 —5x+1 1 4
60 (=2+6) -~ - +2=0>60) - ==-2
X X X X X
6x% —5x+1 1—4x
G(x) > = >
X X
6() = 1—4x _ 1—4x
VT2 _5x+1 Brx-1D2x—-1)
1—4x A B

Gr—DZx-1 Gi-1 x=D
1-4x=AQ2x—-1)+BBx—-1)..(2)
Putx = % in (2)

1 2 1 2
_(3x—1)_(2x—1)__(1—3x)+(1—2x)

Zynx" = —Z 3tx™ + ZZ 2" x"
n=0 n=0 n=0

vy, = Coefficient of x™ in G (x)
Vo = —3n + 2n+1

A box contains six white balls and five red balls. Find the number of ways four balls can be
drawn from the box if

(1) They can be any colour

(2) Two must be white and two red
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(3) They must all be the same colour.
Solution:

Total number of balls=6+5 =11
(1) The number of ways four balls can be drawn from the box if they can be any colour is

11x10Xx9x%x8
11C, = a0 = 330
(2) The number of ways four balls can be drawn from the box if two must be white and two red
6x5 5x4
6C, X 5C, = o X T =15x 10 =150

(3) The number of ways four balls can be drawn from the box if they must all be the same colour.

6 X5

Prove by the principle of Mathematical induction, for 'n’ a positive integer
nn+1)2n+1)

12+22+3%+--+n*= .

Solution:
B nn+1)2n+1)
B 6

Let P(n): 12 + 22 + 32 4 --- + n?
11+ 1D@2+1)
6

(D)

P(1):1% =

1 6 1=1
= - =
6
~ P(1)is true.
Let us assume that P(n) is true. Now we have to prove that P(n + 1) is true.

To prove:
n+1DMn+2)(@2n+3)

6
12422432+ +n*+(n+1)?= + (n + 1)? (from (1))
_nn+1)@2n+1) +6(n + 1)

Pn+1):12+22+32+ -+ (n+1? =
nn+1)2n+1)

| (n+ 1D[n2n -|-61) +6(n+1)]

6
_(n+1)[2n2+n+6n+6]

6
_ (m+1D)[2n* +7n + 6]

n+1)Mn+2)2n+3)

12422432+ +n’+(n+ 1?2 =

6
s~ P(n+ 1) is true.
=~ By induction method,
nn+1)2n+1
P(n):124+22+32 + - +n? = ( ) ) is true for all positive integers.

6
Find the number of distinct permutations that can be formed from all the letters of each word

(1) RADAR (2) UNUSUAL.
Solution:
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(1) The word RADAR contains 5 letters of which 2 A’s and 2 R’s are there.

5!
The number of possible words = T 30

Number of distinct permutation = 30.

(2) The word UNUSUAL contains 7 letters of which 3 U’s are there.
I

7!
The number of possible words = 3= 840

Number of distinct permutation = 840.

Solve the recurrence relation, (n) = S(n —1) + 25(n —2),withS(0) = 3,5(1) =
by finding its generating function.
Solution:
The given recurrence relationis 2a, , +a,_1 —a, = 0withay =3,a; = 1.
Let G(x) = Z a,x" = ag + a;x + a;x? + - .. (1)
n=0
where G (x) is the generating function for the sequence {a, }.
Given2a, ,+a,_1—a, =0
Multiplying by x,, and summing from 2 to o, we have

ZEnzx +Zn1x Z Xt =0

oo

Zxanx"2+xzn1x"1 Z =0

= n=2
2x2(a0+a1x+a2x + D+ x(aix+azx? + ) = (apx® + azx® + agxt + ) =0
2x2G(x) + xG(x) —xay — G(x) +ag + a;x =0 [from (1)]
CxX)(2x*+x—-1)—-3x+3+x=0
Cx)x*+x—-1)=2x-3

2x —3 2x —3 3—2x

G(x): = =
2x2+x-1) —-(1+x01-2x) A+x)(1-2x)

3—2x A B

A+0(0-20 1+x =20
3 2x=A(1 —2x) + B(1 + %) ...(2)

Putx = %in (2)

3—-1 B(1+1> 3B 2=>B :
— — - = — = = = —
2 2 3

Putx = —1in(2)
5
3+2=A(1+2):>3A=5:>A=§
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ia x”=Ei(—1)"x"+éiznx" ! =ix"
" 3 3 1—x
n=0 n=0 n=0 n=0

a, = Coefficient of x™ in G (x)

5 4
:__1n —n
a, 3( ) +3

Prove, by mathematical induction, that for all n > 1, n3 + 2n is a multiple of 3.
Solution:

Let P(n):n = 1,n% + 2n is a multiple of 3. . (1)
P(1):13 +2(1) = 1+ 2 = 3 is a multiple of 3.
~ P(1)is true.

Let us assume that P(n) is true. Now we have to prove that P(n + 1) is true.
To prove:
Pn+1):(n+ 1) + 2(n + 1) is a multiple of 3

m+1)*+2n+1)=n®+3n+3n’+1+2n+2

=n®+2n+3n+3n%+3

=nd+2n+3n*+n+1)
From (1) n® + 2n is a multiple of 3

~(m+1)3+2(n+ 1) is amultiple of 3

s~ P(n+ 1) is true.
~ By induction method,
P(n):n > 1,n% + 2nis a multiple of 3, is true for all positive integer n.
Using the generating function, solve the difference equation
Yn+2 = Yn+1 —6Yn =0,y1 =1,yp =2

Solution:

Let G(x) = z ¥ x™ ... (1) where G (x) is the generating function for the sequence {y, }.
n=0

Givenyn+2 —Yn+1 — 6¥n =0
Multiplying by x;,, and summing from 0 to oo, we have

n n n _—
Zyn+2x _zyn+1x _6zynx -
n=0 n=0 n=0
1 1
n+2 n+1 n _—
x—ZZYHZX —;Z Yn+1X —62 YnX" =
n=0 n=0 n=0

1 1

s (G(x) —y1x —yo) — o (G(x) —yo) —6G(x) =0 [from (1)]
1 1 1 2 2 6x% —x+1 2 1

G(")(x—z‘;‘6)‘;‘x—z+;=O:’“")(x—z)=x—z‘;
1—x — 6x2 2—x

G(x)< 2 >= 2
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2—x 2—x
() =T e " T30+ 20
2 —x A B
d-300+20 (=30 U+
2—x=A4Qx+1) +B(1-3%) ..(2)
Putx = — %in(z)

2 (1>—A<2 1) a2 4=1
~3)=43 )7 3453247
1 1 1 1

-390 (+20 (-39 (1-(-20)

oo oo oo 1 (==}
Dt =) 3+ Y (-2 [ —= x"]
n=0 n=0 n=0 x n=0

vy, = Coefficient of x™ in G(x)
Y =3+ (=2)"

G(x) =

How many positive integers n can be formed using the digits 3,4, 4,5, 5, 6, 7 if n has to exceed
5000000?

Solution:

The positive integer n exceeds 5000000 if the first digit is either 5 or 6 or 7.

If the first digit is 5 then the remaining six digits are 3,4,4,5,6,7.

Then the number of positive integers formed by six digits is
I

1= 360 [Since 4 appears twice]

If the first digit is 6 then the remaining six digits are 3,4,4,5,5,7.

Then the number of positive integers formed by six digits is
6!

T2 180 [Since 4 & 5 appears twice]

If the first digit is 7 then the remaining six digits are 3,4,4,5,6,5.
Then the number of positive integers formed by six digits is
6!

o171 180 [Since 4 & 5 appears twice]

~ The number of positive integers n can be formed using the digits 3,4,4,5,5,6,7 if n has to exceed
5000000 is 360 + 180 + 180 = 720.

Find the number of integers between 1 and 250 both inclusive that are divisible by any of the
integers 2,3,5,7.

Solution:

Let A, B, C and D represents the integer from 1 to 250 that are divisible by 2,3,5 and 7 respectively.

IAI—lZSOJ—125 |B|—[250J—83 |c|—[250J—5o |D|—[250J—35
B 7 Attt AT Aadd ot N it il A2
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|Anm—¢2mj—41MncszmJ—ZSMnDszwl—17w cr—zm ~ 16
T l2x3] “l2xs] T l2x7]l " 13x5]

IBAD| = [3 A—llwnDl E 7] 7ManC| L

3X%X5
|AanD|l 5|AnCnD|[ =3,|BNCND|= 250 =2
2x3x%x7 ’ 2><5><7 ’ T 13x5x%x7]
[AnNBNnCnNnD|= 250 =
T 12x3x5x7]

~The number of integers between 1 and 250 both inclusive that are divisible by any of the
integers 2,3,5,7 is
JAUBUCUD| =|A|+|B|+ IC|+|D|—-1AnB|—- |[AnC|—|AnD|—=|BnC|—|BnD|
—|CnD|+|[AnNBNnC|+|AnBnNnD|+|[AnCnD|+|BNnCND|—|ANBNnCnD|
[AUBUCUD|=125+83+50+35—-41-25-17-16—-11-7+8+5+3+2—-1
[AUBUCUD| =193

Use mathematical induction to prove the inequality n < 2" for all positive integer n.
Proof:
Let P(n):n < 2" (D
P(1):1< 2!
=>1<?2
~ P(1)is true.
Let us assume that P(n) is true. Now we have to prove that P(n + 1) is true.
To prove:
Pn+1:n+1<2nt!
n<2" (from (1))
n+1<2*+1
n+1<2"+2"  [+1<2"]

n+1<22"

n+1<2ntt
& P(n+1)istrue.
~ By induction method,

P(n):n < 2" is true for all positive integers.

What is the maximum number of students required in a discrete mathematics class to be sure that at
least six will receive the same grade if there are five possible grades 4, B, C, D and F.

Solution:

By Pigeonhole principle, If there are n holes and k pigeons n < k then there is at least one hole contains

k-1 .
at least lTJ + 1 pigeons.
Heren =5

. Fe+1=6

T—S:k—1=25:k=26

The maximum number of students required in a discrete mathematics class is 26.

Suppose that there are 9 faculty members in the mathematics department and 11 in the computer
science department. How many ways are there to select a committee to develop a discrete
mathematics course at a school if the committee is to consist of three faculty member from
mathematics department and four from the computer science department?
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Solution:

The number of ways to select 3 mathematics faculty members from 9 faculty members is

9C5 ways.

The number of ways to select 4 computer Science faculty members from 11 faculty members is

11C4 ways.

The number of ways to select a committee to develop a discrete mathematics course at a school if the
committee is to consist of three faculty member from mathematics department and four from the

computer science department is 9C3.11C,; ways.
9x8x7 11x10x9x%x8

9C3.11C4 = 3l a0 = 27720
Using method of generating function to solve the recurrence relation
a,+3a,_1—4a, , =0;n=>2,giventhatay, = 3and a; = —2.
Solution:
Let G(x) = Z a,x" = ag+ a;x + azx? + - .. (1)
n=0

where G (x) is the generating function for the sequence {a, }.
Given a, +3a,_1 —4a,_, =0
Multiplying by x,, and summing from 2 to oo, we have

oo

Z a,x" +3 Z ap_1x" — 42 a,_x" =0
n=2 n=2

n=2

Z a,x" + BxZ Ap_1x" 1 — 4x? z Ap_2x"2 =0

n=2 n=2 n=2

(azx? + azx® + agx* + ) + 3x(a;x + apx? + ) —4x%(ap + ayx + azx? + ) =0
G(x) —ay — a;x + 3xG(x) — 3xay — 4x%G(x) =0 [from (1)]

G(x)(14+3x—4x%)—34+2x—9x =0
G(x)(1+3x —4x?) =3 —7x
3—-7x 3—7x

() = A - - G+ A =2

3-7x A B
Q1400 -% (+40) Td=2
3—7x=A(1—x)+B(1+4x) (2)

Putxz—%in(Z)
3 7( 1) A<1+1> 5A 3_|_7 y 19
- — ] = - = - = ) —

4 4 4 4 5
Putx = 1in(2)

4

3—7=B(1+4)=>5B=—4=>B=_g

19 4

5 5

(=T -9
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oo

o 19¢ AT, 1
D @ =g ) (=2 ) x 1%
n=0 n=0

I
Nk

x"]
0

n=0 n=
a, = Coefficient of x™ in G (x)
19 4
= (—=4)" —=
an = (—" —2

Prove, by mathematical induction, that for all n > 1, n3 + 2n is a multiple of 3.
Solution:

Let P(n):n = 1,n% + 2n is a multiple of 3. . (1)
P(1):13 +2(1) = 1+ 2 = 3 is a multiple of 3.
~ P(1)is true.

Let us assume that P(n) is true. Now we have to prove that P(n + 1) is true.
To prove:
Pn+1):(n+1)3 + 2(n + 1) is a multiple of 3

m+1)*+2n+1)=n®+3n+3n?+1+2n+2

=n®+2n+3n+3n%+3

=nd+2n+3n*+n+1)
From (1) n® + 2n is a multiple of 3

~(m+1)3+2(n+ 1) is amultiple of 3

s~ P(n+ 1) is true.
~ By induction method,
P(n):n > 1,n% + 2nis a multiple of 3, is true for all positive integer n.
Using the generating function, solve the difference equation
Yn+2 = Yn+1 —6Yn =0,y1 =1,yp =2

Solution:

Let G(x) = z ¥ x™ ... (1) where G (x) is the generating function for the sequence {y, }.
n=0

Givenyn+z2 —Yn+1 — 6¥n =0
Multiplying by x;,, and summing from 0 to oo, we have

n n n _—
Zyn+2x _zyn+1x _6zynx -
n=0 n=0 n=0
1 1
n+2 n+1 n _—
x—ZZYHZX —;Z Yn+1X —62 YnX" =
n=0 n=0 n=0

(60 ~yix =)~ (66 ~y) ~66() =0 [from (1)
IR B EE RS
() <1—xx2— 6x2> =2x—2x
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2—x 2—x
() =T e " T30+ 20
2 —x A B
d-300+20 (=30 U+
2—x=A4Qx+1) +B(1-3%) ..(2)
Putx = — %in(z)

2 (1>—A<2 1) a2 4=1
~3)=43 )7 3453247

6(x) = 1 1 _ 1 1
YT T z0 A-30  (1-(-20)

D W yar \ ! z ]
n=0 n=0 n=0 I-x

n=0

vy, = Coefficient of x™ in G(x)
Y =3+ (=2)"

. . . 1,1 1
Using mathematical induction to show that Wi +—= 7 +—= 7 +f + = > Vi,n > 2.
Solution:

1 1 1 1
LetP(n)i—+—=+—=++—=>Vn,n=>2 .. (1)

Vi V2 43 Vn

1 1
P(Z — +-—=1.7071 > 1.414 = /2.
\/_ V2

\/_ \/_>\/—

~ P(2)is true.
Let us assume that P(n) is true. Now we have to prove that P(n + 1) is true.

To prove:

P(+1)1+1+1+ +1+ !
n :___-.._
Vi V2 V3 Vvno Vn+1
1 1 1 1

1 1
N AN AN e ‘/“—m [from (1]
_VnVn+1+1

Vvn+1
_\/n2+n+1
B Vvn+1

>\/F+1

Vvn+1

n+1
>

Vn+1

>Vn+1

www.tranquileducation.weebly.com



http://www.tranquileducation.weebly.com/

1 1

+—=+ >Vn+1
Vno oVn+1

) -
5l -
&l -

&~ P(n+ 1) is true.
-~ By induction method

P(n):i—=+—++—=++

>
=t5 \/_ \/_>\/ﬁ is true for all positive integer n > 2.

Using method of generating function to solve the recurrence relation
a, =4a, 1 —4a, ,+4";n > 2, giventhata, = 2and a; = 8.

Solution:

Let G(x) = Z a,x" = ag + a;x + a;x? + - .. (1)
n=0

where G (x) is the generating function for the sequence {a, }.

Given a, =4a,_1 —4a,_, +4" > 4a,_, —4a,_1 +a, =4"

Multiplying by x,, and summing from 2 to o, we have

DY) *Z =Y

2 n—-2 _

n=2
4x?(ap + ayx + azx? + ) 4x(aix + a,x? + - ) + (azx + azx® + azx* + )
= ((4%)% + (4x)3 +--)
4x?(ag + ayx + azx® + - ) — 4x(ag + a1 x + ax? + -+ ) + 4xag + (azx? + azx® + agxt + )
= ((4%)% + (4x)3 + --)

4x2G(x) — 4xG(x) + 4xay + G(x) — ag — ayx = 16x*(1 + 4x + (4x)% + --+) [from (1)]
16x2
C(x)(4x? —4x+1)—2+8x—8x =
1—4x
16x2 16x2% +2(1 — 4x
C(x)(4x? —4x+1) = +2=2G600)1—-2x)2 = ( )
1—4x 1—4x
16x2% + 2 — 8x
Gx)(1—-2x)?°2=—-—-——
1—4x
G0 = 16x* + 2 — 8x
= 401 = 2x)2
16x% +2 —8x A B C

A-40(-22?2 d-40 Ta=z0 T a =222
16x242—-8x=A4A(1-2x)2+B(1—-2x)(1 —4x) + C(1 —4x) ...(2)
Putx = %in (2)

1 1
16<Z>+2_8<E>=C(1_ 2)=> (C=2>C=-2

Putx = %in (2)
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16(2)+2-8(3) =4 (1-2) s1a-124-4
JR— — - = -_— >-A=1= =
16 4 2 4

Putx =0in(2)

2=A+B+(C=>4+B-2=2=>B=0

0 2
(1-4x) +(1 —2x) (1-2x)2

Z a,x" = 42 4nx" — 2 Z(n + 1)2"nx™
n=0 n=0 n=0

G(x) =

1 1 =
[...1_)(:12,( &m=;(n+1)x ]

a, = Coefficient of x™ in G (x)
a, = 4n+1 _ (Tl + 1)2n+1
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